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We have developed a Dynamic Pore-network model for Simulating Two-phase flow in porous media
(DYPOSIT). The model is applicable to both drainage and imbibition processes. Employing improved
numerical and geometrical features in the model facilitate a physically-based pore-scale simulator. This
computational tool is employed to perform several numerical experiments (primary and main drainage,
main imbibition) to investigate the current capillarity theory. Traditional two-phase flow formulations
state that the pressure difference between the two phase is equal to the capillary pressure, which is
assumed to be a function of saturation only. Many theoretical and experimental studies have shown that
this assumption is invalid and the pressure difference between the two fluids is not only equal to the cap-
illary pressure but is also related to the variation of saturation with time in the domain; this is referred to
as the non-equilibrium capillarity effect. To date, non-equilibrium capillarity effect has been investigated
mainly under drainage. In this study, we analyze the non-equilibrium capillarity theory under drainage
and imbibition as a function of saturation, viscosity ratio, and effective viscosity. Other aspects of the
dynamics of two-phase flow such as trapping and saturation profile are also studied.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Theory of non-equilibrium capillarity effect

Classical equations for multiphase flow in porous media are
based a central equation – capillary pressure–saturation relation-
ship. This equation, which is written based on the thermodynami-
cally-equilibrium assumption, is commonly written as:

Pn—Pw ¼ PcðSwÞ ð1Þ

in which, Pc is the capillary pressure, Sw is the saturation of the wet-
ting fluid, and Pn and Pw are the nonwetting and wetting fluid pres-
sures, respectively.

In fact, there are two major assumptions in this equation: (a)
fluid distribution and consequently capillary pressure is a function
of wetting fluid saturation only and (b) fluids pressure difference is
equal to capillary pressure (at all times and under all conditions).

Regarding the first assumption, it is known that there is hyster-
esis in Pc–Sw curves obtained for drainage and imbibition pro-
cesses. Using a thermodynamic approach, Hassanizadeh and Gray
(1990, 1993b) have suggested that the non-uniqueness in the Pc–
Sw relationship is indeed due to the absence of specific interfacial
ll rights reserved.

).
area and they proposed the following equation for capillary
pressure:

Pc ¼ PcðSw; anwÞ ð2Þ

A number of computational and experimental works have shown
that Pc–Sw–anw surfaces for drainage and imbibition more or less
coincide under a wide range of drainage and imbibition history. This
means that inclusion of anw leads to the removal, or significant
reduction, of hysteresis in Pc–Sw relationship (e.g. Reeves and Celia,
1996; Held and Celia, 2001; Cheng et al., 2004, 2007; Joekar-Niasar
et al., 2008, 2009, 2010b; Porter et al., 2009).

Regarding the second assumption underlying Eq. (1), it is now
an established fact that Pn–Pw is equal to capillary pressure but
only under equilibrium conditions (see Hassanizadeh et al.
(2002) for an extended review of experimental evidences). Accord-
ing to Entov (1980) capillary pressure–saturation relationship is
not unique and, even though it is obtained under equilibrium con-
ditions, it is a function of the history of fluids movements. In fact, it
depends not only on the volume fraction of each phase, but also on
their microscale distribution and change of saturation with time.
Non-equilibrium effects in capillary pressure can be of significant
importance in industrial porous media, such as paper pulp drying
process, where gradients of fluids pressure and fluids velocities
are large (Lewalle et al., 1994). For non-equilibrium conditions,
the following equation for the difference in fluids pressure has
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been suggested (Stauffer, 1978; Kalaydjian and Marle, 1987;
Hassanizadeh and Gray, 1990):

Pn—Pw ¼ Pc � s @Sw

@t
ð3Þ

where s, a non-equilibrium capillarity coefficient, is a material
property that may still be a function of saturation, and fluid–fluid
properties (e.g. interfacial area, contact line). Potential dependen-
cies of s are discussed in the next paragraph. In this work, we focus
on investigating the validity of Eq. (3) by means of numerical exper-
iments and determining the dependencies of the coefficient s.

1.2. Non-equilibrium capillarity coefficient

Eq. (3) has been the subject of many studies in recent years,
computationally using Darcy-scale models (see e.g. Manthey
et al., 2005; Das et al., 2006), and pore-scale models (see e.g. Dahle
et al., 2005; Gielen et al., 2005; Joekar-Niasar et al., 2010a) as well
as experimentally see e.g. Hassanizadeh et al., 2004; Oung et al.,
2005; O’Carroll et al., 2005; Bottero and Hassanizadeh, 2006;
Bottero, 2009; Berentsen and Hassanizadeh, 2006; Camps-Roach
et al., 2010; O’Carroll et al., 2010). Hassanizadeh et al. (2002)
reviewed extensively the experimental works in which non-
equilibrium effects have been observed.

Up to now, most studies have studied the variation of s with
saturation. However, based on pore-scale insights Hassanizadeh
et al. (2002) conjectured that s may be related to phase trapping,
capillary blockage (and consequently interfacial area and contact
lines), and contact angle. Furthermore, in a recent study, O’Carroll
et al. (2010) stated that s may be a function of fluid/fluid/solid con-
tact line friction. Dahle et al. (2005) developed a bundle-of-tube
model to investigate the variation of s with variance of radii distri-
bution and with saturation under drainage process. They found
that s increases with decrease of wetting fluid saturation and with
increase of variance. In another study, Joekar-Niasar et al. (2010a)
investigated variation of s with viscosity ratio (M) and saturation
during drainage using a dynamic pore-network model. Viscosity
ratio is defined as M = ln/lw, where ln and lw are the viscosities
of nonwetting and wetting fluid, respectively. Joekar-Niasar et al.
(2010a) found a similar trend for variation of s with saturation
as Dahle et al. (2005) did. In addition, they found that larger values
of viscosity ratio results in larger values of s. In another study,
Manthey et al. (2005) studied variation of s with permeability, het-
erogeneity and entry capillary pressure during drainage. They em-
ployed a continuum-scale two-phase simulator in which local
capillary pressure was defined based on Brooks-Corey relation.
Based on volumetric phase averaging, they determined the magni-
tude and behavior of s.

Although some aspects of non-equilibrium capillarity effect has
been studied, there is still much room for further studies. There is
still no study on the combined effect of saturation, effective viscos-
ity, and viscosity ratio on the variation of s or on the presence of
hysteresis on s–Sw relationship.

1.3. Dynamic pore-network modeling

We employ pore-network modeling as an upscaling technique
from pore scale to macroscale. This approach is computationally
not too expensive, compared to other pore-scale simulators such
as Lattice Boltzmann or Smoothed Particle Hydrodynamics
(see Joekar-Niasar et al., 2010a, for a comparison between
pore-network modeling and Lattice Boltzmann).

Dynamic pore-network models can simulate transient behavior
of flow with time for various capillary numbers and viscosity ra-
tios. Capillary number (Ca) is traditionally defined as the ratio of
viscous forces of the invading fluid to capillary forces linv qinv

rnw

� �
.

The first dynamic pore-network model reported in the literature
was developed by Koplik and Lasseter (1985) to simulate imbibi-
tion process in a two-dimensional pore network. Later, several dy-
namic pore-network models were developed for various
applications, such as simulating pressure field evolution with time
in a two-phase drainage process (see e.g. Aker et al., 1998a; Aker
et al., 1998b; Van der Marck et al., 1997; Dahle and Celia, 1999),
effect of capillary number on residual water saturation as well as
fractional flow behavior during drainage (see e.g. Singh and
Mohanty, 2003; Al-Gharbi and Blunt, 2005), effect of flow regime
on residual nonwetting fluid in two-phase imbibition processes
(see e.g. Nguyen et al., 2006; Mogensen and Stenby, 1998; Koplik
and Lasseter, 1985; Hughes and Blunt, 2000; Thompson, 2002),
evaporation (e.g. Prat, 2002), three-phase flow (see e.g. Pereira
et al., 1996) ganglia movement see e.g. Constantinides and Paya-
takes, 1996; Dias and Payatakes, 1986a,b) and its contribution to
relative permeability (e.g. Avraam and Payatakes, 1995a), and
fluid–fluid interface velocity under drainage (Nordhaug et al., 2003).

Strong nonlinearity at the pore-scale causes severe numerical
stability problems in dynamic pore-network models, such that
simulation for unfavorable viscosity ratios or for capillary-domi-
nated flow have often proven troublesome. For instance,
Al-Gharbi and Blunt (2005) could not obtain a full consistency
between fluid occupancy at equilibrium resulted from quasi-sta-
tic simulations and dynamic simulations for the same boundary
conditions.

In order to avoid these problems and also to be able to sim-
ulate imbibition as well as drainage under a wide range of vis-
cosity ratios and different flow regimes, a new computational
algorithm and a robust pore-network model was developed in
Joekar-Niasar et al. (2010a). This new model has the following
main features:

(a) In contrast to all other dynamic pore-network models
(except for Thompson, 2002), we assign two separate pres-
sure fields to the two fluids within pore bodies or pore
throats, and thus assign local capillary pressure to pore
bodies.

(b) Pore-scale flow mechanisms such as snap-off and coopera-
tive pore filling (Lenormand and Zarcone, 1983, 1984) dur-
ing both drainage and imbibition are included.

(c) A semi-implicit approach is used for the saturation update in
order to obtain numerical stability in simulations even for
capillary-dominated and viscous fingering regimes. Thus,
the resulting set of equations for fluid pressures contain both
advection-type terms (corresponding to viscous forces) and
diffusion-type terms (corresponding to capillary forces).

(d) To mimic the geometry of pore space in granular media, pore
bodies and pore throats are represented as truncated octahe-
drons and parallelepipeds, respectively. Local capillary pres-
sure is determined from local interface curvature, which is
related to local pore body saturation.

Details of the computational algorithm employed in our
dynamic pore-network model are given in Joekar-Niasar et al.
(2010a). They developed a pore-network model with cubic pore
bodies and parallelepiped pore throats to simulate drainage
processes under different pressure gradients imposed at bound-
aries. They analyzed effect of viscosity ratio on non-equilibrium
capillarity coefficient for different saturations. In addition, non-
equilibrium effects on specific interfacial area were studied. Their
results were only for primary drainage.

1.4. Objectives

The main objectives of this paper are as follows:



(a)

(b)

(c)

Fig. 1. (a) Schematic presentation of a pore body and its connected pore throats.
Truncated parts of the pore body have the width of 2rij, which is the inscribed radius
of pore throat ij. (b) Cross sections of the pore body along the vertices and through
the edges. Radius of inscribed sphere is denoted by R and radius of inscribed circle
in the cross section along vertices is denoted by R

0
. (c) Cross section of two pore

bodies and connected pore throats. Geometrical configuration for determining the
pore throat radius (rij) based on pore bodies radii, R0i ¼

ffiffi
6
p

2 Ri and R0j ¼
ffiffi
6
p

2 Rj .
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� Developing a dynamic pore-network model (called DYPOSIT)
for simulating two-phase flow under both drainage and imbibi-
tion conditions. The model employs improved numerical algo-
rithms for computing pressure fields and updating the
saturation. Using these algorithms, the transient behavior of
capillary pressure under different flow regimes and viscosity
ratios for drainage and imbibition processes are simulated; such
studies under imbibition have not been reported in the litera-
ture. To mimic larger pore spaces among the solid grains in a
granular medium, the shape of pore bodies has been selected
as truncated octahedrons. This is a modification of the geometry
compared with Joekar-Niasar et al. (2010a), in which pore
bodies were represented as cubes.
� Studying the evolution of average fluids pressure difference (Pn–

Pw) with time and saturation for M = 0.1, 1, 10 for primary and
main drainage as well as main imbibition processes. As a result,
variation of s with viscosity ratio (and consequently effective
viscosity) and saturation under drainage and imbibition has
been analyzed.
� Analysis of the validity of Eq. (3) during imbibition as well as

drainage. Up to now, behavior of s has been studied only during
primary drainage. We are interested in analyzing existence of a
unique s under conditions where the local equilibrium at inter-
faces is still assumed (so, for example, dynamics of contact
angle is neglected).

2. Model description

2.1. Model features

2.1.1. Structure and geometry
Coordination number is a topological property of the network,

which is the number of pore throats connected to a given pore
body. Although there are many irregular quasi-static pore net-
works (e.g. Bakke and Øren, 1997; Joekar-Niasar et al., 2009,
2010b; Raoof and Hassanizadeh, 2010), the majority of dynamic
pore networks have a regular structure. We have also developed
a regular three-dimensional lattice network with fixed coordina-
tion number of six. Pore bodies and pore throats are presented
by ‘‘truncated octahedron” and ‘‘parallelepiped”, respectively. This
allows simultaneous existence of both fluids in a single pore ele-
ment. The octahedron pore bodies can be unequally truncated
since they are connected to pore throats of different sizes, as
shown in Fig. 1a. Truncated parts of the octahedron have the shape
of square pyramids with base width of 2rij (where rij is equal to the
radius of inscribed circle of the pore throat ij) as shown in Fig. 1a.
The radius of the inscribed sphere of a pore body, Ri, and the radius
of the inscribed circle of the diagonal cross section of pore body, R0i,
are shown in Fig. 1b. It should be noted that Ri ¼

ffiffi
6
p

3 R0i. A cross sec-
tion through the vertices of a pore body and the pore throat con-
necting them is shown in Fig. 1c.

The size distribution of pore bodies is specified by a truncated
log-normal distribution, with no spatial correlation, expressed by:

f ðRi;rndÞ ¼

ffiffiffi
2
p

exp � 1
2

ln
Ri

Rm
rnd

� �2
" #

ffiffiffiffiffiffiffiffiffiffiffi
pr2

nd

q
Ri erf

lnRmax
Rmffiffiffiffiffiffiffi

2r2
nd

p !
� erf

ln
Rmin
Rmffiffiffiffiffiffiffi
2r2

nd

p !" # ð4Þ

in which Rmin is the lower range of truncation, Rmax is the upper
range of truncation, Rm is the mean of inscribed sphere radii, and
rnd is the standard deviation. Radius and length of pore throats con-
necting the pore bodies are determined based on the size of neigh-
boring pore bodies. Spacings between the pore body layers of the
network in x-, y- and z-directions are chosen to be variable. Let
the spacings between layers k and k + 1 in the three directions be
denoted by kx,k, ky,l, and kz,m. Then, designating each pore body by
its lattice indices, namely k, l, and m, lattice spacings are given as
follows:

kx;k ¼
ffiffiffi
2
p

maxfR0ðk; l;mÞ þ R0ðkþ 1; l;mÞ : l ¼ 1;ny;m ¼ 1;nzg;
k ¼ 1;nx ð5aÞ
ky;l ¼
ffiffiffi
2
p

maxfR0ðk; l;mÞ þ R0ðk; lþ 1;mÞ : k ¼ 1;nx;m ¼ 1;nzg;
l ¼ 1;ny ð5bÞ
kz;m ¼
ffiffiffi
2
p

maxfR0ðk; l;mÞ þ R0ðk; l;mþ 1Þ : k ¼ 1;nx; l ¼ 1;nyg;
m ¼ 1;nz ð5cÞ

where nx, ny, and nz denote the total number of pore bodies in x, y,
and z directions, respectively. If there is no spacing between vertices



Table 2
Statistical properties of the radii of inscribed spheres of pore bodies (Ri), and of
inscribed circle of pore throats rij, and aspect ratio distribution Rasp.

Specifications Ri (mm) rij (mm) Rasp

min 0.0077 0.0048 1.55
max 0.0200 0.0162 4.00
mean 0.0125 0.0084 2.25
st. deviation 0.0028 0.0017 0.38
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of square cross-sections shown in Fig. 1c, the distance between cen-
ters of pore bodies will be equal to

ffiffiffi
2
p

times the summation of cross
section inscribed radii. Based on the length of a pore throat and
sizes of its neighboring pore bodies, radius of the inscribed circle
in a pore throat cross section is determined (for more detailed
explanation, see (Joekar-Niasar et al., 2008). Consider two pore
bodies i and j, with a center-to-center distance dij (see Fig. 1c),
and cross-sections inscribed radii R0i and R0j, respectively. We define
the dimensionless radii eRi and eRj as follows:eRi ¼ R0i=dij; eRj ¼ R0j=dij ð6Þ

Then, we can calculate dimensionless inscribed radius of the pore
throat ij, erij , as follows:

erij ¼ .i.j .1=n
i þ .1=n

j

� ��n
; n > 0 ð7Þ

.i ¼
eRi sinðp=4Þ

ð1� eRi cosðp=4ÞÞn
ð8Þ

.j ¼
eRj sinðp=4Þ

ð1� eRj cosðp=4ÞÞn
ð9Þ

where n is a positive number, which can control the ratio between
radii of a pore body and pore throat, referred to as ‘‘aspect ratio”. A
larger n results in smaller pore throats (larger aspect ratios).

2.1.2. Fluids and network parameters and specifications
Table 1 shows fluids and network properties used in the simu-

lations. Viscosity of the nonwetting fluid is kept constant and equal
to 0.001 and viscosity ratio is defined as the M ¼ ln

lw. Statistical
properties of pore bodies, pore throats, and aspect ratio distribu-
tions are shown in Table 2. Aspect ratio is defined as pore body in-
scribed sphere radius divided by pore throat radius. Corresponding
to Table 2, Fig. 2a and b show the aspect ratio distribution as well
as pore body-pore throat size distributions, respectively.

Aspect ratio is controlled by the parameter n given in Eq. (9). In
this work, we have set n = 1.0.

2.2. Governing equations

2.2.1. General equations for two-phase flow
The local capillary pressure for pore body i is defined as:

pc
i ¼ pn

i —pw
i ¼ f sw

i

� �
ð10Þ

A flux Qa
ij is assigned to a pore throat ij for each fluid separately. A

volume balance for fluid a in pore body i is written as:

Vi
Dsa

i

Dt
¼ �

X
j2Ni

Qa
ij; a ¼ w; n ð11Þ

where Ni is the set of all pore throats connected to pore body i, Vi is
the volume of pore body i, and sa

i is the saturation of fluid a in pore
body i. The volumetric flux of fluid a in pore throat ij is given by an
equation similar to Washburn formula:
Table 1
Fluid and network properties used in the simulations.

Parameter Symbol

Contact angle h
Interfacial tension rnw

Wetting fluid viscosity lw

Nonwetting fluid viscosity ln

Total no. of pore bodies in flow direction nz

Total no. of pore bodies in lateral directions nx,ny

Domain size –
Permeability K
Qa
ij ¼ �Ka

ijDpa
ij; a ¼ w;n ð12Þ

where Ka
ij is a function of geometry and fluid occupancy of pore

throats and Dpa
ij is the pressure difference in fluid a across the pore

throats. Summation of Eq. (11) for the two fluids, which are as-
sumed to be incompressible, yields:X
j2Ni

Q tot
ij ¼

X
j2Ni

Q n
ij þ Q w

ij

� �
¼ 0 ð13Þ

Note that compared to one single pressure per body and one effec-
tive conductivity per pore throat (see e.g. (Al-Gharbi and Blunt,
2005; Mogensen and Stenby, 1998), assigning different pressures
and conductivities to each fluid has major advantages. For example,
it allows us to include mechanisms related to the local capillary
pressure (such as snap-off, counter-current flow) in simulations.
Eqs. (10)–(12) form a determinate set to be solved for sw

i ; p
w
i , and pn

i .

2.2.2. Pressure field solver
To reduce the computational demand, the general equations are

reformulated in terms of a total pressure �pi, defined as the satura-
tion-weighted average of fluid pressures in a pore body:

�pi ¼ sw
i pw

i þ sn
i pn

i ð14Þ

Combining Eqs. (10) and (14) and using sn
i þ sw

i ¼ 1, we get the fol-
lowing equations for pressures of wetting and nonwetting fluids:

pw
i ¼ �pi � sn

i pc
i ð15Þ

pn
i ¼ �pi þ sw

i pc
i ð16Þ

Substitution of Eqs. (15) and (16) in Eq. (12) and subsequently in Eq.
(13) results in an equation for �pi:X
j2Ni

Kw
ij þ Kn

ij

� �
ð�pi � �pjÞ ¼ �

X
j2Ni

Kn
ijs

w
i � Kw

ij 1� sw
i

� �� �
pc

i

h
þ Kw

ij 1� sw
j

� �
� Kn

ijs
w
j

� �
pc

j

i
ð17Þ

In this equation, the right-hand side as well as the coefficients of the
left-hand side depend on local saturation only. This linear system of
equations was solved for �pi by diagonally-scaled biconjugate gradi-
ent method using SLATEC mathematical library (Fong et al., 1993).

2.2.3. Saturation update
After calculating �pi, pressures of fluids can be back-calculated

from Eqs. (15) and (16), based on saturation values. Then,
Value Unit

0.0 Degree
0.0725 kg s�2

0.0001, 0.001, 0.01 kg m�1 s�1

0.001 kg m�1 s�1

45 –
35 –
1.9 � 1.9 � 2.37 mm3

1.43 � 10�12 m2
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Fig. 2. Network geometry properties (a) Aspect ratio distribution, (b) pore body and pore throat distributions.
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commonly, Eq. (12) is used to calculate Qa
ij , and using Eq. (11) new

saturation values can be calculated explicitly. This procedure, how-
ever, will result in numerical problems for a capillary-dominated
flow regime, as mentioned in Koplik and Lasseter (1985). He found
that the explicit saturation update was not numerically stable for
very small capillary numbers and he could not successfully simu-
late a capillary-dominated flow. Therefore, we have developed a
semi-implicit approach, analogous to a fractional flow formulation,
to control the nonlinearities under such flow conditions. Details of
the semi-implicit saturation update are given in Joekar-Niasar et al.
(2010a). The resulting discretized equation reads:

Vi

Dt
�
X
j2Ni

Kn
ijK

w
ij

Ktot
ij

@pc
ij

@sw
ij

 !
sw

i

� �kþ1 þ
X
j2Ni

Kn
ijK

w
ij

Ktot
ij

@pc
ij

@sw
ij

 !
sw

j

� �kþ1

¼ Vi

Dt
sw

i

� �k þ
X
j2Ni

Kn
ij

Ktot
ij

Q tot
ij ð18Þ

where superscript k denotes time step level, and
@pc

ij

@sw
ij

is calculated

from pc
i —sw

i relationship of the upstream pore body (given in Section
2.3.1). One should note that since Qtot

ij and Ka
ij are calculated from

time step k, this scheme is not fully implicit. Here also, the diago-
nally-scaled biconjugate gradient method from SLATEC mathemat-
ical library (Fong et al., 1993) was used to solve Eq. (18).

2.2.4. Time step
The time step is determined based on the time of filling of pore

bodies by the nonwetting fluid (or wetting fluid), denoted by Dti.
The wetting fluid saturation of a pore body varies between 1 and
sw

i;min, as we assume that a pore body may be drained down only
to a minimum saturation. On the other hand, if local imbibition oc-
curs, the wetting fluid saturation in a pore body can go back to 1.
So, we calculate Dti for all pore bodies, depending on the local pro-
cess, from the following formulas:

Dti ¼
Vi
qn

i
sw

i � sw
i;min

� �
for local drainage; Q n

i > 0
Vi
qn

i
1� sw

i

� �
for local imbibition; Q n

i < 0

8<: ð19Þ

where the accumulation rate of the nonwetting fluid is defined as
Qn

i ¼
P

j2Ni
Qn

ij. Then, the global time step is chosen to be the mini-
mum of all Dti s.

Dtglobal ¼ minfDtig ð20Þ

It should be noted that we have imposed a truncation criterion of
10�6 for sw

i � sw
i;min and 1� sw

i in order to reduce the number of times
the equations are solved. Also, note that in Eq. (19), there is a
correspondence between saturation change (numerator) and the
accumulation rate of nonwetting fluid (denominator). That is, when
local saturation is close to the limits, the accumulation rate of
nonwetting fluid is also very small. This means that Dti always
remains finite and nonzero.
2.3. Local rules

2.3.1. Capillary pressure curves for pore bodies and pore throats
Local capillary pressure within a pore is a function of the curva-

ture of fluid–fluid interface through Young–Laplace equation,
regardless of whether drainage or imbibition occurs. However,



Fig. 3. Pore filling mechanisms during imbibition referred to I-mechanism. Wetting
fluid is shown as hashed areas. With decrease of number of pore throats filled with
the nonwetting fluid, radius of the interface may decrease. Consequently capillary
pressure assigned to the interface can increase (due to Lenormand and Zarcone,
1984).
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during imbibition, topology of fluid–fluid interfaces is much more
complicated.

Interfaces may be categorized in two different types: ‘‘arc me-
nisci (AM)”, formed along the edges, and ‘‘main terminal menisci
(MTM)”, spanning the pore throat cross section during drainage
(Mason and Morrow, 1987). Behavior of ‘‘MTM” during drainage
and imbibition is different. During drainage, a MTM is formed at
the entrance to a pore throat within a pore body filled with the
nonwetting fluid. However, during imbibition a MTM can be
formed such that it spans over a pore body and connected pore
throats; this is referred to as ‘‘cooperative filling” (Lenormand
and Zarcone, 1984).

In any case, for a given fluid–fluid interface position within a
pore body, we can determine corresponding capillary pressure
and saturation. Therefore, for a given pore body, a unique relation-
ship between capillary pressure and local saturation can be ob-
tained. Local pc

i —sw
i curves for drainage and imbibition are

discussed and derived below.

2.3.1.1. Drainage. During drainage, the invasion of a pore throat by
the nonwetting fluid, and consequently the movement of main ter-
minal menisci, is controlled by the entry capillary pressure. In
drainage, an interface is located within a pore body. If a pore body
is filled with both fluids, the wetting fluid is residing along edges of
the pore bodies (see Fig. A.1b and c in Appendix A). The saturation
of the pore body (i.e. volume of the wetting fluid divided by the
volume of the pore body) depends on the prevailing capillary pres-
sure. For a given capillary pressure, the curvature of interfaces in
the edges of the pore body can be calculated and, consequently,
the corresponding saturation can be estimated. In Appendix A, de-
tails of derivation of the (local) pc

i —sw
i relationship for an octahe-

dron pore body are presented.
The resulting pc

i —sw
i relationship in terms of the radius Ri of the

inscribed sphere of the pore body i and other geometrical parame-
ters is:

pc
i ¼ 2rnwji;ji ¼

1
rij
� 1

Ri

� �
sw

i
�sdr

i
1�sdr

i

� �3:5

þ 1
Ri

sw
i P sdr

i

1
Ri

sw
i

sdr
i

� �a

; a ¼ 1
2:98sdr

i
�3:85

smin
i < sw

i < sdr
i

8>>><>>>:
ð21Þ

in which, sdr
i is the wetting fluid saturation corresponding to the in-

scribed sphere of the pore body, given by Eq. (A.2), and smin
i is the

minimum possible saturation in a simulation given by Eq. (22).
The resulting curve is shown in Fig. A.2a.

Obviously, it is impossible to completely displace the wetting
fluid from the corners of a pore body. We assume that each pore
body has a minimum saturation sw

i;min, which depends on the im-

posed global pressure difference (Pc
global defined in Section 3.2) as

well as the blockage of the invading fluid. The capillary pressure

blockage of the invading fluid Pc
eblock

� �
is also a global variable, de-

fined to be the minimum entry capillary pressure of all pore
throats neighboring the vicinity of the nonwetting fluid but not in-
vaded by it yet. Thus, using the pc

i —sw
i relationship given by Eq.

(21), the local minimum wetting fluid saturation in a pore body
may be determined as follows:

sw
i;min ¼ sdr

i
Ri

2rnw
min Pc

global; P
c
eblock

n o� �2:98sdr
i
�3:85

ð22Þ

A capillary pressure should be also assigned to a pore throat once it
is invaded and both fluids are present. We assume that the capillary
pressure of a pore throat pc

ij is equal to the capillary pressure of the
upstream pore body.
2.3.1.2. Imbibition. During imbibition, locations of interfaces are
not only controlled by the geometry of pore bodies and pore
throats, but also by local fluid configuration in pore throats con-
nected to a pore body (Lenormand and Zarcone, 1984). One of
the mechanisms that controls configuration of fluid–fluid inter-
faces in a pore body during imbibition is ‘‘cooperative pore filling”.
Lenormand and Zarcone (1984) observed in micro-model experi-
ments that, depending on the number of pore throats filled with
the nonwetting fluid, the topology of local main terminal interface
can change. They defined a so-called I-mechanism for pore filling,
where I represents number of pore throats filled with the nonwett-
ing fluid. They showed that with the decrease of I, radius of inter-
face may decrease, resulting in an increase of local capillary
pressure as shown schematically in Fig. 3. Some researchers such
as Øren et al. (1998), Hughes and Blunt (2000) suggested simple
algebraic equations for pore filling mechanism, regardless of the
geometry of pore bodies and pore throats. These relations do not
apply to all pore spaces. For example, they do not apply to high-
porosity domains with small aspect ratio, such as micro-model
experiments of Pyrak-Nolte (2007), as illustrated in simulations
of the imbibition process by Joekar-Niasar et al. (2009).

We define local capillary pressure–saturation relationship as a
function of saturation as well as pore throats filling. Details of der-
ivation of local pc

i —sw
i relationship during imbibition are given in

Appendix B. Finally, we have suggested the following relationships
which results in a trend consistent with experimental observations
of Lenormand and Zarcone (1984):
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i ¼ 2rnwji;ji
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1
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ð23Þ

where simb
i is the pore body saturation at which one pore throat is

still filled with the nonwetting fluid. It should be noted that this sat-
uration is not predetermined in the simulations. Its value for each
pore body will be determined during the simulation.

2.3.2. Entry capillary pressure for a pore throat
We assume that a pore throat will be invaded by the nonwett-

ing fluid when the capillary pressure in a neighboring pore body
becomes larger than the entry capillary pressure of the pore throat.
For a pore throat with square cross-section, the entry capillary
pressure can be calculated as follows (due to (Mayer and Stowe,
1965; Princen, 1969a,b, 1970; Ma et al., 1996):

pc
e;ij ¼

rnw

rij

hþ cos2 h� p=4� sin h cos h

cos h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p=4� hþ sin h cos h

p !
ð24Þ



204 V. Joekar-Niasar, S. Majid Hassanizadeh / International Journal of Multiphase Flow 37 (2011) 198–214
where h is the contact angle.

2.3.3. Conductivities of pore throats
Conductivities of pore throats are determined based on their

size and fluid occupancy. One of the following two cases may
occur.

(a) A pore throat is occupied by the wetting fluid only. For this
case, the following equation was obtained by Azzam and
Dullien (1977):
Kw
ij ¼

p
8lw

ij l
reff

ij

� �4
ð25Þ

Kn
ij ¼ 0

where lw is the viscosity of the wetting fluid, lij is the length
of pore throat, and

reff
ij ¼

ffiffiffiffi
4
p

r
rij ð26Þ
(b) A pore throat is occupied by both fluids. Then, following
Ransohoff and Radke (1988), we can write:
Kw
ij ¼

4� p
blw

ij l
rc

ij

� �4
ð27Þ

Kn
ij ¼

p
8lnlij

reff
ij

� �4
ð28Þ
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ij ¼

rnw
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ij

ð29Þ

reff
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1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

ij � ð4� pÞrc2

ij

p

s
þ rij

0@ 1A ð30Þ
In Eq. (27), b is a resistance factor that depends on geometry, sur-
face roughness, crevice roundness and other specifications of the
cross section. Detailed explanation about b can be found in Zhou
et al. (1997). As mentioned earlier, the pore throat capillary pres-
sure pc

ij is set equal to the capillary pressure of the upstream pore
body.

2.3.4. Snap-off
During imbibition, if the local capillary pressure in a pore throat

becomes smaller than a critical value (defined below), the corner
interfaces become unstable and snap-off will occur. The criterion
for snap-off in a square cross-sectional pore throat has been de-
fined as follows (Vidales et al., 1998):

pc
ij 6

rnw

rij
ðcos h� sin hÞ ð31Þ

We assume that as soon as snap-off occurs, the nonwetting fluid re-
treats instantaneously into the two neighboring pore bodies, and
the pore throat is filled up with the wetting fluid.

3. Simulations and analysis

3.1. Network size

To analyze Darcy-scale equations using pore-network models,
the size of the pore-network should be at least one REV. REV size
was determined by performing quasi-static drainage simulations
in networks with different sizes but with the same statistical
parameters. Our simulations show that the REV size for these sta-
tistical parameters is a cube with length of 35 pore bodies. How-
ever, we have added five buffer layers at each boundary to
reduce the boundary effect. Thus the network has a length of 45
pore bodies along the main flow direction. The buffer layers are
not included in the averaging window.

3.2. Boundary conditions

For our simulations, we assume that the network is connected
to a nonwetting fluid reservoir on one side and a wetting fluid res-
ervoir on the other side. Fluid pressures are specified at these
boundaries. Side boundary conditions are assumed to be periodic.

For drainage and imbibition simulations the following proce-
dure is followed:

(a) Drainage: Pressure at the nonwetting fluid reservoir is fixed
to Pn

top and pressure at the wetting fluid reservoir is fixed to
zero. The difference between the two boundary pressures
during drainage is referred to as ‘‘global pressure difference”
Pc

global ¼ Pn
top. After the nonwetting fluid breaks into the wet-

ting fluid reservoir a boundary condition for its pressure is
needed. One may choose to set it equal to the wetting fluid
boundary pressure. But, this will cause an unrealistic relax-
ation of the nonwetting fluid pressure field throughout the
network. Instead, as an assumption we have chosen to set
the gradient of capillary pressure within an invaded pore
throat (connected to the wetting fluid boundary) to be equal
to zero

@pc
ij

@lij
¼ 0

� �
.

(b) Imbibition: Similar to the drainage process, pressure at the
nonwetting fluid reservoir is fixed to Pn

top and pressure at

the wetting fluid reservoir is fixed to zero. However, Pn
top

should be so small that imbibition process can occur contin-
uously. During imbibition similar to the drainage, it is

assumed that
@pc

ij

@lij
¼ 0 as long as a pore throat at the nonwett-

ing fluid boundary is filled with both fluids.

3.3. Drainage simulations

For primary drainage, the network is initially fully saturated with
the wetting fluid. Simulation of drainage starts with raising the pres-
sure of the nonwetting fluid reservoir, and establishing a global pres-
sure difference, Pc

global, across the network. When the pressure
difference is larger than the entry pressure of the largest pore throat
connected to the nonwetting fluid reservoir, drainage starts. In qua-
si-static simulations, the nonwetting fluid reservoir pressure is in-
creased in incremental steps so that the network is invaded in
steps. At the end of each step, when there is no flow (static condi-
tions), the overall saturation of the network and average specific
interfacial area are determined. Then, global pressure difference is
increased again. In dynamic simulations, the imposed Pc

global is so
large that the whole network (or a large part of it) could be flooded
in one step. The simulations are continued till the change of average
saturation in a selected averaging window is negligible.

For main drainage simulations, the initial saturation occupancy
is based on the last snapshot of the quasi-static main imbibition
experiment. The simulation procedure is otherwise similar to the
primary drainage simulation.

3.4. Imbibition simulations

Consider a pore network filled by the nonwetting fluid at the
end of a (main or primary) drainage experiment. The wetting fluid
is still present along edges of pore bodies and pore throats. Starting
from an equilibrium condition, all pore bodies have the same
capillary pressure. The global capillary pressure is decreased by
reducing the nonwetting fluid reservoir pressure or increasing
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the wetting fluid reservoir pressure. A decrease in the global capil-
lary pressure causes the interfaces to relax gradually and main
imbibition experiment will start. The imbibition simulation will
stop when all pore throats at the outflow boundary (nonwetting
fluid reservoir) are fully filled with the wetting fluid.

For the quasi-static imbibition simulations, an approach similar
to the drainage has been employed.

3.5. Averaging procedure

Our simulations result in local-scale variables such as pressure,
saturation, and fluxes. These have to be averaged over an averaging
window to obtain macroscopic variables. Average saturation is
simply defined as the ratio of the wetting fluid to the total pore vol-
ume of the network:

Sw ¼ Vw

Vw þ Vn ¼
Pnpb

i¼1sw
i ViPnpb

i¼1Vi

ð32Þ

Sn ¼ 1� Sw

in which npb is the total number of pore bodies within the averaging
window.

The total flux across any given surface is equal to the sum of
fluxes of all pore throats intersecting that surface. The averaging
of pressure is, however, less straightforward. Commonly, average
pressure is obtained using an intrinsic phase average operator
(see e.g. Whitaker, 1977). However, recently it has been shown
that the intrinsic phase average pressure introduces numerical
artifacts when both pressure and saturation are spatially variable
(see Nordbotten et al., 2007, 2008; Korteland et al., 2010; Bottero,
2009). Instead, a centroid-corrected averaging operator has been
suggested by Nordbotten et al. (2008) to alleviate problems associ-
ated with intrinsic phase averaging. However, it has been shown
numerically that this approach also suffers from artifacts at large
wetting saturations (Korteland et al., 2010). Thus, we use the
intrinsic phase average since it is still the most commonly used
operator:

Pa ¼ 1
dVa

Z
dVa

PadV ¼
Pnpb

i¼1pa
i sa

i V iPnpb

i¼1sa
i V i

; a ¼ n;w ð33Þ
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Fig. 4. Average fluids pressure difference curves, Pn–Pw for three different global
pressure differences during primary and main drainage (PD, MD), and four different
global pressure differences during main imbibition (MI), for viscosity ratios (a)
M = 0.1, (b) M = 1 and (c) M = 10 and for ln = 0.001 Pa s. These curves should be
compared to the equilibrium Pc–Sw curves resulted from quasi-static simulations.
4. Results and discussion

4.1. Non-equilibrium capillarity effects

As mentioned in the Introduction, in standard models of two-
phase flow in porous media, the difference in average fluid pres-
sures, Pn–Pw, is assumed to be an algebraic function of saturation.
In this section, we show that the curves of Pn–Pw versus Sw depend
strongly on boundary conditions and dynamics of the system, as
shown by Yang et al. (2009) for bundle-of-tube model. We per-
formed a large number of dynamic primary drainage, main drain-
age, and main imbibition simulations for various viscosity ratios
and under a range of boundary pressure values. For every simula-
tion, we calculated the variations of average saturation and the
‘‘fluids pressure difference” with time. From those results, plots
of Pn–Pw versus saturation were made.

For primary and main drainage simulations, three different glo-
bal pressure differences were imposed over the domain: 45, 60 and
90 kPa. The entry capillary pressure is 15 kPa. For main imbibition,
four different global pressure differences were imposed over the
domain, equal to +5, 0, �5, �10 kPa. Also, all simulations were per-
formed for three different viscosity ratios, M = 0.1, 1, and 10 (ratio
of viscosity of the nonwetting fluid to that of the wetting fluid).
Computational time increased with decrease of viscosity ratio
and decrease of global pressure difference. A simulation took from
24 to 72 h on Intel(R) CPU 6600, 2.4 GHz with 2GB RAM.

Plots of Pn–Pw as well as Pc versus average saturation, Sw, are
shown in Fig. 4. It is clear that Pn–Pw curves strongly depend on
boundary conditions and significantly deviate from the Pc curves.
Their behavior is in agreement with Eq. (3): at any given satura-
tion, the fluids pressure difference is larger than the capillary pres-
sure during drainage and smaller during imbibition. The
differences are larger for larger nonwetting fluid boundary pres-
sure during drainage and for large wetting fluid boundary pressure
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during imbibition. These curves are used later to calculate non-
equilibrium capillarity coefficient, s.

Resulting Pn–Pw curves also depend strongly on viscosity ratio
and effective viscosity. In order to explain this, let us define the
effective viscosity, leff, as follows:

leff ¼ lnSn þ lwSw ð34Þ

It must be noted that the effective viscosity (or effective resistance)
of a system is related to fluid viscosities as well as spatial distribu-
tion of fluids. The definition given in Eq. (34) is only suitable for a
stable invading front where a piston-like movement is dominant,
as the viscosities are linearly weighted by saturation. This equation
is analogous to Kirchhoff’s law for electrical resistors. If the resistors
are in series, the effective resistance is the summation of all resis-
tors (similar to piston-like movement). However, unstable flow
can be analyzed as a circuit with mixed combination of resistors
in parallel and series. Every single capillary blockage increases the
resistance of the system against flow. Consequently, resistance
due to capillary blockage is more pronounced under unstable flow
compared to stable one. For unstable fronts, e.g. in a viscous finger-
ing regime, some researchers, such as Koval (1963), have suggested
other empirical relationships for effective viscosity (see e.g. Fayers
et al., 1990), which are not linearly weighted by saturation. During
both drainage and imbibition, the effective viscosity changes con-
siderably if fluid viscosities are not equal. During primary drainage,
effective viscosity is initially equal to lw, which was chosen to be
different in simulations with different viscosity ratios (i.e. nonwett-
ing fluid saturation was kept constant and lw is varied to get vari-
ous M values). As the drainage proceeds, effective viscosity
decreases for M = 0.1 and increases for M = 10. At the end of drain-
age, the effective viscosity is almost equal to ln.

According to Fig. 4 the effect of viscosity ratio on the transient
behavior of fluids pressure difference is significant. During drain-
age, initially (i.e. at higher saturations), Pn–Pw is larger for small
M and smaller for larger M (for equal ln). This is due to the fact that
the pressure drop over the whole domain for M = 10 is smaller than
the other cases. The decline in the fluids pressure difference during
drainage as residual saturation is approached, as an artefact of the
intrinsic phase averaging. As the nonwetting fluid invades the net-
work, the wetting fluid pressure behind the invasion front in-
creases along with the nonwetting fluid pressure. As a result,
after breakthrough, the average fluid pressure difference may even
decrease. Consequently, the average pressure difference ap-
proaches the Pc–Sw curve. These results illustrate that under dy-
namic conditions, phase pressures difference is not equal to
capillary pressure–saturation curve obtained under equilibrium
conditions. In the other words, the classical two-phase flow simu-
lators, which do not include dynamic effects in their capillary pres-
sure–saturation curve, may not hold under dynamic conditions.
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Fig. 5. Effect of capillary number on residual nonwetting saturation for
M ¼ ln

lw ¼ 1:0.
4.2. Effect of viscosity ratio on fluid distribution

Fluid entrapment at pore scale, and consequently fluid distribu-
tion at macroscale is controlled by pore-scale invasion mecha-
nisms, such as piston-like movement and snap-off. Snap-off
refers to the mechanisms in which residual fluid can cause a local
rupture in the bulk fluid. The importance of these mechanisms var-
ies depending on the process (drainage or imbibition). For instance,
snap-off is more important during imbibition than drainage, since
the nonwetting fluid (bulk fluid) is the receding one and it is more
vulnerable to rupture. As a result, at the end of imbibition process,
a significant amount of the nonwetting fluid remains behind,
known as the residual saturation. Due to the importance of imbibi-
tion in reservoir engineering, the dependence of residual satura-
tion on capillary number, viscosity ratio, contact angle and pores
aspect ratio has been studied significantly (see e.g. Dias and
Payatakes, 1986a,b; Vizika et al., 1994; Mogensen and Stenby,
1998; Hughes and Blunt, 2000). The typical curve relating residual
(trapped) nonwetting fluid saturation to the capillary number is
shown in Fig. 5. This curve was obtained from imbibition
simulations at M ¼ ln

lw ¼ 1:0 under constant flux boundary condi-
tions. The residual nonwetting fluid saturation was determined
as a function of capillary number at various flow rates. This figure
shows that with the increase of capillary number, the residual
nonwetting fluid saturation decreases. The largest decrease occurs
for capillary numbers between 10�6 and 10�4. At higher capillary
numbers, large flow rate cause a piston-like movement and
suppresses the snap-off mechanism.

As mentioned before, all previous studies were performed
under a constant capillary number. In this section, we show that
under Dirichlet boundary condition, a variable spatial distribution
of the trapped phase can be resulted, since the flow rate and
capillary number change continuously in time and space. Our
imbibition results (not presented here) show that, for M = 0.1, with
the increase of wetting fluid saturation, effective viscosity
increases, and consequently flow rate decreases. But, for M = 1
and M = 10 with the increase of wetting fluid saturation, flow rate
increases. This increase is very pronounced for M = 10, which
changes about two order of magnitude.

As shown in Fig. 5, change of flow rate can influence the trapped
nonwetting fluid saturation. This effect can be observed when
examining the average saturation profile along the network, shown
in Fig. 6a and b. Here, the saturation is averaged over a cross sec-
tion of the network located at position x and then plotted against
x/l at different times, and for two different viscosity ratios. An
interesting result here is the non-monotonic behavior of saturation
for M = 10. Moreover, the saturation front for the case of M = 10 is
steeper than for M = 1.0. With the significant increase of flow rate
for M = 10, snap-off is suppressed. Suppression of snap-off helps
increasing the flooding efficiency. To show the effect of viscosity
ratio on saturation profile during drainage, saturation profiles for
M = 1.0 and 0.1 for DP = 45 kPa have been shown in Fig. 7. As it
can be seen, for M = 0.1, the invading front is unstable and the
slope of the front is much smaller than for M = 1.0. The comparison
between invasion front for these two cases shows how significant
the effect of local heterogeneities on saturation profile is. Conse-
quently, the flooding efficiency is smaller for M = 0.1 compared
with M = 10.

4.3. Dependence of s on fluid viscosities and saturation

According to Eq. (3), the deviation of non-equilibrium fluids
pressure difference from the macroscopic capillary pressure is
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related to the time rate of change of saturation. Hassanizadeh and
Gray (1993a) have suggested that the non-equilibrium capillarity
coefficient, s, is a function of saturation. It is also believed to de-
pend on other medium and/or fluid properties.

To compute s at a given saturation, a plot of Pn–Pw versus @Sw/@t
at that saturation must be made. This is done by starting from one
of the graphs in Fig. 4 for a given viscosity ratio. At a given satura-
tion, different values of Pn–Pw–Pc can be obtained pertaining to dif-
ferent global pressure differences. Corresponding values of @Sw/@t
are known for that saturation. Note that such plots are made for
drainage and imbibition separately, whereby the corresponding
(drainage or imbibition) Pc–Sw curve is used to calculate Pn–Pw–
Pc. By plotting Pn–Pw–Pc versus @Sw/@t at various values of Sw and
fitting a linear relationship to the data points, s is found as the
slope of the fitted line. Results for primary and main drainage as
well as for main imbibition are plotted in Fig. 8a and b,
respectively.

Under drainage, the fitted line passed through the origin for dif-
ferent M values, as it should. However, under imbibition, there was
an intercept. This means that for the curve to go through the origin
a nonlinear relationship should be employed. However, with the
increase of the pressure gradient, this nonlinearity decreases, as
the capillary forces are suppressed by the viscous forces.

Two different aspects of these data are important; (a) order of
magnitude of the non-equilibrium capillarity coefficient s and (b)
its variation with saturation for different viscosity ratios as well
as for drainage and imbibition.
Values of s obtained here (ranging from 100 to 1000 Pa s for
M = 1.0) are in agreement with results obtained in other pore-net-
work modeling studies as shown in Table 3. The dimensions of our
network correspond to a porous medium sample size of 1.9 �
1.9 � 1.9 mm3 with an intrinsic permeability of 1.43 � 10�12 m2.
While the permeability corresponds to a fine sand, the sample size
is very small. The general understanding is that the magnitude of s
increases with the size of the observation or averaging window and
is inversely correlated with permeability. Dahle et al. (2005), using
a bundle-of-tube model, concluded that s value can be propor-
tional to L2, where L is the length of averaging window. A similar
result was found by Manthey et al. (2005) based on simulations
at continuum scale. In laboratory experiments by Hassanizadeh
et al. (2004), the value of s for a fine sand sample of 3 cm in height
was found to be 5 � 105 Pa s. The pressure measurements were
actually done by transducers with a diameter of around one centi-
meter. Using similar transducers in experiments with the same
fine sand, Bottero and Hassanizadeh (2006) found a s value of
around 105 Pa s. But, when Bottero (2009) upscaled the results to
the column scale (18 cm), the average s value was found to be
around 106 Pa s.

Our results shown in Fig. 8a and b illustrate that for the same
nonwetting fluids, smaller viscosity ratio is, larger non-equilibrium
capillarity coefficient will be. Since effective viscosity is defined as
the sum of linear saturation-weighted viscosities, for the same sat-
uration smaller viscosity ratio results in larger effective viscosity.
Thus, we conclude that larger effective viscosity results in larger
non-equilibrium capillarity coefficient (s(M = 0.1) > s(M = 1) >
s(M = 10), ln = constant). This trend is obvious for drainage
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Fig. 8. Variation of non-normalized (a and b) and normalized (c and d) non-equilibrium capillarity coefficient as a function of saturation for different viscosity ratios
M = 0.1,1,10 for (a and c) primary and main drainage, (b and d) main imbibition simulations. s is normalized by effective viscosity defined as leff = (1 � Sw)ln + Swlw. The
vertical axis is in logarithmic scale and in all cases ln = 0.001 Pa s.

Table 3
Values of s in literature for computational and experimental works.

Reference Exp. type Process Fluids M Pd (kPa) K (m2) � 10�12 s (Pa s) @s
@Sw Domain dimensions (cm)

Dahle et al. (2005) BTM Drain – 1 0.8 4.7 274 �0 0.1 (L)
Gielen et al. (2005) PNM Drain Oil–water 10 5 – 1.2 � 105 <0 0.3 � 0.3 � 1
Gielen (2007)
Joekar-Niasar et al. (2010a) PNM Drain – 1,10 4 150 900,2750 � 0 0.5 � 0.5 � 0.5
Joekar-Niasar et al. (2010a) PNM Drain – 0.1 4 150 350 �0 0.5 � 0.5 � 0.5
Das et al. (2007) CM Drain Oil–PCE–water >0.6 1.2 5 105–107 �0
Manthey et al. (2004) Lab Drain PCE–water 0.9 5.58 3 2–7 � 104 <0 –

>0
O’Carroll et al. (2005) Lab Drain PCE–water 0.8 2.1 15.8 5.64 � 107 �0 5.07(D), 9.62(L)
O’Carroll et al. (2005) Lab Drain PCE–water 0.8 2.4 12.6 1.99 � 107 �0 5.07(D), 9.62(L)
Bottero and Hassanizadeh (2006) Lab Drain PCE–water 0.9 6 – 105–107 �0 9.8 (D), 19(L)
Bottero (2009)
Camps-Roach et al. (2010) Lab Drain Air–water 0.02 2.2 53 2 � 105–106 �0 10 (D), 20(L)
Camps-Roach et al. (2010) Lab Drain Air–water 0.02 4.6 14.7 105–8 � 105 �0 10 (D), 20(L)

BTM: Bundle of tubes, PNM: Pore-network model, CM: Continuum model, Lab: Laboratory experiment D: Diameter, L: Length.
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(Fig. 8a) and imbibition (Fig. 8b). This agrees with the explanation
given by Barenblatt et al. (2003) and Entov (1980), who stated that
dynamic effects in capillary pressure are related to the finite time
required for the fluids in the pore structure to rearrange them-
selves. Indeed, for larger effective viscosity values, more time is re-
quired for fluids to reach the equilibrium condition, which
corresponds to a larger s value.

As it is known, dimension of s is the same as viscosity. Since
resistance of the system is related to viscosities of both fluids
and spatial distribution of fluids, effective viscosity can be used
to normalize the non-equilibrium capillarity coefficient. The nor-
malized s is expected to be less dependent on saturation and
discrepancies in Fig. 8a and b can be reduced. But, results given
in Fig. 8c and d show that the dimensionless s is still a strong func-
tion of saturation specially for main drainage and main imbibition
curves. As it can be seen in Fig. 8c, there is not any significant dif-
ference among the curves obtained under main drainage. But the
primary drainage curves are not identical, although the order of
magnitude of them are the same. The difference among the curves
is even larger under main imbibition (Fig. 8d). This difference is
probably due to the fact that saturation alone is not sufficient to
characterize the spatial distribution of fluids in the pores. As men-
tioned earlier, capillary processes and related coefficients (and thus
s coefficient) may not only depend on saturation. As pointed out by
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O’Carroll et al. (2010), the magnitude of the observed dynamic ef-
fect may be a function of fluid/fluid/solid contact line friction in
addition to fluid viscosities. It is known that contact lines are the
most detailed description of two-phase flow invasion and its
fluid–fluid spatial distribution that include all pore-scale fluid–
fluid properties such as equilibrium contact angle, interfacial ten-
sion, displacement distance, and front topology. These pore-scale
issues are too difficult to be measured and simulated. As a macro-
scopic property, specific interfacial area may be an effective
parameter in addition to effective viscosity and saturation. This
dependence, however, is not being investigated in this paper, as
it requires major computational effort. That is, in addition to main
drainage and imbibition simulations carried out here, one has to
perform a large number of (primary and secondary) scanning
drainage and imbibition simulations to create capillary pressure–
saturation–interfacial area relationship. Such a computational
work is beyond the scope of the present work.

Furthermore, as explained in Eq. (34), effective viscosity defined
as linearly saturation-weighted viscosity does not account for all
nonlinearities related to the fluid distribution as well as macro-
scopic interface front; the fluids can be distributed as disconnected
blobs and macroscopic interface represent fingering or stable front.

It is interesting to look at the variation of s versus two system
parameters, namely the invading phase saturation (Sinv) and
dimensionless effective viscosity (l), which is defined as the effec-
tive viscosity divided by the viscosity of invading fluid. Fig. 9 shows
the contour plot of variation of log(s/leff) versus saturation and l.
The contour plot is obtained by fitting a polynomial function to the
data points of Fig. 8 resulted from drainage and imbibition simula-
tions. The variation ranges for fitted parameters have been calcu-
lated for 95% confidence level based on t-distribution. The
trajectories of the primary drainage and main imbibition simula-
tions for different viscosity ratios have been also shown. Since
the effective viscosity is divided by invading fluid’s viscosity, start-
ing points (S) for M = 0.1 and M = 10 are different. But endpoints (E)
are the same, almost equal to unity. As it is known, changing the
invasion process from drainage to imbibition, may change the sta-
bility. This figure can be interpreted in analogy to the bifurcation
diagrams. The upper branch is the unstable one, which is the tra-
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� �
. The stable and unstable branches are separated

from each other by the line associated with the trajectory of M = 1.
Fig. 8a shows that during stable primary drainage (M P 1), for a

wide range of saturation, non-equilibrium capillarity coefficient (s)
increases with the decrease of wetting fluid saturation, which is
similar to most findings as reported in Table 3. For M < 1, the re-
verse trend has been observed; namely s decreases with the de-
crease of wetting fluid saturation. An empirical formula relating s
to medium and fluid properties was proposed by Stauffer (1978).
In that formula, however, no dependence on saturation was in-
cluded. We propose to modify Stauffer formula as follows:

s ¼
a�leff

kk
Pc

d

qg

� �2

ð35Þ

where l is replaced by leff, which is a function of saturation. In this
equation, a is a constant, � is porosity, k and Pc

d are the coefficients
in Brooks-Corey formula (Brooks and Corey, 1964), k is the saturated
permeability, q is the water mass density, and g is the gravity.

Eq. (35) suggests that the change of s with saturation is propor-
tional to the change of leff with saturation. Recalling the simple lin-
ear algebraic equation for leff, we can write:

@leff

@Sw ¼ lw � ln ð36Þ

which means that @s
@Sw / @leff

@Sw

� �
is negative for M > 1 and positive for

M < 1:

@s
@Sw /

lw � ln
6 0; M P 1

lw � ln > 0; M < 1

	
This trend is in full agreement with the observations reported in the
literature, as shown in Table 3. It was found in Mirzaei and Das
(2007) in column-scale drainage simulations, in Joekar-Niasar
et al. (2010a) in pore-network model simulations and in Bottero
and Hassanizadeh (2006) in PCE–water experiments (M � 0.9) that
s increased with the decrease of wetting fluid saturation. For
 (invading)
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d from dynamic simulations. l is defined as the ratio of leff to the viscosity of the
int, S, to end point, E, for different viscosity ratios. The corresponding starting points
o the drainage and imbibition data points has the following form:
nvl� 3:494� 1:177E5Sinv 2

þ 5:117� 1:804E4l2.
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M = 0.1, the inverse trend of s as a function of saturation has been
reported in pore-network modeling results of Joekar-Niasar et al.
(2010a) and in air-water experiments by Camps-Roach et al. (2010).

Main drainage and imbibition curves shown in Fig. 8a and b
show a strong non-monotonic behavior in variation of s versus sat-
uration. This might be due to contribution of spatial distribution of
disconnected phase over the domain to the average phase pres-
sures. While the disconnected phase does not contribute to the
change of saturation, it does contribute to the averaged fluid pres-
sure. The contribution of the trapped phase is obviously more
important under imbibition than drainage. This can be more visibly
seen in main imbibition curves shown in Fig. 8b. As it can be seen
for all viscosity ratios, there is a sharp increase of s with increase of
wetting phase saturation and afterwards s value decreases with
the increase of wetting phase saturation and there is not a domi-
nant trend over the whole range of saturation.
5. Summary and conclusion

We have developed a DYnamic POre-network SImulator for
Two-phase flow (DYPOSIT) to investigate non-equilibrium effects
in fluid pressure fields under dynamic imbibition and drainage
conditions. The pore-network model consists of truncated octahe-
dron pore bodies and parallelepiped pore throats. The angularity in
cross-sections allows for simultaneous flow of both nonwetting
and wetting fluids. Two pressure fields, one for each fluid, are com-
puted separately. Thus, counter-current flow within pore throats
can be simulated. This means that capillary diffusion in the net-
work is properly taken into account. To improve numerical stabil-
ity of the model under capillary-dominated flow, a semi-implicit
algorithm is employed. This allows us to simulate flow dynamics
for different flow regimes and viscosity ratios for drainage as well
as imbibition.

We find that in spite of the fact that we have not included local-
scale dynamics of the interface (such as dynamic contact angle),
the average fluids pressure difference (under large pressure gradi-
ents) is significantly distinct from the capillary pressure obtained
under equilibrium conditions. Our analysis shows that the invasion
regime has a significant effect on deviation of fluids pressure dif-
ference from capillary pressure. This deviation can be much larger
for stable front regime compared to the viscous fingering regime. It
means that in capillary fingering regime or viscous fingering re-
gime less dynamic effect is resulted compared with stable front
regime.

Several numerical simulations for primary drainage, main imbi-
bition, and main drainage are implemented. We have calculated
non-equilibrium capillarity coefficient (s) as a function of satura-
tion, for three different viscosity ratios under Dirichlet boundary
conditions. We found that there is hysteresis in s–Sw relationship;
i.e. although the order of magnitude of s during drainage and imbi-
bition for a given viscosity ratio does not change significantly, the
curves for primary drainage and main imbibition are different. This
is probably due to the fact that saturation alone is not sufficient to
characterize the distribution of fluids in the pores. As mentioned
earlier, capillary processes and related coefficients (and thus s
coefficient) may not only depend on saturation but also on specific
interfacial area. This dependence, however, is not investigated in
this paper, as it requires major computational effort. That is, in
addition to main drainage and imbibition simulations carried out
here, one has to perform a large number of (primary and second-
ary) scanning drainage and imbibition simulations. Such a compu-
tational work is beyond the scope of the present work.

Our analysis also shows a strong dependence of s on viscosity
ratio as well as effective viscosity. Variation of s with saturation
is strongly dependent on the viscosity ratio. This is in agreement
with laboratory experiments reported in Table 3. Given the defini-
tion of viscosity ratio as the ratio of nonwetting fluid viscosity to
the wetting fluid’s, if it is smaller than one under drainage or larger
than one under imbibition can create unstable invading fronts.
Since different viscosity ratios lead to different distribution of
phases, interfacial area between the two phases will be different.
Thus, the dependence of s on fluid viscosities will be probably also
modeled by the inclusion of specific interfacial area.

Moreover, we have shown that snap-off is highly related to the
viscosity ratio and capillary number. A viscous fingering during
imbibition under Dirichlet boundary conditions creates non-mono-
tonic distribution of trapped nonwetting fluid. With the invasion of
wetting fluid during imbibition, flooding efficiency increases and
less nonwetting fluid remains in the domain.
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Appendix A. Local pc
i —sw

i relationship for drainage

Consider the octahedron shown in Fig. 1 to be associated with
pore body i. As mentioned earlier, the size of a pore body is spec-
ified by the radius of inscribed sphere of the octahedron, Ri. So
the length of a typical edge O1A is equal to ai ¼

ffiffiffi
6
p

Ri. Total volume
of an an octahedron is then given by Voct:hedi

¼
ffiffi
2
p

3 a3
i ¼ 4

ffiffiffi
3
p

R3
i . Next,

consider the corners to be truncated by pore throats connecting to
the pore body. A pore throat ij results in a pyramid with square
base and edge length 2rij to be cut off the octahedron (rij is the ra-
dius of inscribed circle of the pore throat). The height of the pyra-
mid will be equal to

ffiffiffi
2
p

rij. Thus, the volume of the truncated
section is equal to 4

ffiffi
2
p

3 r3
ij. So, the volume of the truncated octahe-

dron forming pore body i is given by:

Vi ¼ 4
ffiffiffi
3
p

R3
i �

4
ffiffiffi
2
p

3

X
j2Ni

r3
ij ðA:1Þ

During primary drainage, the wetting fluid saturation of a pore body
varies from 1 to residual value Smin

i specified below. An important
intermediate saturation corresponds to the situation that the nonw-
etting fluid fills up the inscribed sphere of the pore body. Denoted
by sdr

i , the corresponding wetting fluid saturation is given by:

sdr
i ¼ 1� 4pR3

i

3Vi
¼ 1� pR3

i

3
ffiffiffi
3
p

R3
i �

ffiffiffi
2
p P

j2Ni
r3

ij

ðA:2Þ

For the derivation of local capillary pressure–saturation curves, we
identify two different ranges as described below.

A.1. Capillary pressure for the range sdr
i 6 sw

i 6 1 (Zone 1)

We assume that the entrance of nonwetting fluid into a pore
body and the position of fluid–fluid interface may be idealized by
sequences shown in Fig. A.1a. Position 1 shows the moment of
invasion of nonwetting fluid into the pore body. The interface
has the same radius of curvature as when it was in the pore throat
ij and the local capillary pressure is the same as the (entry) capil-
lary pressure of the pore throat, denoted by pc

e;ij (the starting point
of pc

i —sw
i curve in Fig. A.2a at sw

i ¼ 1). We assume that as the inter-
face moves into the pore body, its radius remains unchanged until
position 2 is reached. At this point, the saturation of nonwetting
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fluid in the pore body is equal to 2
3 p

r3
ij

Vi
. Thus, for the range

1 P sw
i P 1� 2

3 p
r3

ij

Vi
, the local capillary pressure will be constant

equal to the entry capillary pressure of the pore throat; pc
i ¼ pc

e;ij

(see the plateau in Fig. A.2a). As the interface moves into the pore
body, it will expand and its capillary pressure decreases (interface
3 in Fig. A.1a). To simplify the geometry of the interface, we
assume that from this saturation onwards, the nonwetting fluid
fills up a sphere of increasingly larger radius until it fills up the
inscribed sphere of the pore body, at which point the wetting fluid
saturation is sdr

i given by Eq. (A.2).
If the radius of such an intermediate sphere is rc

i , then the
wetting fluid saturation in this range is given by the following
relation:

sw
i ¼ 1� 4prc

i
3

3Vi
ðA:3Þ

In this range, as rc
i increases, the local capillary pressure, given by

pc
i ¼ 2rnw=rc

i decreases until sdr
i is reached (see Fig. A.2).

The irregular shape of the resulting curves is approximated by
the following formula for the range 1 to sdr

i for sake of computa-
tional efficiency.

sw
i ¼ sdr

i þ 1� sdr
i

� �1� sdr
i �

4prc
i

3

3Vi

1� sdr
i �

4pr3
ij

3Vi

ðA:4Þ
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Fig. A.2. Local pc
i —sw

i curves during drainage (a) and imbibition (b). Thick curves
show the analytical calculations and thin curves show the fitted curves.
A.2. Capillary pressure for the range 0 < sw
i 6 sdr

i (Zone 2)

Once the nonwetting fluid fills the inscribed sphere, and after
that, the wetting fluid will be present only along the edges of the
pore body. So, interfaces will be formed along pore body’s 12 edges
as well as in the opening of pore throats not invaded by the nonw-
etting fluid yet. The latter interfaces are formed in the vertices of
the truncated octahedron (where non-invaded pore throats are
connected). Edge and vertex interfaces are shown in Fig. A.1b
and d, respectively.

Edge interfaces form part of a cylinder (with only one finite ra-
dius of curvature), and vertex interfaces form part of a spherical
surface. When all pore throats have been invaded by the nonwett-
ing fluid, there will be no vertex interface in a pore body.
(a)

(b) (c)

. A.1. Schematic presentation of interfaces in a pore body (a) expansion of an interface i
ng the edges (d) interface geometry in a vertex of pore body when the corresponding p
Let the radius of edge interfaces be denoted by rc
i . We assume

that the radius of curvature of interfaces along the edges is neg-
ligible compared rc

i . As shown in Fig. A.1b, we denote the half
corner angle of all edges by b and half angle of interfaces by
a. We can show that NMO = b = 0.5cos�1(�1/3) = 0.9553, and

NOM = a = (0.61548 � h). For given b and rc
i , area of the MNM

0
N
0

(d)

nto a pore body before filling the inscribed sphere (b and c) interface geometry
ore throat is filled with wetting fluid.
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is equal to 2� ðAMMNO � A ONM0 Þ, which are themselves defined as
follows:

AMMNO ¼ 0:5rc
i

2 sin a cos h
sin b

ðA:5Þ

A ONM0 ¼ 0:5rc
i

2a ðA:6Þ

Consequently, the cross-sectional area of residual wetting fluid may
be written as:

Awet
i ¼ rc

i
2 sina cos h

sin b
� a

� �
ðA:7Þ

Total length of edges filled with the wetting fluid is given by:

Li ¼ 12
ffiffiffi
6
p

Ri � 8
X
j2Ni

rij ðA:8Þ

With the total pore body volume given by Eq. (A.1), the saturation of
wetting fluid in the pore body is determined as:

sw
i ¼

3
ffiffiffi
2
p

rc
i

2 3
ffiffiffi
6
p

Ri � 2
P

j2Ni
rij

� �
sin a cos h

sin b � a
� �

3
ffiffiffi
6
p

R3
i � 2

P
j2Ni

r3
ij

ðA:9Þ

This relation is valid only when all pore throats connected to the
pore body i are invaded by the nonwetting fluid, so that there is
no vertex interface in that pore body. This may not be the case when
the nonwetting fluid has filled only the inscribed sphere of the pore
body rc

i ¼ Ri
� �

for which sw
i ¼ sdr

i given by Eq. (A.2). In fact, substitut-
ing rc

i ¼ Ri in Eq. (A.9), results in a saturation different from sdr
i . We

denote this saturation by s	i . Forcing saturation to vary between sdr
i

and smin
i (the latter one was defined by Eq. (22)), results in the fol-

lowing equation:

sw
i ¼ smin

i þ sdr
i � smin

i

s	i � smin
i

�
3
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p

3
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6
p
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sin a cos h

sin b � a
� �

4j2
i 3

ffiffiffi
6
p

R3
i � 2

P
j2Ni

r3
ij

� � � smin
i

24 35 ðA:10Þ

This relationship is shown as a thick curve in Fig. A.2a.

A.3. Local pc
i —sw

i relationship for the full range of saturation

Finally, to reduce the computational efforts, we have chosen to
fit one single curve to pc

i for the full range of saturation. Eq. (21)
shows the fitted pc

i —sw
i relationship for the full range of saturation

in a pore body. This relationship is shown by a thin curve in
Fig. A.2a.

Appendix B. Local pc
i —sw

i relationship for imbibition

Local variation of capillary pressure is much more complex un-
der imbibition than drainage. As mentioned in Section 2.3.4, inter-
face topology, and consequently capillary pressure in a pore body
are controlled by the number of pore throats which are still (par-
tially) filled by the nonwetting fluid. Introducing Z as the total
number of pore throats connected a pore body, and I as the number
of pore throats (partially filled by the nonwetting fluid), the follow-
ing zones are introduced to defining local pc

i —sw
i relationship:

� All pore throats are (partially) filled by the nonwetting fluid,
I = Z (Zone 1).
� More than one of the pore throats and not all of them are (par-

tially) filled by the nonwetting fluid, 1 < I < Z (Zone 2).
� Only one pore throat is (partially) filled by the nonwetting fluid,

I = 1 (Zone 3).
B.1. All pore throats are (partially) filled by the nonwetting fluid, I = Z
(Zone 1)

In this range all pore throats are (partially) filled by the nonw-
etting fluid and pc

i —sw
i relationship is the same as Zone 2

0 < sw
i 6 sdr

i

� �
for drainage process. Thus, pc

i —sw
i curve follows the

same curve shown in Fig. A.2(a) till one of the pore throats is fully
filled by the wetting fluid.

B.2. More than one of the pore throats and not all of them are
(partially) filled by the nonwetting fluid, 1 < I < Z (Zone 2)

As long as all the pore throats are (partially) filled by the nonw-
etting fluid, the wetting fluid will be present only along the 12
edges of the pore body. When nonwetting fluid recedes completely
from one of the pore throats, an interface will be created in the
opening of that pore throat. This vertex interfaces is shown in
Fig. A.1d. For simplicity, we assume that all wetting fluid’s volume
existing in that pore body will remain in that vertex. If nonwetting
fluid recedes from two or more pore throats, the wetting fluid will
be distributed among them. Knowing the volume of the wetting
fluid and the number of pore throats nonwetting fluid has receded
from, radius of the curvature of the interface can be estimated. Re-
fer to Fig. A.1d, let’s denote the length of edge of pyramid O1A

0
B
0
C
0
D
0

base by a
0
. We can calculate a

0
based on the geometry of pore body,

pore throats, and the number of pore throats partially filled with
nonwetting fluid (I), as follows:

a0 ¼ 3
ffiffiffi
2
p

6� I
sw

i Vi þ
8

6� I

X6�I

j¼1

r3
ij

" #1=3

ðB:1Þ

in which Vi can be calculated from Eq. (A.1). Using the value of a
0
,

mean radius of curvature of the interface is given by
rc

i ¼ a0

2 cos hþsin�1
ffiffi
3
p

3

� �. As it can be seen with decrease of I, a
0

will

decrease and consequently capillary pressure will increase. This
trend is shown schematically in Fig. A.2b as a step-wise curve.
The jumps in the curve occur when the nonwetting fluid recedes
from one of the pore throats (I decreases), and refer to Eq. (B.1), ra-
dius of curvature decreases. We follow this trend till only one of the
pore throats remains filled with the nonwetting fluid.

There is a qualitative consistency between the trend of this local
pc

i —sw
i curve with the experimental observations of Lenormand and

Zarcone (1984), who observed with decrease of number of pore
throats (partially) filled with the nonwetting fluid, local capillary
pressure may increase.

B.3. Only one pore throat is (partially) filled by the nonwetting fluid,
I = 1 (Zone 3)

When only one of the pore throats is (partially) filled with the
nonwetting fluid, the behavior of the interface follows the explana-
tions given in Zone I during drainage.

B.4. Local pc
i —sw

i relationship for the full range of saturation

As mentioned before, the variation of capillary pressure with
saturation is very irregular and it depends on the fluid occupancy
of pore throats. The thick curve in Fig. A.2b shows an example of
this curve for a pore body. But, handling such a discontinuous
curve in the pore-network model is nontrivial. Thus, to reduce
the computational efforts, we have chosen to fit one single curve
to pc

i for the full range of saturation. Eq. (23) shows the fitted
pc

i —sw
i relationship for the full range of saturation in a pore body.

This relationship is shown by a thin curve in Fig. A.2b. The fitted
curve results decrease of capillary pressure with increase of
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saturation to a minimum capillary pressure. This minimum capil-
lary pressure occurs at a saturation corresponding to the start of
Zone 3 during imbibition, where only one pore throat is (partially)
filled by the nonwetting fluid. We denote this saturation by simb

i as
shown in Fig. A.2b.
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