Exercises Introduction to seismology and seismics
1: Stress, strain, constitutive equation, seismic wave equa-
tion
1. For the stress tensor
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find the traction on
(a) the  — y plane

(b) the y — = plane
(c) the plane with unit normal fi = (nq, ng, n3).

2. For the stress tensor
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find the principal stresses and associated directions. (Note that the directions
of principal stress should be perpendicular.)

3. Give an example of a strain tensor for which there is
(a) an increase in volume
(b) extension in the z—direction, but overall decrease in volume
(c) shear strain but no volume change.

4. For the strain tensor
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find the corresponding stress tensor assuming an isotropic solid with Lamé
constants A and p.

5. The University of California, San Diego, operates the Pinon Flat Observatory
in the mountains northeast of San Diego. Instruments include high-quality
strain meters for measuring crustal deformation.

(a) Assume, at 5 km depth, the seismic velocities are o« = 6.0 km/s and
B = 3.5 km/s and the density is p = 2.7 g/cm®. Compute the values
for the Lamé parameters, A and 4, from these numbers. Express your
answer in units of Pascals.

(b) Following the 1992 Landers earthquake (magnitude 7.3), located in
southern California 80 km north of the Observatory, the strain me-
ters measured a large static change in strain compared to values be-
for the event. Horizontal components of the strain tensor changed by



the following amounts: e;; = —0.26 x 1076, ey = 0.92 x 1076,
e12 = —0.69 x 1076, In this notation 1 is east, 2 is north, and ex-
tension is positive. You may assume that this strain change occured
instantaneously at the time of the event. Assuming these strain values
are also accurate at depth, use the result you obtained in part (a) to
determine the change in stress due to the Landers earthquake at 5 km
depth, that is, compute the change in o1y, 09, and o14. Treat this as
a two-dimensional problem assuming there is no strain in the vertical
direction and no depth dependence of the strain.

(c) Compute the orientations of the principal strain axes (horizontal). Ex-
press your answers as azimuths (degrees east of north).

6. Derive the constitutive law (eq. 2.3.70 of the book) for an isotropic and
linearly elastic material using the elastic tensor given by eq. 2.3.69. (In
other words: explain how eq. 2.3.70 is obtained using eq. 2.3.69.)

7. Derive the ratio of P-to-S wave velocities in a Poisson solid.

8. Reproduce the derivation of the seismic wave equation (eq. 2.4.12) using
the equation of motion, expressions for the stress and strain tensor, and the
constitutive equation for a linearly elastic isotropic material.



Exercises Introduction to seismology and seismics,
2. Wave propagation

1. An alternative to using potentials to find seismic wave solutions to the equa-
tion of motion in terms of displacements is to formulate wave equations for
the dilatation and curl of the displacement field. To see this:

(a) Take the divergence of

- _ d%u
A+ 2)V(V-8) = u(V x (VX ) = ps

to obtain a wave equation for the dilatation 8. At what velocity does 8
propagate?

(b) Take the curl of the equation given in (a) to obtain a wave equation for
V x 4. At what velocity does V x @ propagate?

2. Consider two types of monochromatic plane waves propagating in the z-
direction in an isotropic medium:
(a) P-wave for which u;(Z,t) = Asin(wt — kz),
(b) S-wave with displacement in the y direction: u,(Z,t) = Asin(wt — kz),
For each case, derive expressions for the nonzero components of the stress
tensor. To do this, first get the components of the strain tensor.

3. For waves propagating in an arbitrary direction given by the wavenumber £,

(a) Show that the P-wave displacement due to the scalar potential

is parallel to the propagation direction.

(b) Show that the S-wave displacement due to the vector potential
T(3,1) = Aelt-F2)
is perpendicular to the propagation direction.

4. On a seismometer located at the surface very close to the earthquake lo-
cation, the P and S wave traveling down and reflected back from the core,
PcP and ScS, arrive at 8 minutes, 31 seconds, and 15 minutes, 36 seconds,
respectively after the earthquake. If the earth’s radius is 6371 km and the
core’s radius is 3480 km:

(a) Find the average P- and S-wave velocities in the earth’s mantle.
(b) Use these average velocities to estimate if the mantle is close to a Poisson
solid.



5. Estimate the P- and S-wave velocities in the upper part of the mantle by
assuming it is a Poisson solid, and that the earthquake for which the seismo-
grams are shown in the figure below occurred at a depth of 280 km. Compare
these velocities to the average mantle values obtained in problem 4. (Note
that the seismograms do not start at the origin time of the earthquake.)
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6. For the two cases of an incident wave hitting a plane boundary between to
media shown in the figures below,
(a) Determine which waves are P waves and which are S waves.
(b) Determine which media are liquid (i.e. 1 = 0) and which are solid.
(c) For the two media in each case, determine which has the higher P-wave
velocity.

C

1. For spherically symmetric or layered earth models, P-SV wave motion sep-
arates completely from SH motion. Despite this, P-waves are often weakly
observed on the transverse (or "y-"") component. Give several reasons why
this might occur.



Exercises Introduction to seismology and seismics,
3a. Reflection and transmission

1. Calculate the normal incidence P-wave reflection coefficients for the
following interfaces:

(a) Sandstone (a = 3.0 km/s, p = 2.2 g/cm3) above limestone
(@ =41km/s, p=22g/cm?).

(b) A possible crust-mantle interface of granulite (a = 7.3 km/s,

= 3.2 g/cm?) over peridotite (o = 8.1 km/s, p = 3.3 g/em?).

(c) An interface between water (o = 1.5 km/s, p = 1.0 g/ em?) and
“hard” seafloor (o = 4.0 km/s, p = 2.5 g/cm®) in a marine seismic
setting.

(d) A P-wave incident from below at the free surface.

2. From ”A guided tour of mathematical physics” by R. Snieder:

Reflection and transmission by a stack of layers

Lord Rayleigh[ 1] addressed in 1917 the question why some birds or insects have beautiful
iridescent colors. He explained this by studying the reflective properties of a stack of thin
reflective layers. This problem is also of interest in geophysics; in exploration seismology
one is also interested in the reflection and transmission properties of stacks of reflective
layers in the earth. Lord Rayleigh solved this problem in the following way. Suppose
we have one stack of layers on the left with reflection coeflicient R; and transmission
coefficient T}, and another stack of layers on the right with reflection coefficient Rp and
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Figure 2.4: Geometry of the problem where stacks of n and m reflective layers are com-

bined. The notation of the strength of left- and rightgoing waves is indicated.

[1] Rayleigh, Lord, 1917, On the reflection of light from a regularly stratified medium,
Proc. Roy. Soc. Lon., A93, 565-57T.



transmission coefficient Tk. If we add these two stacks together to obtain a larger stack
of layers, what are the reflection coefficient R and transmission coefficient T of the total
stack of layers? See figure (2.4) for the scheme of this problem. Note that the reflection
coefficient is defined as the ratio of the strength of the reflected wave and the incident
wave, similarly the transmission coefficient is defined as the ratio of the strength of the
transmitted wave and the incident wave. For simplicity we will simplify the analysis and
ignore that the reflection coefficient for waves incident from the left and the right are in
general not the same. However, this simplification does not change the essence of the
coming arguments.

Before we start solving the problem, let us speculate what the transmission coefficient
of the combined stack is. Since the transmission coefficient 77, of the left stack determines
the ratio of the transmitted wave to the incident wave, and since T is the same quantity
of the right stack, it seems natural to assume that the transmission coefficient of the
combined stack is the product of the transmission coefficient of the individual stacks:
T =Ty Tgr. However, this result is wrong and we will try to discover why this is so.

Consider figure (2.4) again. The unknown quantities are R, T' and the coefficients A
and B for the right-going and left-going waves between the stacks. An incident wave with
strength 1 impinges on the stack from the left. Let us first determine the coefficient A
of the right-going waves between the stacks. The right-going wave between the stacks
contains two contributions; the wave transmitted from the left (this contribution has a
strength 1 X T7) and the wave reflected towards the right due the incident left-going wave
with strength B (this contribution has a strength B x Rp). This implies that:

A=T; + BRy, . (2.25)

Problem a: Using similar arguments show that:

B = ARp , (2.26)
T = ATy (2.27)
R=Rp+ BTy . (2.28)

This is all we need to solve our problem. The system of equations (2.25)-(2.28) consists
of four linear equations with four unknowns A, B, R and 7'. We could solve this system
of equations by brute force, but some thinking will make life easier for us. Note that the
last two equations immediately give T and R once A and B are known. The first two
equations give A and B.

Problem b: Show that

Ty
A=—"L 2.29
(1 - RrLRR) (2:29)
T.Rp
B= — i 2.30
(1 - RrRpg) (2:30)

This is a puzzling result, the right-going wave A between the layers does not only contain
the transmission coefficient of the left layer Ty, but also and additional term 1/(1—~ Ry RR).

Problem c: Make a series expansion of 1/(1 — Ry Rg) in the quantity Ry Rz and show
that this term accounts for the waves that bounce back and forth between the two
stacks. Hint: use that Ry, gives the reflection coefficient for a wave that reflects from
the left stack, Rg gives the reflection coefficient for one that reflects from the right
stack so that Ry Ry is the total reflection coefficient for a wave that bounces once
between the left and the right stack.

This implies that the term 1/(1—R; Rg) accounts for the waves that bounce back and forth
between the two stacks of layers. It is for this reason that we call this term a reverberation
term. It plays an important role in computing the response of layered media.



Problem d: Show that the reflection and transmission coefficient of the combined stack

of layers is given by:
TRy

R=Ry + —LF 2.31
LY U= RiRR) (231)

TrTr
= 2.32
(1 -RrRpR) (2:32)

In the beginning of this section we conjectured that the transmission coefficient of the
combined stacks is the product of the transmission coefficient of the separate stacks.

Problem e: Is this correct? Under which conditions is it approximately correct?

Problem f: Given your results for exercise 1, explain which reverberations
between two interfaces will have the largest amplitudes.
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Exercises Introduction to seismology and seismics,
3b. Refraction seismology

1. (a) For a case of two layers overlying a halfspace, derive the expression for
the travel time of the deepest head wave.

Surface

hy =300m V,=3km/s
* -
hy =300 m V, =1-S km/s Vi =3 km/s
hy =970 m
V3 =6 km/s

Vi =6 km/s
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(b) Show that the two geological sections illustrated in the above figure pro-
duce the same time-distance curve. Explain how this can be.
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2. Analyze the data of the marine refraction experiment shown in the figure
above, assuming for simplicity that the structure consists of a water layer, a
crustal layer, and a mantle halfspace.

(a) Assuming that the first arrivals are described by two line segments, for
head waves at the top of the crust and mantle, find the corresponding
velocities.

(b) Although the direct wave traveling in the water layer is not shown, the P
velocity for water is 1.5 km/s. Use the time intercept for the crustal head
wave to find the water depth.

(c) Use the time intercept for the P, wave to find the crustal thickness.

80



3. To show that the head wave is predicted by Fermat’s principle, consider a
layer of thickness i with velocity vg, overlying a halfspace with a higher
velocity v;.

(a) Derive the travel time to the distance x for a head wave that is incident
on the boundary at a (horizontal) distance y from the source, travels for
some distance just below the boundary, and then returns to the surface at
the same incidence angle at which it went down.

(b) Find the y value giving the extremal travel time, and show that it corre-
sponds to the critical angle of incidence.

(c) Determine if this travel time is a minimum or a maximum.



