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Introduction

Recent progress in computational seismology
allows us today to simulate the propagation of
seismic waves through 3D heterogeneous Earth
models with unprecedented accuracy. These
new capabilities can now be used to further
our understanding of the Earth’s structure and
dynamics.

Full waveform tomography (FWT) is a tomo-
graphic technique that takes advantage of nu-
merical solutions of the elastic wave equation.
Numerically computed seismograms automati-
cally contain the complete seismic wavefield,
including all body and surface wave phases, as
well as scattered waves generated by lateral vari-
ations of the model Earth properties. The amount
of exploitable information is thus significantly
larger than in tomographic methods that are
based, for instance, on measurements of surface
wave dispersion or the arrival times of specific
seismic phases. The accuracy of the numerical
solutions and the exploitation of complete wave-
form information result in tomographic images
that are both more realistic and better resolved
(TapE et al. 2009, FicHTNER et al. 2009; 2010a,
FicHTNER 2010).

Here we present applications of FWT to
continental-scale problems. We pay special
attention to the following issues: (1) the solution
of the forward problem, (2) the quantification of
waveform differences, (3) the iterative inversion
based on adjoint techniques, and (4) the analysis
of resolution with the help of probabilistic and
deterministic approaches. The tomographic
images provide new insight into the structure
and dynamics of the upper mantle beneath
Australia and Europe.

Solution of the forward problem

One of the principal advantages of FWT is the
accurate solution of the elastic wave equation
in laterally heterogeneous Earth models with
the help of numerical methods. High accuracy
is particularly important for surface waves that
are mostly sensitive to strong material contrasts
in the lithosphere. A precise solution ensures that
the misfit between data and synthetics is prima-
rily caused by imprecise source parameters and
the differences between the mathematical model
Earth and the real Earth.

Several methods have been developed for the
solution of the 3D elastic wave equation, each
being well suited for particular problems. These
methods include, but are not limited to, finite-
difference schemes (e.g. IGEL et al. 2002, BOHLEN
2002), their optimal operator variants (e.g.
TakeucH! & GELLER 2000) and discontinuous
Galerkin methods (e.g. DuMBSER & KASER 2006).
For seismic wave propagation on continental
and global scales, the spectral-element method
(SEM) has proven to be a working compromise
between accuracy and computational efficiency
(e.g. Faccioui et al. 1997, Komartitscu & TromP
2002). The SEM requires a comparatively small
number of grid points per wavelength, and the
free-surface boundary condition is automatically
accounted for by solving the weak form of the
equations of motion. The correct treatment of
the free-surface condition ensures the accurate
simulation of surface waves that make up more
than 90 per cent of the waveforms in our data set.

We have implemented an SEM variant that oper-
ates in a spherical section where both viscoelas-
tic dissipation and anisotropy can be modelled
(Ficatner & IGEL 2008). The artificial bounda-
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ries of the spherical section are treated with the
anisotropic perfectly matched layers technique
(APML) proposed by Teixeira & CHEW (1997)
and ZHENG & HuanG (2002). To reduce the com-
putational costs of the forward problem solu-
tion, we implemented a smooth long-wavelength
equivalent model of the crust derived from crust
2.0 (BassiN et al. 2000) that allows us to use a
coarser grid spacing (FicHTNER & IGEL 2008).
The crustal part of the model is also updated dur-
ing the inversion, thus reducing the effect of po-
tential inaccuracies in the initial crustal model.

Misfit quantification and minimisation

The resolution of tomographic images depends
on the amount of data that enters the inversion
process. To extract as much waveform informa-
tion as possible while conforming to the restric-
tions imposed by the physics of the problem, we
measure time-frequency phase misfits (FICHTNER
etal. 2008). They quantify the phase differences
between observed and synthetic waveforms at
different times and for a continuous range of fre-
quencies. The principal advantages of the time-
frequency phase misfits are (1) a quasi-linear re-
lation to 3D Earth structure, (2) applicability to
all types of seismic waves, including interfering
phases that are commonly observed at regional
distances, and (3) independence from absolute
amplitudes that are strongly influenced by shal-
low structures such as sedimentary basins.
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Fig. 1: Ray coverage used in the full waveform to-
mographic study.

To minimise the cumulative phase misfit of all
stations, we implemented a pre-conditioned
conjugate-gradient algorithm that updates the
Earth model iteratively starting from a 3D initial
model that represents the very long wavelength
structure of the study region.

The gradient of the misfit functional can be com-
puted most efficiently with the help of adjoint
techniques (e.g. TARANTOLA 1988, FICHTNER et al.
2006): Following the simulation and storage of
the forward wavefield, u, for the current model,
the misfit is evaluated. The misfit functional then
determines the adjoint source, which is the right-
hand side of the adjoint wave equation. Solving
the adjoint wave equation with the help of the
SEM gives the adjoint wavefield, u'. Finally, u
and u' are spatially correlated to yield the gradi-
ent of the misfit functional with respect to the
Earth model parameters.
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Fig. 2: Horizontal slices through the upper-mantle model AMSAN.19. Left: Isotropic S wave speed at 100 km
depth. Right: Radial anisotropy at 100 km depth, expressed in terms of the relative difference between the SH

and SV wave speeds.
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FWT for upper-mantle structure in the
Australasian region

We first applied our FWT method to the imaging
of radially anisotropic upper-mantle structure in
the Australasian region (FICHTNER et al. 2009).
Our data set consists of 2137 three-component
recordings from permanent stations operated by
Geoscience Australia, IRIS and GEOSCOPE
and from temporary networks operated by The
Australian National University. We manually
selected time windows where the observed
waveforms show a clear correspondence to the
synthetics. The resulting set of waveforms com-
prises fundamental- and higher-mode surface
waves, long-period body waves and unidenti-
fied phases. The periods of the waveforms range
between 30 s and 200 s, thus ensuring that struc-
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ture to depths of around 350 km can be resolved.
The ray coverage, shown in figure 1, is good
throughout the eastern part of the continent and
decreases towards the west.

After 19 iterations we obtained our preferred
model, AMSAN.19, shown in figure 2. The it-
erative improvement of the tomographic model
leads to the recovery of realistic absolute veloci-
ties that are necessary for the accurate predic-
tion of seismic waveforms. The resolution of the
tomographic images, estimated from a series of
synthetic inversions, is around 3° laterally and
40 km vertically (FicHTNER et al. 2010a).

AMSAN.19 is able to predict complete three-
component seismic waveforms in the period
range from 30 s to 200 s with unprecedented
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Fig. 3: Tectonic setting of the Banda Arc region with topographic data from ETOPO1 (AMANTE & EAKINS
2009) and trench locations after BIRD (2003). The double line across Flores marks the east—west transition
from high 3He/4He ratios (*8RA) to low 3He/4He ratios (*<1RA), respectively, where RA is the helium isotope
ratio of air. The inlay shows the isotropic S wave speed variations from AMSAN.19 in the Banda Arc region
at 200 km depth. Superimposed is a selection of He isotope ratios as measured by HILTON & CRAIG (1989)

and HILTON et al. (1992).
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accuracy (FicHTNER et al. 2010a). In a pilot study
we found that the 3D tomographic model can be
used to improve moment tensor solutions that
are commonly inferred with the help of 1D Earth
models (HINGEE et al. 2010). This opens the door
towards more reliable tsunami warnings for the
Australasian region.

One of the most remarkable features in the to-
mographic images can be found along the Banda
Arc, near the triple junction of the Eurasian,
Australian and Pacific plates (figure 3, FICHTNER
et al. 2010b). There we observe a previously un-
recognised coincidence of transitions in He, Pb,
Sr and Nd isotope ratios (e.g. HiLton et al. 1992,
VRooN et al. 1993, ELBURG et al. 2005) in east-
ern Flores with the transition from lower wave
speeds beneath the eastern Sunda Arc to higher
wave speeds beneath the Banda Arc. This coin-
cidence supports the direct transfer of composi-
tional information from isotope measurements
into the tomographic images. Low *He/*He
isotope ratios (=1.0-3.4R,, R,=*He/*He ratio
of air) combined with He abundances (HiLton
et al. 1992) and the isotope signatures of Pb, Sr
and Nd (e.g. VrRooN et al. 1993, ELBURG et al.
2005) are consistent with the presence of conti-
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nental crust at more than 150 km depth beneath
the Banda Arc. This suggests the association
of the high-velocity material with continental
rather than oceanic lithosphere. The predomi-
nance of oceanic lithosphere, and thus of oceanic
crust, would result in He isotope ratios around
6.0—8.0R4, as are typically found along circum-
Pacific arcs and the Sunda Arc east of the He
transition (POrREDA & CRAIG 1989).

Probabilistic FWT based on tectonic
regionalisation

The FWT described in the previous paragraph
is deterministic in the sense that it results in
one single Earth model that explains most of
the observed waveforms. While being useful in
the detection of smaller-scale features, the de-
terministic approach does not appraise the non-
uniqueness that is inherent in any tomographic
inversion. Chequerboard tests and the correla-
tion of tomographic images with independent
data (e.g. isotope signatures or well logs) are
indicators of resolution, but a complete uncer-
tainty and trade-off analysis requires a probabi-
listic approach (e.g. TARANTOLA 2005).
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Fig. 4: Basis functions for the upper parts of the Archean lithosphere (left) and the Proterozoic lithosphere
(right), plotted at 100 km depth. The outline of the basis functions is based on previous tomographic studies
where the Precambrian units of the Australian lithosphere have been identified consistently (e.g. DEBAYLE &

KENNETT 2000, Simons et al. 2002, Fisuwick & READING 2008, FICHTNER et al. 2009)

4 & DGG-Mittlg. 1/2011



/

(G 120°E 130 140E 150 fo00 (8 120°E 130°E 140 150°F 1600
-8% I T + 8o
AV, IiSe [70]

Fig. 5: S velocity distribution of a random Earth model (samples) plotted at 100 km and 200 km depth. The
background model is PREM (Dziewonskr & ANDERSON 1981)

To limit the computational costs of a fully proba-
bilistic inversion to a feasible level, we adopted
a regionalised model parameterisation. For this
we define the basis functions of the model space
such that they coincide with (1) the upper (40-
150 km depth) and lower (150-240 km depth)
parts of the western Australian lithosphere that
is predominantly Archean, and (2) the upper (40-
150 km depth) and lower (150-240 km depth)
parts of the mostly Proterozoic lithosphere in
central Australia. The upper basis functions at
100 km depth are shown in figure 4.

The model parameters are density, p, the S ve-
locity, v, and the P velocity, v,. It follows that
the parameter space is 12-dimensional (4 basis
functions times 3 parameters). The structure
defined by the linear combination of the basis
functions is embedded within the tomographic
model AMSAN.19 (figure 2). Smoothing is ap-
plied to prevent the generation of artifacts along
the sharp boundaries of the basis functions. This
regionalised parameterisation of the model space
is intended to answer concrete geologic ques-
tions, concerning for instance, the reliability of
the very high velocities beneath the Archean
cratons in western Australia. It furthermore al-
lows us to generate 3D random Earth models

efficiently by simply perturbing the 12 model
parameters that define the elastic structure within
the basis functions. Two examples of randomly
generated Earth models are shown in figure 5.

With the help of the Neighbourhood Algorithm
(SaMBRIDGE 1999) we sampled the parameter
space by computing SEM synthetics for nearly
5000 random models. This led to an estimate
of the posterior probability distribution (PPD)
that reflects the resolution of and the trade-offs
between model parameters.

The marginal PPDs in figure 6 confirm that the
S velocity in the upper layer (40-150 km depth)
is elevated relative to the radially symmetric
Earth model PREM (DziEwoNskl & ANDERSON
1981). The most likely S velocity perturbation
within the Archean is around 0.35 km/s (= 8 %).
As suggested already by Fisnwick & READING
(2008) and Ficutner et al. (2010a), the upper
part of the Proterozoic lithosphere differs sub-
stantially from its Archean counterpart in west-
ern Australia. The S velocity is still elevated but
unlikely to exceed 0.3 km/s. A detailed interpre-
tation of the PPD in terms of the physics of wave
propagation and the nature of the Australian
lithosphere is work in progress.
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Fig. 6: Marginal posterior probabil-
ity densities for the absolute S veloc-
ity perturbations relative to PREM
(Dziewonsk1 & ANDERSON 1981) with-
in the Archean (left) and the Proterozoic
(right) at depths between 40 km and

150 km (top basis functions).
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FWT for the European upper mantle:
Towards the quantitative resolution and
trade-off analysis in deterministic waveform
tomography

Limited computational resources restrict the
probabilistic approach to problems where the
dimension of the parameter space is small, typi-
cally below 100. As part of our effort to develop
methods for quantitative resolution analysis in
large-scale deterministic FWT, we generalised
the time-domain adjoint method such that it al-
lows for the efficient calculation of second de-
rivatives, which are the carriers of covariance
information in the vicinity of the optimal model
(Ficatner 2010). Each row of the Hessian can
be computed by correlating the forward wave-
field with a primary and a secondary adjoint
wavefield. Since the propagation of both adjoint
fields is governed by the elastic wave equation,
pre-existing codes do not need to be modified.

s
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Fig. 7: Full waveform tomography for the European upper mantle. Left: Ray coverage. Centre: Relative v,
perturbations at 100 km depth. Right: Zoom on the Iceland hotspot at various depth levels. The background
model is PREM (Dziewonski & ANDERSON 1981).
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Moreover, formulas for the computation of
Fréchet kernels can be reused for the computa-
tion of Hessian kernels, which are defined as the
volumetric densities of the second derivatives.
The Hessian kernels can be interpreted as resolu-
tion and trade-off (RETRO) kernels that provide
information on where a specific 3D heterogene-
ity trades off with structure in other regions of
the Earth model.

To illustrate the RETRO kernel concept we con-
sider a long-period full waveform tomography
for the European upper mantle that is summa-
rised in figure 7. The data used in the inversion
are three-component seismograms with a domi-
nant period of 100 s, that provide a good cov-
erage of central and northern Europe (figure 7,
left). The inversion was based on the measure-
ment of time- and frequency-dependent phase
differences as described above (FICHTNER et al.
2008). As initial model we used the 3D mantle
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Fig. 8: Resolution and trade-off (RETRO) kernel at
100 km depth. The kernel corresponds to an S veloc-

ity perturbation that extends from 80 km to 130 km
depth directly beneath Iceland. The non-zero contri-
butions to the RETRO kernel outline those regions
of the European upper mantle that affect our image
of the Iceland plume at 80-130 km depth.

structure from S20RTS (Ritsema et al. 1999)
combined with the crustal model by MEIER et al.
(2007a, b). After 3 conjugate-gradient iterations
we obtained the tomographic images shown in
the centre and left panels of figure 7. One of
the most prominent features is the low-velocity
region beneath Iceland, that is commonly attrib-
uted to the high temperatures of a mantle plume
associated with the Mid-Atlantic ridge.

To quantify the extent to which the plume struc-
ture is independently constrained, we consider
an S velocity perturbation within a test volume
that extends from 80 km to 130 km depth beneath
Iceland. Using the extended adjoint method, we
compute the column of the Hessian that corre-
sponds to the test volume, i.e. the RETRO ker-
nel for the plume structure between 80 km and
130 km depth. The result is shown in figure 8.
The RETRO kernel is a superposition of mostly
positive arms that extend from the test volume
towards several source and receiver positions.
The non-zero contributions of the RETRO ker-
nel are those regions where the v, structure of

the plume trades off with the v; structure in other
parts of the European upper mantle. It follows
that the low S velocities seen between 80 km
and 130 km depth beneath Iceland can not be
constrained independently. Strong contributions
to our image of the plume structure come from
north-eastern Europe and the upper mantle sur-
rounding Iceland.

Conclusions and Outlook

In this paper we reported on recent develop-
ments in continental-scale FWT based on the
combination of spectral-element simulations of
seismic wave propagation, the adjoint method
and the measurement of time-frequency misfits.
The purely numerical solutions of the seismic
wave equation are accurate for realistically het-
erogeneous Earth models, and they allow us to
exploit information from all types of seismic
waveforms, including body waves, surface
waves and oscillations that can not be classified
in terms of standard seismological phases.

We have shown that 3D FWT for realistic
problems is indeed feasible. It yields highly
resolved tomographic images and an excellent
fit to seismic waveforms including both body
and surface waves. The joint interpretation of
the tomographic images for the Australasian
region and isotope signatures along the Banda
Arc provides new insight into the subduction of
Precambrian continental lithosphere. Promising
approaches towards uncertainty quantification in
FWT include the probabilistic inversion based
on tectonic regionalisations and the RETRO ker-
nel concept.

While FWT is already a powerful tool, further
improvements are necessary in order to advance
our understanding of 3D Earth structure. Future
research will address (1) the simultaneous in-
version for crust and mantle structure including
crustal discontinuities, (2) multi-parameter in-
versions with a strong focus on 3D density and
attenuation structure, (3) multi-scale FWT that
combines local- to global-scale data sets, and (4)
the quantitative analysis of resolution that goes
beyond synthetic inversions and the subjective
visual inspection of the results.
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