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Abstract The generation of a magnetic field and the presence of tectonic plates are fundamental
aspects of Earth’s evolution. Viable dynamic models of terrestrial mantle convection therefore require the
existence of heat transport from the core and a surface characterized by piecewise uniform surface velocity
domains (i.e., plates). To test the compatibility of these two requirements, we varied energy input, rheology,
and compositional heterogeneity in more than 70 mantle convection simulations. Calculations are per-
formed in a spherical annulus geometry. By systematic investigation, we demonstrate that Earth-like core
heat flux can be obtained with self-consistent model plates. We find that, given an initial condition where
model parameters are chosen to ensure a mobile surface, the mobility is not strongly influenced when H is
varied by up to a factor of three. Consequently, in spherical models with steady core temperatures and
internal heating rates, the latter quantity can be used to regulate core heat flow to fit within the bounds
inferred for terrestrial values. In contrast, core heat flow is strongly sensitive to model yield stress. We
systematically vary thermal viscosity contrast, an intrinsic depth-dependent viscosity and the depth-
dependence of a stress-dependent rheology and analyze how each factor affects both surface velocities
and core heat flux. Finally, we show that the addition of an intrinsically dense component comprising 5% or
less of the mantle volume does not affect surface mobility or plateness, although it can have a profound
impact on heat loss from the core.

1. Introduction

The existence of plate-like surface motion and the generation of a magnetic field are possibly the most rudi-
mentary requirements that any global geodynamic model of the present-day Earth must feature. Working
within the limitations of mantle convection modeling, the latter physical requirement imposes constraints
on core-mantle boundary (CMB) heat flux. By influencing surface heat flux and focusing the flux of cold
material, plate tectonics principally controls the temperature of the mantle by the process of subduction
(e.g., Coltice et al., 2017; Combes et al., 2012; Monnereau & Qu�er�e, 2001). Globally, the rate of subduction,
spatial distribution of subduction zones, and longevity of subduction (once initiated) act together to influ-
ence mantle temperatures (Bercovici et al., 1989). The thermal gradient across the CMB is determined by
the ambient temperature of the mantle relative to the outer core (Buffett, 2003, 2007; Lay et al., 2008).
Consequently, the existence of plate tectonics influences the rate of core heat loss and the ability of
Earth to generate a magnetic field. However, heat flux from the core allows for the generation of
plumes (Labrosse, 2002), which may affect surface motion by producing stress in the
lithosphere (Korenaga, 2017; Ratcliff et al., 1998; Weller & Lenardic, 2016; Zhong & Watts, 2002) while also
influencing upper mantle rheology. Given this coupling, between surface mechanics and core heat loss, an
investigation of the necessary ingredients for plate tectonics must be constrained by the requirement of
obtaining a CMB heat flux consistent with the energy requirements of the geodynamo.

Bounds have been placed on core heat flux through several lines of argument. Estimating the heat flux
associated with hot spots, and then assuming that the origin of hot spots derives from plumes that carry all
of their heat to the base of the lithosphere, provides one method of determining the heat flow across the
CMB (Buffett, 2007; Labrosse, 2002; Sleep, 1990). Such analyses provide a lower bound on core heat loss of
2–2.5 TW (Bunge, 2005; Davies, 1988; Labrosse, 2002; Mittelstaedt & Tackley, 2006). Larger estimates are
determined through simulations of the geodynamo (Kuang & Bloxham, 1997; Labrosse et al., 1997). For
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example, estimates of ohmic heat dissipation and secular cooling provide constraints on the thermal history
of the core rooted in calculations of the energy flow required by magnetic field
observations (Buffett, 2002; Christensen & Tilgner, 2004; Labrosse, 2003). Independently, even greater esti-
mates of the heat loss from the core are determined from the inferred conductivity of iron at the extreme
pressures and temperatures found at the core-mantle boundary (Labrosse, 2015; Pozzo et al., 2012) with cal-
culated estimates suggesting an adiabatic heat flow of nearly 15 TW.

Collectively, studies constraining heat loss from the core yield a range from 2 to 15 TW (Buffett, 2003; Gubbins
et al., 2015; Labrosse, 2015; Lay et al., 2006; Pozzo et al., 2012). Given the estimated total heat flow of the Earth
of 47 6 2 TW (Davies & Davies, 2010; Jaupart et al., 2007; Lay et al., 2008; Turcotte & Schubert, 2014) and the
3–8 TW estimate of heat coming from the crust (Pollack & Chapman, 1977a, 1977b; Rudnick & Fountain, 1995;-
Stacey & Davis, 2008) models of the core’s evolution suggest that its heat loss accounts for 5–40% of the heat
coming from the mantle. Due to the relatively small area of the CMB compared with the Earth’s surface even
a contribution of 5% of the surface heat flow from the core results in the formation of a thermal boundary
layer adjacent to the CMB. Accordingly, mantle convection models of the present-day Earth, featuring self-
consistently generated plate tectonics, should include a strong thermal gradient in the deep mantle either
enveloping the core or lying over the core and any deep compositional anomalies.

The generation of a stiff lithosphere results from an exponentially varying temperature-dependent rheol-
ogy. However, none of the resulting convective regimes generated through a purely temperature-
dependent viscosity yield a surface that can be considered plate-like (i.e., featuring a surface possessing nar-
row regions of high deformation with high velocity gradients bounding regions of minimal deformation
and a near zero lateral velocity gradient) (Christensen, 1984; Solomatov, 1995). Augmentation of a
temperature-dependent rheology with a stress-dependence (Loddoch et al., 2006; Moresi &
Solomatov, 1998; Stein et al., 2004; Tackley, 2000a, 2000b; Trompert & Hansen, 1998) allows for foundering
of the upper thermal boundary layer and the first-order modeling of processes analogous to subduction
and divergence at plate boundaries (Bercovici, 2003). A primary ramification of enabling surface mobility is
a profound impact on mantle temperature and core heat flux (Stein & Lowman, 2010).

The dependence of mantle viscosity on depth has been investigated through a multitude of studies includ-
ing investigations of postglacial rebound (Mitrovica & Forte, 2004; Mitrovica &
Peltier, 1991; Sigmundsson, 1991; Turcotte & Schubert, 2014) and the response of the geoid to viscosity gra-
dients (Hager, 1984). These studies infer a viscosity of 1021 Pa s averaged over the top 1,000 km
(Haskell, 1935; Lambeck et al., 1996, 1998; Mitrovica, 1996; Mitrovica & Forte, 1997) and a viscosity increase
of a factor of 30 or greater at a depth approximately coinciding with the 660 km phase transition
(Hager, 1984; King & Masters, 1992; Mitrovica & Forte, 2004; Richards & Hager, 1984). (More recent work has
inferred a significant jump in viscosity commencing at depths between 800 and 1,200 km but has not iden-
tified an initiating mechanism for the increase, Marquardt & Miyagi, 2015; Rudolph et al., 2015.) Accordingly,
relevant mantle convection models featuring plate tectonics should include a viscosity that increases
sharply with depth at the bottom of the upper mantle but also penetration of the lower mantle by downw-
ellings in at least some locations. Decreases in asthenospheric viscosity (H€oink &
Lenardic, 2008, 2010; Richards et al., 2001; Stein et al., 2004, 2011; Tackley, 2000a, 2000b) and increases in
lower mantle viscosity relative to the viscosity of the upper mantle enhance plate-like features. Individually,
reductions in lower mantle/upper mantle viscosity contrast and increases in thermal viscosity contrast each
act to reduce surface mobility (Gait et al., 2008; Stein & Hansen, 2008).

Due to computational constraints many studies focusing on the generation of plate tectonics have been
presented in Cartesian geometries, with a relative few analyzed in 3-D spherical geometries (Foley &
Becker, 2009; Mallard et al., 2016; van Heck & Tackley, 2008). Calculations employing spherical geometries
involving low to moderate Rayleigh numbers (in comparison to a terrestrial value), low yield stress, and a
temperature-dependent viscosity, showed that self-consistent plate-like surface motion could be generated
in global models and found results featuring dominantly degree 1 and 2 convection (Foley &
Becker, 2009; van Heck & Tackley, 2008; Yoshida, 2008).

In this study, we focus on the feasibility of obtaining a plate-like surface velocity field while constraining
interior mantle properties to match characteristics such as an intrinsic increase in viscosity in the lower man-
tle (below a depth of 660 km) and a core derived energy input to mantle convection compatible with
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estimates of current-day contributions to the surface heat flux. We employ a temperature-dependent rheol-
ogy with pseudoplastic yielding as a starting point for achieving surface mobility while modeling a stiff lith-
osphere, and an isothermal core-mantle boundary in order to obtain core heat flow. Previous studies have
shown the critical influences of yield stress and internal heating on obtaining mobile but plate-like surface
motion (where the latter notion is defined by a surface characterized by broad regions exhibiting minimal
strain rates separated by narrow regions featuring high velocity gradients; that is, plate boundaries). Starting
with yield stress and the nondimensional internal heating rate, we identify parameter values that allow for a
ratio of core to surface heat flux within the range supported by current studies. Subsequently, we investi-
gate refining the surface characteristics to obtain increasingly plate-like surface features while maintaining
the desired percentage of core heat flux. Finally, we investigate how the introduction of a dense compo-
nent in the mantle, owing to compositional difference, has a bearing on plates and core heat flow.

2. Methods

2.1. Governing Equations
Mantle convection is modeled in a spherical annulus geometry using the finite volume code STAGYY
(Tackley, 2000a). We solve the dimensionless equations for mass, momentum, and energy conservation in a
bimodally heated infinite Prandtl number Boussinesq fluid; specifically:

r � u50; (1)

r � ½gðruÞ1ðruÞT Þ�2rP52RaT T r̂ ; (2)

and

@T
@t

5r2T2u � rT1H; (3)

respectively, where u is velocity, g is dynamic viscosity, P is the nonhydrostatic pressure, T is temperature, t is
time, H is the nondimensional internal heating rate, and RaT is a reference Rayleigh number. The governing
equations (1)–(3) have been nondimensionalized with the use of a thermal diffusion time scale. In addition
g5�g=g�, where �g represents the dimensional field and g� is a dimensional reference viscosity. We assume that
mantle flow occurs by diffusion creep, a process by which atoms diffuse through the interiors of crystal grains
under stress and/or along grain boundaries. Consequently, we model a linear relationship between stress and
strain rate (Turcotte & Schubert, 2014). The spherical annulus geometry we employ yields solutions of the con-
servation equations in the equatorial cross section of a spherical shell with no variation in colatitude. Thus,
upwelling and downwelling features in our calculations can be thought of as a crescent-like sheet of maximum
thickness in the equatorial plane, that tapers until vanishing at the poles of the sphere (i.e., in a spherical geome-
try where the colatitude h 5 p/2 coincides with the plane of the annulus; a 3-D spherical harmonic decomposi-
tion of the solution obtained would have only sectoral harmonics; analogous to the segments in an orange).

The dimensional linearized equation of state

q5q0ð12aðT2T0ÞÞ (4)

is incorporated in the system of partial differential equations (1)–(3) so that our calculations implicitly
assume that q05qðT0Þ corresponds to the surface density. This equation of state also introduces a, the ther-
mal expansivity, appearing in the Rayleigh number, RaT .

The reference Rayleigh number is defined as:

RaT 5
q0gaDTd3

jg�
; (5)

where d is the thickness of the mantle, DT5½Tb2T0� (where Tb is the isothermal basal temperature and T0 is
the isothermal surface temperature), g is gravitational acceleration, and j is the thermal diffusivity.

The nondimensional viscosity value corresponding to g� is 1. However, because the viscosity is a strong
function of temperature, stress, and depth, it is insightful to define an effective Rayleigh number,
specifically
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Raeff 5
RaT

gavg
; (6)

where

gavg5
2

4p=3ðr3
surf 2r3

coreÞ

ð2p

0

ðrsurf

rcore

gðr;/Þr2drd/ (7)

is the time-dependent spatially averaged nondimensional viscosity of
the system, rcore is the radius of the core, rsurf is the radius of the sur-
face of the spherical system, / is the azimuthal angle, and r is spheri-
cal radius.

The nondimensional internal heating rate

H5
q0�d2

kDT
; (8)

where k is the thermal conductivity and � is the dimensional heating rate per unit mass (specified to be uni-
form throughout the mantle in this study).

Table 1 summarizes the dimensional values adopted for these quantities in this study. Given the values
quoted in Table 1, the Rayleigh number, RaT, is approximately 23108. This Rayleigh number is chosen
because it yields vigorous convection for most of the cases explored in our study. It is consistent with a ref-
erence viscosity value of g�. However, the feedback between viscosity and temperature results in an effec-
tive Rayleigh number, Raeff (determined by the average viscosity) that is 2–4 orders of magnitude less than
RaT. Accordingly, the parameters specified in the viscosity laws used in our calculations result in mean non-
dimensional viscosities that are generally 2–4 orders of magnitude greater than 1 and values of Raeff that
are 2–4 orders of magnitude less than 23108.

2.2. Rheology
We obtain surface motion by supplementing a temperature-dependent rheology with viscoplastic yielding.
Specifically, we implement a nondimensional Arrhenius-type law to model a nondimensional temperature-
dependent rheology:

gT 5exp
Ea

T11
2

Ea

2

� �
; (9)

where Ea is an effective nondimensional activation energy that determines the magnitude of the thermal
viscosity contrasts. In this study, the thermal viscosity contrast, DgT , is fixed at values of either 3:23105 or
3:23106. This contrast is specified using the viscosity law given in equation (9) with Ea set to 25.35 or 29.96,
respectively. Accordingly, the dimensional surface viscosity is set to 7:131025 Pa s or 7:131026 Pa s and is
specified independently of the dimensional surface temperature.

A nondimensional yield stress is modeled using a two component paradigm where

ryield5min ½rductile; rbrittle� (10)

defines a yield stress that can be specified to be depth-dependent. In all cases considered, rductile is the constant
yield stress that (in practice) characterizes the mantle below the upper thermal boundary layer of the convecting
systems and therefore contributes to determining the vertical gradient of the yield stress in the model litho-
sphere. The yield stress in the upper thermal boundary layer is given by rbrittle. Equation (10) therefore allows us
to emulate a Byerlee-type law for rock strength which results in a yield stress that increases with depth until
reaching the ductile regime (Kennett & Bunge, 2008; Kohlstedt et al., 1995). To completely specify the yield
stress in the brittle region of the uppermost mantle requires two parameters: the cohesion (l) and l0 a value lin-
early proportional to the friction coefficient. The cohesion defines the surface value of yielding while the friction
coefficient is determined by the specification of rductile and setting a depth for the base of the brittle region (dis-
cussed below). Accordingly, the brittle region of yielding is modeled with the following equation:

rbrittle5l1ð12zÞl0; (11)

Table 1
Dimensional Quantities Adopted for This Study When RaT 5 23108

Quantity Dimensional value

g� 2:2231020 Pa s
j 1026 m2 s21

d 2:893106 m
DT 2,500 K
Diffusion time, d2=j 265 Gyr
q0 3,700 kg m23

g 10 m s22

a 231025 K21

k 4.25 W m21 K21

Note. The reference viscosity value is determined by all other values
assigned to the parameters comprising RaT.
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where z is the nondimensional height above the CMB. In this study,
transition from the (shallow) brittle region to a yield stress determined
by ductile behavior is set at fixed depths. This is done by specifying
l05d21

f 3ðrductile2lÞ, where d21
f controls the transition depth. A d21

f

value of either 20 or 40 is specified so that the upper 5 or 2.5% of the
mantle (i.e., 1/20th or 1/40th of the depth) experiences a yield stress
associated with brittle failure (although rock fracture does not occur
explicitly in our models). This failure can result in reduced viscosity in
regions of high stress. Figure 1 illustrates the variation in yield stress
for a general case.

Plastic yielding is introduced into the solutions of equations (1)–(3) by
the introduction of a yield viscosity that is related to the yield stress
by the linear relationship:

gyield5
ryield

2_�
; (12)

where _� is the second invariant of the strain rate tensor,

_�5

ffiffiffiffiffiffiffiffiffiffiffiffi
1
2

_� ij _� ij

r
: (13)

Given this definition of yield stress, a spatially and temporally depen-
dent composite viscosity, gcomp, can be calculated to account for the
influence of temperature and stress-dependent rheologies, where

gcomp5
1

1=gT 11=gyield
: (14)

The presence of a significant pressure induced increase in viscosity with descent, from the upper to the
lower mantle, accompanies the transition from a spinel phase to the perovskite-magnesiowustite structure
(Bridgmenite) (Boehler, 2000). Numerous investigations of geophysical observables have inferred that man-
tle viscosity increases by a factor of 30 or greater at a depth coinciding with this phase
transition (Hager, 1984; King & Masters, 1992; Mitrovica & Forte, 2004; Richards & Hager, 1984). Conse-
quently, a lower mantle viscosity increase is specified for all calculations presented here, such that the non-
dimensional viscosity field g5gcomp3gD, where gD51 for z � 120:227 and gD530 for z � 120:227. In
some calculations, we consider a larger increase in lower mantle viscosity at depths below 120:227 (dimen-
sional depth 660 km). In those cases when gD � 120:227 is set equal to 100 the Rayleigh number, RaT, is
altered to approximate similar convective vigor and effective Rayleigh number to cases where gD530 in the
lower mantle. Unless stated otherwise, a Rayleigh number RaT of 23108 is specified.

Given the various influences on viscosity in our model, we also employ a measure of the convective vigor of
the systems determined by an internal Rayleigh number:

Raint5
RaT

gT ð�T midÞgD
; (15)

where gT ð�T midÞ is the thermal viscosity corresponding to the temperature at midmantle depth and gD is the
mean nondimensional value of mantle viscosity in the absence of thermal or stress-dependent effects.
When gD 5 30 or 100, gD has values of 20.30 and 66.90, respectively.

2.3. Thermochemical Convection
Seismic imaging of the lower mantle (Lekic et al., 2012; Ritsema et al., 2011; Simmons et al., 2010) indicates
the presence of a rich variety of density anomalies. Beneath the Africa and Pacific plates, within and extend-
ing above the D00 region, are the Large Low-Shear Velocity Provinces (LLSVPs). The LLSVPs have been
inferred to be compositionally distinct material with a chemistry that differs from the ambient mantle (Lekic
et al., 2012; Masters et al., 2000). Given their possibly distinct chemical nature and residence near the base
of the mantle it is typically assumed that LLSVPs are intrinsically dense.

Figure 1. An example yield stress profile based on equations (10) and (11). The
nondimensional thickness of the depth-dependent yield stress layer is df. The
cohesion, l, specifies the yield stress of the surface. The friction coefficient, l0 ,
controls the rate of increase of yield stress with respect to depth and rductile is
the constant yield stress of the lower 95–97.5% of the mantle, depending on
the value of df.
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For a small subset of calculations, we model a mantle composed of both ambient silicate material as well as
inherently dense material. Thermochemical convection is modeled by solving the nondimensional equa-
tions (1) and (3) for mass and energy conservation, respectively, as well as an equation for advection of the
composition field and an augmented equation for momentum conservation that accounts for the effect of
compositional buoyancy,

@C
@t

52u � rC (16)

and

r � ½gðruÞ1ðruÞT Þ�2rP5ð2RaT T1RaC CÞ̂r : (17)

In equations (16) and (17), C is the composition field and RaC is the compositional Rayleigh number,

RaC5
DqC gd3

jg� ; (18)

where DqC is the compositional density contrast between the enriched and ambient material. For a given
fraction C of enriched material, the dimensional density, qðTÞ (see equation (4)) is increased by adding
CDqC . The maximum departure from the reference density due to compositional versus temperature effects
is given by the buoyancy ratio, B5DqC=ðq0aDTÞ, (equivalent to RaC=RaT ).

In this study, we specify a buoyancy ratio of either 0.7 or 1.0 to model thermochemical convection, implying
a dimensional density increase of 115 kg/m3 or 185 kg/m3, respectively, when C 5 1. The compositional field
is initiated as a layer enveloping the core-mantle boundary with a prescribed volume of 3.5 or 5% of the
associated spherical shell. The tracer ratio method (Tackley & King, 2003) is employed to solve equation
(16), where tracer particles are used to track the location of compositionally distinct material. We use an
average of 32 tracers per grid cell to track the compositional field.

2.4. Model Analysis and Output
Through the variation of yield stress, nondimensional internal heating rate, thermal viscosity contrast, and
the ratio of upper to lower mantle viscosity, we investigate surface velocity and the requirements for plate-
like surface motion in a suite of mantle convection models. The relevance of our findings to terrestrial man-
tle convection is assessed by considering the temporally averaged ratio of core to surface heat loss as well
as time-averaged statistics that quantify the nature of the surface velocity field. All model statistics reported
are obtained by integrating our calculations for time periods in excess of 10 transit times once a statistically
steady state has been obtained (i.e., a state in which long-term heating or cooling is absent).

A model naming convention has been adopted throughout the remainder of this paper. The model names
generally follow the format HhhYyyy(Ta), where hh is the model’s nondimensional internal heating rate and
yyy is the ductile yield stress, rductile. However, some cases are not uniquely identified by their internal heat-
ing rate and the ductile yield stress. Thus, Ta is a number corresponding to the Table found in the support-
ing information in which all parameters are listed, specific to the model referenced (e.g., Model H30Y1e7(2)
is described in the supporting information Table S2, and other cases which feature H 5 30 and rductile 5 107,
but have different parameters, appear in different tables). When cohesion values are varied we state the
unique cohesion value of each Model. Unless specified, l 5 0 for all calculations. In addition, unless noted
otherwise in the table where a model is listed, all calculations feature a lower mantle viscosity increase, gD,
of 30; a thermal Rayleigh number, RaT, of 23108; df 50:05d and a thermal viscosity contrast, DgT , of
3:23105. Thermochemical convection calculations are identified by model names in the format Ther-
moBbbVvv(4), where bb is the buoyancy ratio, vv is the percentage of the volume composed of intrinsically
dense material and (4) indicates that the Thermochemical convection cases are listed in the supporting
information Table S4.

An f 5rcore=rsurf ratio of 0.547 is specified in all calculations, so that the ratio of the core radius to the planet
radius is the same mean as for the Earth. Free-slip as well as isothermal surface and core boundary condi-
tions are used and the surface and core-mantle boundary (CMB) nondimensional temperatures are set to
T 5 0.0 and T 5 1.0, respectively.
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The percentage of the total surface heat loss that arises from core heat loss is measured by computing

PCH5f 2 qcore

qsurf
; (19)

where qcore and qsurf are the mean nondimensional core and surface heat fluxes, respectively. In the remainder
of this paper, we refer to the quantity calculated by (19) as the percentage of core heating, where the values
quoted are temporally averaged. It should be noted that equation (19) is only valid when the right-hand side
is a temporally averaged quantity. Specifically, it is valid when averaged over time periods for which

qsurf 2f 2qcore5ð11f 1f 2ÞH=3: (20)

The left-hand and right-hand sides of this equation differ by no more than 2% for the time periods over
which averaging is done for the calculations we report.

In order to classify the convective regime, the mobility, M, is considered, as in many previous studies
(e.g., Foley & Becker, 2009; Stein et al., 2014; Tackley, 2000a; van Heck & Tackley, 2008). Mobility is defined
as the ratio of the surface root-mean-square velocity (vrms) to the root-mean-square velocity of the entire
convecting system (VRMS), thus

M5
vrms

VRMS
: (21)

Very small mobility (i.e., M� 1) defines the stagnant-lid regime (Moresi & Solomatov, 1995).

In the presence of yielding, focused surface deformation can occur. On a planet featuring plate-tectonic-like sur-
face motion, surface deformation occurs primarily along narrow, confined plate boundaries. Conversely, plate
interiors experience little to no deformation. Accordingly, we calculate the plateness, P, a parameter used to
measure the localization of surface deformation and quantify the manifestation of plate-tectonic-type surface
motion. Similar to previous studies (Tackley, 2000a; van Heck & Tackley, 2008) we define the plateness as:

P512
f80

0:5
; (22)

where f80 is the fraction of the surface area where the highest 80% of surface deformation takes place. The
surface deformation is measured by the second invariant of the strain rate tensor:

_�surf 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_�2

xx1_�2
yy12_�2

xy

q
: (23)

The plateness is scaled to cases with isoviscous mantles which yield
an f80 value of approximately 0.5. This definition ensures that systems
with a plateness greater than zero feature surface fields where the
greatest deformation is confined to narrower zones than an isoviscous
case. A plateness of 1.0 is indicative of perfect plates (i.e., vanishingly
small plate boundary width and near zero strain rate in plate
interiors).

The scaling factor of 0.5 in equation (22) was determined from an isovis-
cous analog to Model H30Y1e7(2) (described in section 3.1). However, a
reference Rayleigh number in the isoviscous case comparable to the
effective Rayleigh number of Model H30Y1e7(2) does not yield similar
convective vigor in the two cases, as determined by system VRMS and
qsurf. The reference Rayleigh number for the isoviscous case was
increased until matching the VRMS of Model H30Y1e7(2). In all cases
examined f80 remains approximately equal to 0.5. Supporting informa-
tion Table S5 gives the effective Rayleigh number, f80, P, VRMS, and PCH
values for Model H30Y1e7(2) and the isoviscous analog cases. A tempera-
ture snapshot from Model H30Y1e7iso4 is presented in Figure 2 and is
accompanied by a radial profile of temperature for later comparison to
calculations with more complex rheologies. The profile depicts a model
with relatively uniform temperatures throughout the upper and lower

Figure 2. Nondimensional temperature field corresponding to isoviscous
Model H30Y1e7iso4. A radially averaged temperature profile is presented that
plots nondimensional altitude (z) versus temperature (T). A temperature color
scale is included that ranges from a nondimensional temperature of 0 to 1.
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mantle. A comparison of Raeff, qsurf, and VRMS values in the supporting information Table S2 indicates that our cal-
culations featuring complex rheologies yield effective Rayleigh numbers at least an order of magnitude lower
than isoviscous convection cases of comparable vigor. Accordingly, neither Raeff nor Raint values are indicative of
convective vigor or boundary layer thickness based on scaling derived from isoviscous calculations.

2.5. Initial Conditions
Figure 3 displays snapshots of the temperature and viscosity field used for starting nonisoviscous calcula-
tions (a snapshot taken from Model H30Y2e6(2)) as well as the associated time series of mobility, plateness,
heat flux, and PCH. This initial condition was obtained by intermittently adjusting the Rayleigh number and
yield stress in a calculation started from a randomly perturbed conductive temperature field in a spherical
annulus. The nondimensional heating rate and gD were fixed during the variation of the above mentioned
parameters. The viscosity contrast due to temperature, the yield stress and the Rayleigh number were
adjusted upward incrementally in order to obtain an initial condition system characterized by a time-

Figure 3. Initial conditions: (a) nondimensional temperature field and (b) viscosity field. (c) Mobility (red) and plateness (blue) time series. (d) Nondimensional basal
(blue) and surface (red) heat flux time series as well as PCH (cyan). The parameters specified in the calculation are RaT 523108; DgT 53:23105, H 5 30,
rductile 5 23106, l 5 0, and df 50:05. The black vertical lines in Figures 3c and 3d indicate the time corresponding to the temperature and viscosity field snapshots.
A nondimensional period of 0.1 corresponds to a dimensional period of 2.6 billion years.
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averaged mobility greater than 1.0 and a PCH below 25% (the final PCH value obtained was 20.5% with the
parameters specified for the initial condition). In addition, we focused on obtaining strong plateness and
limiting the effective Rayleigh number to a value that could be accurately modeled. Throughout the search
for an initial condition, we avoided changing model parameters to values that would drive the system into
the stagnant-lid regime. The resolution of the calculations is given in corresponding table captions.

Previous work has described the sensitivity of convective regime to initial conditions, and specifically that
more than one statistically steady convective solution can exist for a given set of model parameters, where
the solution is dependent on the initial condition (e.g., Lenardic & Crowley, 2012). For example, in a suite of
calculations that systematically reduce yield stress, the transition from a stagnant-lid regime to a mobile sur-
face mode occurs at a different critical yield stress than that which allows for the onset of stagnant-lid con-
vection when yield stress is gradually increased in initially mobile surface cases (Lenardic & Crowley, 2012;
Weller & Lenardic, 2012). This affect is now often described in the mantle convection literature as hysteresis.
In order to ensure reproducible results, in this study we control the hysteresis affect by starting all calcula-
tions using Model H30Y2e6(2) (unless explicitly described otherwise). Consequently, all calculations begin
with a mobile surface. In order to explore the influence of a variety of factors a one-time change of an input
parameter (e.g., nondimensional internal heating rate, H, ductile yield stress, rductile, etc.) occurs when start-
ing calculations from the initial condition. In the event that a one-time parameter change leads to issues
with numerical convergence, the parameter will then be scaled up incrementally. For example, increasing
the thermal viscosity contrast by one order of magnitude from our initial condition requires taking several
small step increases in viscosity contrast in order to maintain solution stability.

3. Results

3.1. The Effect of Yield Stress Magnitude
The definition of the yield stress given by equations (10) and (11) ensures that the brittle yield stress is
determined by setting the ductile value and the cohesion. In the remainder of this paper, where we refer to
a yield stress without reference to a depth, the yield stress described should be considered the ductile
value.

Figure 4 shows a sequence of thermal field snapshots and temporally averaged statistics for a suite of calcu-
lations in which rductile is systematically increased. In the lowest yield stress case, a vertical velocity profile
indicates the presence of layering as the majority of cold material stagnates in the upper mantle. As yield
stress is increased, vertical velocity profiles indicate that downwellings are far less impeded by the presence
of a lower mantle viscosity increase. The abundance of weak downwellings in the first case is a conse-
quence of weaker yield stresses and numerous locations where yielding is obtained. Multiple sites of
downwelling formation keep the system cool so that upwellings are vigorous and the dominant influence
on convective wavelength. The PCH is between 17% and 18%.

For yield stresses of 107 and 23107 downwellings become much more focused and negatively buoyant
than in the cases with lower yield stresses. This behavior can be seen in the Figure 4 snapshots from Models
H30Y1e7(2) and H30Y2e7(2). These cases also exhibit higher plateness. A threshold exists for yield stresses
between 23107 and 33107 where plateness begins to drop and mobility becomes much more variable.
This behavior marks the onset of an episodic mobility regime, characterized by short-lived downwellings,
higher degree upper mantle convection, warmer interiors, and a decline in PCH. For values of rductile � 108,
the calculations are dominated by degree 1 convection. As yield stress is increased to a nondimensional
value of 13109, a near stagnant-lid regime is obtained, resulting in a great reduction in plateness as well as
producing heat flow into the core from the internally heated mantle.

The mobile regime corresponds to models with both plate-like and nonplate-like surfaces. The latter cases
are distinguished by a mobility value, M, greater than 2.0 and the presence of multiple short-lived drips in
the upper mantle. Conversely, plate-like models possess a mobility less than 2.0 and feature longer wave-
length convection. We find approximately two orders of magnitude in yield stress span a regime of behav-
ior, often identified as episodic or transitional, prior to the onset of sluggish lid. A full three orders of
magnitude separate yield stresses characterizing the nonplate-like mobile regime (Model H30Y5e5(2)) from
yield stresses at which the stagnant-lid regime appears (Model H30Y1e9(2)).
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3.2. Effects of Internal Heating Rate
Figure 5 presents a suite of snapshots from calculations featuring a range of internal heating rates, and yield
stresses of 23106 or 13107. The cohesion value l 5 0 in all cases. Multiple downwellings are present in all
calculations but increase in number while decreasing in longevity as H is increased (e.g., compare Model
H30Y1e7(2) to Model H60Y1e7(3) to Model H90Y1e7(3)). Consequently, downwelling formation becomes
more episodic as H increases. Our finding is consistent with van Hunen and van den Berg (2008) who also

Figure 4. Temperature field variation as a function of yield stress (rductile). Model identifiers (appearing in supporting information Table S2) are given above annu-
lus images of the temperature field. The second figure from the left (top row) corresponds to the initial condition shown in Figure 3. Values of temporally averaged
plateness, P, mobility, M, and percent-core-heating (PCH) are given for each case below the temperature field snapshots. Temperature field power spectra (plotted
as altitude versus power) and profiles of the laterally averaged temperatures (red) and vertical velocities (cyan) (plotted as altitude versus temperature) are placed
below and beside the M, P, and PCH values for each plot respectively. A color-bar, located next to the left most model on each line, indicates both the nondimen-
sional temperature (right scale) and the logarithm of the amplitude of the power spectra (left scale).
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Figure 5. Temperature field variation as a function of internal heating rate for two yield stress values (rductile523106 and
107). Model identifiers from the supporting information Tables S2 and S3 are given above each annulus image. The third
plot in the top row corresponds to the initial condition case shown in Figure 3. Values of temporally averaged plateness,
P, mobility, M, and percent-core-heating (PCH) are given for each case below the temperature field snapshots.
Temperature field power spectra (plotted as altitude versus power) and profiles of the laterally averaged temperatures
(plotted as altitude versus temperature) are placed below and beside the M, P, and PCH values for each plot, respectively.
A color-bar, located next to the left most model on each line, indicates both the nondimensional temperature (right scale)
and the logarithm of the amplitude of the power spectra (left scale).
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found that slab break-off becomes more common and subduction more transient when mantle tempera-
tures are increased. Variations in internal heating rate do not produce a systematic trend in mobility for 25
� H � 90. Similarly, for the RaT employed here, the internal heating rate has negligible impact on plateness,
particularly for the higher yield stress calculations.

In Figure 6a, we plot the PCH versus the yield stress for calculations featuring two different internal heating
rates. Yield stress increase has minimal effect on PCH for cases that remain mobile but PCH decreases
monotonically with yield stress with the onset of the transitional (episodic) regime. In contrast, Figure 6b
plots the PCH against internal heating rate for cases with yield stress 23106 and 107. PCH declines steadily
as H is increased for both yield stresses while all cases remain mobile. The influence that internal heating
rate has on plateness and mobility, over the H range considered, is shown in Figure 6c, and indicates negli-
gible sensitivity of the plateness statistic to internal heating rate while M varies weakly and
nonsystematically.

Figure 7 shows mobility as a function of yield stress for a variety of calculations with different nondimen-
sional internal heating rates. High variations in mobility are indicated by the cases with large standard

Figure 6. (a) Temporally averaged core heating (PCH) plotted against yield stress, rductile for internal heating rates of
H 5 30 and 60 using blue and red circles, respectively. (b) Temporally averaged percentage core heating (PCH) plotted
against internal heating rate, H, for yield stresses rductile523106 and 107 using blue and red circles, respectively. For all
models DgT 53:23105, l 5 0, and df 5 0.05. (c) Temporally averaged plateness and mobility plotted against internal heat-
ing rate. Plateness is plotted against internal heating rate, H, for calculations featuring yield stresses rductile5 23106 and
107 using blue and red filled circles, respectively. Mobility is plotted against internal heating rate for yield stress 23106

and 107 using blue and red empty circles, respectively.
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deviations. For yield stresses of 53107 and 108; the large standard
deviation in mobility is due to the episodic behavior of convection. For
example, Model H30Y1e8(2) (see Figure 4) experiences intermittent sur-
face yielding resulting in the subduction of a large volume of cold mate-
rial. This material descends into the interior of the mantle followed by
the downwelling region receding and subsequently vanishing. Between
each such event, a stagnant-lid forms for a short time, before stresses
localize and produce a new convergent zone in the upper thermal
boundary layer. For yield stresses of 53105, the large standard deviation
in mobility is due to the continuous formation (permitted by a low
threshold for failure) and destruction of regions of focused convergence
resulting in a highly time-dependent surface velocity. In summary, Figure
7 illustrates that there is a range of yield stresses for which mobility expe-
riences minimal variations and we do not find that this range is particu-
larly sensitive to the internal heating rate. This same region of yield stress
range corresponds to models exhibiting the highest values for plateness.

Figure 8 shows plateness as a function of yield stress for a variety of
calculations with different nondimensional yield stresses, rductile. In all
cases, the cohesion l 5 0 and the thickness of the layer associated
with brittle failure, df, is 0.05. Circles and diamonds now indicate calcu-
lations performed with reference Rayleigh numbers of 23108 and
13109, respectively. The color of each point indicates the internal
heating rate used in that particular case. A clear peak in plateness
occurs when rductile523107 for Rayleigh number 23108 calculations
while increasing the Rayleigh number leads to a greater yield stress

corresponding with peak plateness. Plateness does not indicate a clear sensitivity to internal heating rate,
but does clearly drop substantially for yield stresses that result in episodic mobility for any heating rate.

Figures 9a and 9b summarize the impact that yield stress and internal heating rate have on both the per-
centage of the surface heat coming from the core and the total core heat flux, qcore. The percentage of heat

from the core and the raw nondimensional heat flux from the core
(PCH and qcore, respectively) are indicated by the color of the data
points. Additionally, the data points are denoted as squares, dia-
monds, and circles indicating the convective regime; nonplate-like
mobile (P � 0:7 and standard deviation of mobility � 60:3), plate-like
and episodic/stagnant, respectively. Vertical trends indicate a clear
decrease in PCH with increasing internal heating rate, as expected,
however the convective regime is not affected by the value of H for
the range of internal heating rates examined. Despite the decrease in
PCH as H increases in the mobile (including plate-like) regime, qcore

does not diminish substantially. However, in the stagnant-lid regime
both PCH and qcore diminish as H is increased. Horizontal trends indi-
cate that yield stress has a substantial impact on convective regime
but that for a given H, the PCH changes minimally within each con-
vective regime. The substantial changes in PCH that do occur as yield
stress is changed, occur where the transition to stagnant-lid convec-
tion sets in. It should be noted that for the Rayleigh number employed
here (23108), only a small number of cases are represented where
episodic mobility becomes common in the intervening space
between the plate-like and stagnant-lid regimes. When yield stresses
are 2233107 and H is greater than 30, these systems present model-
ing challenges owing to the enormous temperature and viscosity gra-
dients that result from the onset of new ‘‘subduction’’ into very hot
interiors.
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Figure 7. Mobility plotted as a function of yield stress (rductile) for calculations
featuring different nondimensional internal heating rates, H. Data-point colors
indicate the value of H as indicated by the color-bar. Vertical bars indicate the
standard deviation (in each case) resulting from time-dependence. Data-point
shapes indicate the convective regime. Squares, diamonds and circles represent
the mobile, plate-like and episodic/stagnant regimes of convection respectively,
where plate-like models, with yield stress between 106 and 107, possess internal
heating rates between 30 and 90. In all cases DgT 53:23105, l 5 0, df 5 0.05.
Model parameters can be found in the supporting information Tables S2 and S3.
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Figure 8. Plateness plotted as a function of yield stress (rductile) for calculations
featuring different nondimensional internal heating rates, H. Data-point colors
indicate the value of H as indicated by the color-bar. Circles and diamonds
correspond to models with Rayleigh numbers of RaT 523108 and 109,
respectively. Standard deviation is not shown due to its small magnitude. In all
cases DgT 53:23105, l 5 0, and df 5 0.05 (for RaT 523108) or 0.025 (for
RaT 5109). Model parameters can be found in the supporting information
Tables S2, S3, and S7.
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3.3. Effects of Lower Mantle Viscosity Increase
The influence of lower mantle rheology on plateness was investigated by increasing the contrast in viscosity
at a depth of 660 km. The viscosity structure of the new model is obtained by effectively lowering the upper
mantle viscosity by increasing RaT (by a factor of 2.5). Simultaneously, gD is increased to 100 in the lower
mantle (a factor of 3.33 relative to previous calculations). The net change in lower mantle viscosity is there-
fore an increase of 3.33/2.5 5 1.33 in the absence of the temperature-dependent or yielding influence on
viscosity. The volumetrically averaged mean nondimensional viscosity of the mantle is increased by a factor
of 1.02 due to the prescribed changes in RaT and gD. Accordingly, relative to previous calculations, the speci-
fied Rayleigh number in the absence of thermal yielding effects is changed minimally in these cases when
compared to previous calculations. Results are summarized in the supporting information Table S6. A snap-
shot from Model H30Y2e6(6) featuring a lower mantle viscosity increase of gD5100, is shown in Figure 10,
and demonstrates the influence of an increase in the intrinsic lower mantle viscosity from a factor of 30 to a
factor of 100. The increase in lower mantle viscosity has minimal effect on the number of upwellings or
dominant wavelength of convection in the lower mantle but influences convection in the upper mantle,
which now exhibits layering (e.g., see Figure 10 velocity profile). Specifically, although the number of loca-
tions where the lithosphere yields is not reduced, many associated downwellings do not penetrate the
660 km boundary. However, downwellings coalesce in some locations where they manage to penetrate the
660 km boundary, broaden and become more diffuse. Overall, the presence of persistent downwellings
descending to the CMB is reduced (e.g., when compared to the second plot of Figure 4). Consequently,
slightly less heat is drawn from the core and the PCH is reduced.

In Figure 11a, we plot plateness and mobility against yield stress (rductile) for cases with an intrinsic depth-
dependent viscosity contrast of 30 and 100 (with H 5 30). The viscosity change has a minimal effect on the
time-averaged plateness and small effects on mobility but high mobility is maintained for greater yield
stress when the contrast between lower and upper mantle viscosity is increased.

3.4. The Effect of an Increase in Rayleigh Number
To determine the significance of the influence of convective vigor on surface velocities (as well as thermal
boundary layer thickness and plume conduit dimensions), we examined the influence of increasing RaT.
Findings from these calculations are plotted in Figure 11b, where model results with varying yield stresses
are compared for input Rayleigh numbers of 23108 (with df 50:05) and 13109 (with df 50:025). In all cases
DgT 53:23105 (supporting information Table S7). Mildly higher (e.g., 0.05–0.2 greater) plateness occurs at
higher yield stresses (e.g., 33107 and 53107) with an increased Rayleigh number. This observation is likely
explained by a focusing of (greater) stresses into narrower regions of the model lithosphere as Rayleigh
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Figure 9. (a) Regime diagram showing the effect that variations in yield stress, rductile (x axis) and internal heating rate, H (y axis) have on the percentage of surface
heat loss owing to core heat flow (PCH). Data-point colors indicate the percentage of surface heat flow resulting from core heating indicated by the color-bar.
Squares, diamonds and circles indicate the mobile, plate-like and transitional/sluggish-lid regimes respectively. (b) Analogous to part (a), but instead data-point
colors now indicate the nondimensional basal heat flux, qcore. Model parameters can be found in the supporting information Tables S2 and S3.
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number is increased (due to the reduced lateral dimensions of
downwelling conduits). Mobility is greater for higher nondimensional
yield stresses as RaT is increased, consistent with a greater effective
Rayleigh number producing the higher nondimensional stresses nec-
essary to both rupture and drive the motion of the surface. (It should
be noted that increases in RaT do not necessarily result in an increase
in the dimensional yield stress, e.g., Foley & Becker 2009; van Heck &
Tackley, 2011.) However, overall, significant changes in plateness and
mobility are not observed for the factor of five increase in RaT investi-
gated. In contrast, as is the case for isoviscous convection (Deschamps
et al., 2010; Shahnas et al., 2008; Weller et al., 2016), for this Rayleigh
number increase (with H fixed) the PCH increases significantly as RaT

is increased (by approximately 25% for the cases with higher RaT) in
accord with a drop in the mean temperature.

3.5. The Effect of a Thermal Viscosity Contrast Increase
Figure 12 shows a snapshot from Model H30Y2e60(7) with RaT 5109; df

50:025 and DgT 53:23106, where the thermal viscosity contrast has
been increased by an order of magnitude and RaT is 109. The nondimen-
sional viscosity at the surface of the calculations is increased by increas-
ing DgT but decreased by increasing RaT in the absence of stress-
dependent influences (i.e., if the change in RaT is taken as entirely due to
changes in viscosity) so the nondimensional surface viscosity in this case
is therefore effectively twice the value specified in the case depicted in
Figure 4. The adjustment of the model parameters thus raises the Ray-
leigh number (by approximately a factor of 5) in the lowest region of the
mantle, relative to cases in Figure 4, while lowering the local Rayleigh
number at the surface (by approximately a factor of 2).

The net effect is that despite the increase in RaT, Raeff in Figure 12 is
reduced in comparison to the case shown in the second plot of Figure
4. Nevertheless, increasing the thermal viscosity contrast results in
reducing the generation of cold drips near the surface. The resulting
warmer interior diminishes heat flow across the CMB (PCH drops from
17.3 to 14.9) and produces a spectrum with far less power in the larger
frequencies. The time-averaged mobility of the surface remains almost
unchanged relative to the calculation featuring a RaT and DgT that are
reduced by an order of magnitude (Model H30Y2e6(2)). However, the
plateness experiences a mild increase (from 0.643 to 0.673). This find-
ing is consistent with stiffening of the cold plate, reduced deformation
induced by cold drips, and the resulting decrease in surface lateral
velocity gradients. Increasing DgT therefore increases plateness.

3.6. The Effect of the Surface Yield Stress
In all calculations described until now the cohesion, l, has been set to

a surface value of zero. Accordingly, increasing yield stress was accomplished by increasing rductile and
therefore, simultaneously, the gradient of the yield stress increase throughout the region of depth df (see
Figure 1). However, this choice also implies the surface (i.e., top boundary) will yield in response to any
stress. Here we consider the effect of increasing the surface value systematically, up to a magnitude equal
to rductile5107.

In order to continue to obtain the thinner upper thermal boundary layers obtained for calculations
described in the previous two sections, we again specify RaT 5109. With this Rayleigh number, the calcula-
tions described feature internal Rayleigh numbers of roughly 3–17 3105. The variable yield stress region
has a thickness of 2.5% (df 50:025). A summary of these calculations can be found in the supporting infor-
mation Table S8.

Figure 10. A calculation with an increased lower mantle viscosity (by a factor
of 100 relative to the upper mantle), input Rayleigh number of RaT 553108

and depth-dependent yield stress layer thickness of df 50:025. Below the
temperature field are time-averaged values for mobility, M, plateness, P, and
percent-core-heating (PCH) as well as radially averaged temperature and
vertical velocity profiles plotted in red and cyan, respectively (plotted as
altitude versus temperature/vertical velocity). The bottom most image
represents the temperature power spectra (plotted as altitude versus amplitude
of the power spectra). Right of the annulus is a color-bar corresponding to the
temperature field (right scale) and the logarithm of the amplitude of the
thermal power (left scale).
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In Figure 13, cohesion is varied from zero to 13107. so that surface failure decreases and the mean temper-
ature increases. Temperature field power spectra show a dramatic decrease in shallow and midmantle
amplitudes at frequencies greater than two as l approaches rductile. In addition, a subadiabatic gradient
develops between the thermal boundary layers as heat builds in the upper mantle below the strong plates.
As yield stress is increased either by increasing l or rductile (Figure 4), a smaller number of downwellings
become more focused and penetrate to the CMB. Although the mantle temperature is warmer as cohesion
is increased, a similar amount of cold material is apparently delivered to the deep mantle by the small num-
ber of focused downwellings so that PCH is not affected substantially. However, the plateness increases dra-
matically as, by raising the strain rate threshold required for yielding, the increase in l suppresses the
formation of weakness associated with smaller instabilities at the surface.

The effect of increasing thermal viscosity contrast by an order of magnitude is presented in Figure 14 for an
analogous sequence of models to those shown in Figure 13. Increasing DgT by an order of magnitude while
holding RaT fixed decreases the effective Rayleigh number by raising the nondimensional viscosity values
everywhere above the CMB. The net effect of changing the thermal viscosity contrast is an increase in plate-
ness and decrease in PCH. The first effect results from stiffening of the plates and a reduction in plate inte-
rior velocity gradients and the latter effect follows the lowering of the effective Rayleigh number.

A comparison of the plateness and mobility for the calculations shown in Figures 13 and 14 is presented in
Figure 15a. An increase in plateness is seen when increasing cohesion while mobility and PCH (Figure 15b)
exhibit less clear trends. However, both PCH and the heat flux from the core, qcore (Figure 15c) increase
modestly with the increase in plateness. This appears to be explained by the focusing of downwellings with
increased plateness and the deep penetration of the downwellings that envelop the CMB (see Figures 13
and 14). Accordingly, robust plateness appears to bolster the dynamo requirement of substantial heat flow
from the core.

As described in section 3.5, for a given cohesion, plateness is increased when DgT is increased. The variation
in mobility, particularly fluctuations as yield stress is increased in the case where DgT 53:23106, could possi-
bly be due to the time-average of the number of convection cells changing in different cases, but this has
not been verified. The increase in plateness with l occurs for both of the thermal viscosity contrasts

Figure 11. (a) Plateness (blue) and mobility (red) plotted against yield stress (rductile) for cases with a lower mantle
viscosity increase of 100 (filled circles) and 30 (empty circles). In all cases DgT 53:23105 and l 5 0. RaT 523108 and 53

108 for calculations with lower mantle viscosity increases of 30 and 100, respectively. (b) Plateness (blue) and mobility
(red) plotted against yield stress (rductile) for cases with Rayleigh numbers of 109 (filled circles) and 23108 (empty circles).
df 5 0.05 and 0.025, respectively. In all cases DgT 53:23105, H 5 30, and l 5 0.
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specified and is consistent with a diminished number of locations that
feature yielding when l is increased. Models featuring a thermal vis-
cosity contrast of 3:23106 also exhibit a general increase in mobility
with cohesion. Maximum plateness of 0.915 is obtained with a uni-
form mantle yield stress (Model H30Y1e70(8) with l513107,
RaT 513109; df 50:025, and DgT 53:23106)

3.7. Time-Dependence
Given the number of calculations presented in this study, it is not pos-
sible to examine the time-dependent behavior exhibited by each
case. In this section, we describe the time-dependence of the model
featuring the highest plateness in Figure 14. Typical evolution of
Model H30Y1e70(8), with l513107, RaT 5109; df 50:025, and DgT 5

3:23106 is presented in Figure 16. Multiple snapshots of the tempera-
ture field are shown at intervals indicated in terms of ‘‘transit time,’’ t,
which is defined by the thickness of the modeled mantle, d, over the
temporal average of the spatial root-mean-square of the velocity field,
VRMS. (One transit time is therefore the time required to traverse the
mantle at velocity VRMS.) The t 5 0 snapshot for the sequence is the
final plot from Figure 14.

The snapshots in Figure 16a show that the downwellings that develop
in Model H30Y1e70(8), with l513107, RaT 5109; df 50:025, and DgT 5

3:23106 range from short-lived transient features that form and then
detach from the surface thermal boundary layer as their deepest
points reach the base of the mantle (e.g., at one o’clock from 1.375t to
1.625t) to longer enduring downwellings that continue to draw cold
material from the upper thermal boundary layer over sustained peri-
ods (e.g., between 10 and 11 o’clock prior to 0.0t to beyond 1.25t). In
terrestrial terms, model slabs thus frequently reach lengths in excess
of the mantle depth. The time series presented in Figure 16b show
that the plateness remains strong and steady throughout the period
modeled (consistent with the low variances indicated in Figure 8)
while mobility varies much more and with greater frequency. (The
fluctuations in mobility are consistent with the frequent formation
and detachment of the most transient downwellings.) The variations
in mobility result in maximum surface heat flux values that exceed
minimum values by nearly 80% (Figure 16c) so that, because the inter-
nal heating rate is constant, the calculated value of the percentage of
the heat flow coming from the core also varies greatly (from 18% to
30%). Alternatively, because the instantaneous PCH 3qsurf 5f 2qcore,

maximum PCH should exceed minimum by nearly 80% if qcore is approximately constant. In fact, the blue
curve in Figure 16c shows maximum core heat flux that exceeds minimum values by approximately 20%.
Nevertheless, PCH does vary by roughly 80% and most of the actual variation in the calculated PCH result
from fluctuations in surface velocity.

3.8. Thermochemical Convection
To determine the impact of proposed compositional provinces in the lower mantle on both core heat loss
and the modeling of plates, we conclude by considering four cases that feature the emplacement of an ini-
tial uniform thickness compositionally anomalous intrinsically dense (CAID) layer enveloping the CMB. The
initial temperature field prescribed for these calculations is from Model H30Y1e70(8) shown in the last plot
of Figure 14 and all parameters in the thermochemical calculations are identical to those of that model,
with the exception of the introduction of the compositional component. Once the layer is introduced all
cases are integrated forward in time until no long-term heating or cooling trends exist. Following conver-
gence on a statistically steady state we continue to integrate and start the calculation of mean values for M,

Figure 12. A case similar to that in the second plot of Figure 4 (Model
H30Y2e6(2)) but with an increased thermal viscosity contrast and RaT. The radi-
ally averaged temperature profile (plotted as altitude versus temperature) and
logarithm of the temperature power spectra (plotted as altitude versus
amplitude of the power spectra) are also plotted. The color-bar scale indicates
the magnitude of the temperature field values (right) and logarithms of the
amplitude of power (left).
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P, PCH, and Raeff. Findings from these calculations are summarized in
the supporting information Table S4 which also gives the buoyancy
ratio for the CAID material and its volume as a percentage of the asso-
ciated spherical shell.

In Figure 17, we show snapshots of the temperature field (a) and cor-
responding composition field (b) from one of the cases reported in
the supporting information Table S4. This calculation features a buoy-
ancy ratio of 0.7 and the dense material occupies 3.5% of the associ-
ated spherical shell. The CAID material has aggregated into two
dominant provinces that occasionally migrate in response to reloca-
tion of the downwellings. The introduction of the CAID material actu-
ally produces a mild increase in the temporal average of the
plateness, relative to the case where it is absent, with no clear depen-
dence of plateness on buoyancy ratio for the two cases that we exam-
ined. We also found plateness to be insensitive to the two volumes of
CAID material that we tested (3.5% versus 5%), however, we did find
that mobility was slightly diminished by increasing the volume of the
intrinsically dense component. We speculate that the effect of the
CAID material on plateness could be a result of its effect on upwelling
buoyancy. Upwellings are frequently present at the edges of the
dense provinces and may therefore be slightly less buoyant in cases
where CAID material is present. A reduction in the rate of evolution of
the convection pattern (i.e., planform in three dimensions) permitted
by reduced upwelling mobility may reduce the frequency with which
new weak zones in the lithosphere can appear, thus bolstering the
plateness statistic.

The trapping of heat in the deep dense provinces affects the lateral
average of the temperature in the deepest part of the mantle where
the thermal gradient at the CMB is reduced (Figure 17c). However, the
mean temperature as a function of depth retains a subadiabatic gradi-
ent between the thermal boundary layers. Figure 17d shows that the
power spectra of the temperature field is dominated by higher ampli-
tudes in the lowest five frequencies, with some additional power
peaking in the 12th degree due to a combination of internal convec-
tion in the interiors of the CAID provinces and several upwellings that
are breaking away from the CMB outside the CAID provinces. Power
remains strongest at degree two in the midmantle and upper mantle
but is not as great as in the deep mantle.

The most significant impact of the CAID material is on heat loss from
the core. Both an increase in the volume of the material and the buoy-
ancy ratio act to diminish core heat flow by increasing the area of the

Figure 13. (continued)

Figure 13. Cohesion, l, is varied from 0 to 107 for cases featuring a depth-
dependent increase in yield stress for the upper 2.5% of the mantle’s depth
(df 50:025) and a fixed yield stress of rductile513107 for the lower 97.5% of the
mantle. Cohesion values are placed in the center of each corresponding annu-
lus. A thermal viscosity contrast of DgT 53:23105 is specified in all calculations
and RaT 513109 in all models. Values of temporally averaged mobility, M,
plateness, P, and percent-core-heating, PCH, are given for each case below the
temperature field snapshots. Temperature field power spectra (plotted as alti-
tude versus power) and profiles of the laterally averaged temperatures (plotted
as altitude versus temperature) are also presented. Color-bars correspond to
both the nondimensional temperature (right scale) and the amplitude of the
logarithm of the power spectra (left scale) of the thermal field.
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CMB that is covered by the insulating provinces. The cases with a
buoyancy ratio of 1.0 experience the greatest drop in heat loss from
the core (supporting information Table S4). Figure 17e plots time
series of the PCH from the cases summarized in the supporting infor-
mation Table S4. The temporal average of the PCH drops from 21.5 in
the case where CAID material is absent (magenta curve) to 9.1 in
model Thermo_B1.0_V5.0 (the case with the densest and greatest vol-
ume of CAID material). Intermediate values of PCH are found by lower-
ing either the buoyancy ratio or volume of the provinces. In the
absence of a CAID component, the PCH varies by approximately 15%
around its mean. However, the magnitude of temporal variations in
PCH particularly increase when the buoyancy ratio of the dense com-
ponent is increased (i.e., the blue and cyan curves vary from minimum
to maximum by more than 100%). This finding is explained by the
propensity of a CAID component layer of buoyancy ratio 1.0 to
envelop the core (substantially dropping the PCH). However, intermit-
tent sweeping of the relatively thin uniform layer into piles by viscous
entrainment associated with the arrival of downwellings is not
uncommon. Regions of the CMB where the CAID layer is swept aside
produce high gradients in temperature that release pulses of heat
from the hot core.

4. Discussion

In this study, we have aimed to find values for the various parameters
that give a plate-like surface velocity field while allowing for a contri-
bution to surface heat flux from the core in the range supported by
current research on the thermal state of the modern-day Earth. To this
end, we employ both the mobility and plateness metrics to quantify
the quality of plate-like surface motion and the temporal average of
PCH as well as qcore in order to identify models that might support a
core dynamo. In general we have found that surface mobility of
greater than 1.0 (Figure 7) is typical in the majority of the cases that
exhibit both strong surface mobility and plate-like surface velocity
fields. Moreover, our definition of P yields a value of 1.0 for perfect
plateness. Accordingly, the product of plateness and mobility will be
greater than 1.0 for systems in which plate-like surface motion is pre-
sent (although other combinations of these parameters that yield
such a product are clearly possible for cases with decidedly poor
plateness).

In Figure 18, we attempt to identify values for the parameters that
most successfully satisfy the requirements of plateness and relevant
CMB heat flow by plotting the product of plateness and mobility
against PCH (Figure 18a) and total nondimensional core heat flux (Fig-
ure 18b). The colors of each data point are indicative of the ductile
yield stress specified in the case represented. The shape of the data
points indicate the value (or a range of values) for H. Only cases where
gD530 are plotted and color data points all have a cohesion of zero.
Solid symbols correspond to RaT 523108 and open symbols corre-
spond to RaT 5109. The black and white symbols in the insets have
variable cohesion and a center dot indicates a greater value of gT but
also lower effective Rayleigh number. The vertical dashed lines in the
figures have a value of 1.0. Somewhat strikingly, no cases with a yield
stress greater than 33107 produce a P 3 M value below 1.0. In gen-

Figure 14. As in Figure 13 but for cases with a thermal viscosity contrast of
DgT 53:23106. Model details are given in the supporting information Table S8.
Model identifiers are denoted with a prime to indicate a change in DgT (as in
the supporting information Table S8).
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eral, orange and red symbols sit well to the left of the vertical line, indicating that a plate-like surface is lost
as yield stress is increased beyond the range associated with cyan to green yield stresses (i.e., rductile values
of 1–5 3107). Higher internal heating rates can be compatible with metrics indicating plate-like behavior,
but as discussed below, typically feature shorter-lived ‘‘subduction’’ events. We found that varying H with
rductile set to 13107 (various cyan symbols) and l set to zero allows for a wide distribution of PCH values
that can be increased by increasing the Rayleigh number (open cyan symbols). However, Figure 18b shows
that in contrast to PCH, the range of core heat flux values changes less in response to changing H. Thus, the
addition of internal sources strongly affects surface heat flux (by increasing it) but has a much weaker effect
on core heat flux. Accordingly, core heat flux requirements are not highly sensitive to the internal heating
rate for the range of parameters investigated.

Given model parameters that yielded strong surface mobility when H 5 30, for the range of internal heating
rates that we investigated (25–90) we did not find that increasing the nondimensional internal heating rate
produced the onset of stagnant-lid convection. Instead, we find substantial time-dependence (i.e., the longev-
ity of downwellings and associated weak zones diminishes) and, as expected, a drop in the PCH (Figure 9a).

Figure 15. (a) Plateness (blue) and mobility (red) are plotted against cohesion (l) for cases with a thermal viscosity con-
trasts of DgT 53:23105 (filled circles) and DgT 53:23106 (empty circles). (b) Percentage core heating (PCH) is plotted
against cohesion (l) for viscosity contrasts of DgT 53:23105 (filled circles) and DgT 53:23106 (empty circles). (c) Nondi-
mensional basal heat flux (qcore) is plotted against cohesion (l) for viscosity contrasts of DgT 53:23105 (filled circles) and
DgT 53:23106 (empty circles).
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For the cases in which we vary H plateness was found to be essentially independent of H while mobility
showed no systematic trend (e.g., Figure 6c). Our findings are not necessarily contradictory of other studies
but indicate that the transition to stagnant-lid with increasing H may be particularly sensitive to system
geometry (Korenaga, 2009; O’Farrell et al., 2013) as well as yield stress. The geometrical effect is illustrated by
considering that in the spherical geometry for calculations presented here the mean nondimensional temper-
ature remains well below 1.0 even when H 5 90, thus viscous coupling of the upper mantle to the lithosphere
remains strong and a stagnant-lid is more difficult to obtain than in a Cartesian geometry (Yao et al., 2014).
Moreover, the yield stresses implemented (e.g., blue to green symbols in Figure 18a) may be too far below
the value necessary to transition to stagnant-lid convection regardless of the value of H. Similarly, for a yield
stress above some critical value, a stagnant-lid will be obtained even when H 5 0. Thus, for H to have a strong
effect on mobility the system must be close to the episodic regime when H 5 0 or higher.

The sequence of calculations that increase internal heating rate while holding all others parameters con-
stant in value presents a rudimentary model of a cooling Earth when considered case by case from high H

Figure 16. Time series of temperature field snapshots corresponding to Model H30Y1e70(8), with l513107, RaT 513109; df 50:025, and DgT 53:23106. (a) The
snapshots correspond to different model times denoted by the value appearing within each annulus (given as a transit time, see text). Time series for plateness
and mobility (b) as well as heat flux and PCH (c) are included below. Time 0.0t corresponds to the final plot of Figure 14. A color-bar corresponding to temperature
magnitude is included. A single transit time is equal to 9.72 31024 diffusion times and approximately 0.25 billion years.
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to low H values (see Figure 5). For example, considering the calcula-
tions where rductile5107 this sequence shows that as the internal heat-
ing rate drops, there is relatively little impact on surface mobility or
plateness. However, there is a monotonic increase in the PCH that
occurs in tandem with cooling of the mantle. Although plateness and
mobility are affected only weakly by the change in H (Figure 6c) in
Figure 5 a clear change in the surface and interior dynamics is discern-
ible as the convection increases in wavelength and the downwellings
become longer-lived and more penetrative of the lower mantle (as H
is reduced). This finding is consistent with previous work by van
Hunen and van den Berg (2008) who concluded that ongoing subduc-
tion on the young Earth may have been obstructed by frequent slab
detachment due to thermal weakness. However, we find that due to
reinitiation of subduction, allowed by more common weak points
elsewhere in the lithosphere, both mobility and good plateness may
coexist with a hotter mantle.

Given that we do not model a time-dependent internal heating rate or
cooling CMB, we do not explicitly model secular cooling of the mantle or
core. However, the steady values of H that are specified in our calcula-
tions are not meant to reflect a current-day internal heating rate owing
to radiogenic heating of the mantle. Rather, H represents heat available
in the mantle from both current radioactivity and energy being lost
through secular cooling. Accordingly, H does not represent any single
energy source but rather, by its influence on mantle temperature, deter-
mines the fraction of heat loss from the surface that is derived from the
core. An appropriate magnitude for H is thus a value which results in a
core heat flux that accounts for a fraction of the surface flux within a
desired range (i.e., PCH in a given range). A consequence of employing a
steady value for H and the CMB temperature is that the ‘‘evolution’’ of
these calculations (e.g., as shown in Figure 16) does not model realistic
planetary evolution that should exhibit a cooling trend (or a heating
trend in a situation such as evolution following the cessation of surface
motion). Instead, the evolution we model emulates a nonageing (quasi
steady temperature) planet. As in other mantle convection studies, a
number of other idealizations implemented in our calculations should
also be noted. For example, although we have focused on the plateness
parameter and the entailed plate-like qualities of different calculations,
none of the cases presented features the one-sided mode of subduction
that characterizes mantle convection on Earth.

Using approximations of the mean global values of the parameters
that comprise the Rayleigh number, and arguments that the upper

thermal boundary layer for whole mantle convection should be comparable to oceanic slab thickness, iso-
viscous models of whole mantle convection have established an estimate for the mantle’s Rayleigh number
in the range 63106 to 107 (e.g., Jarvis & Peltier, 1982). In Figure 19, we plot the magnitude of the internal
Rayleigh number, from calculations listed in the supporting information Tables S2 and S3, against internal
heating and the yield stress rductile. For cases exhibiting plate-like surface behavior and PCH between 5%
and 25%, rductile is 23106 to 23107 with H 5 25–30. With these parameters we find Raint values between
33105 and 106. However, as noted in section 2.4, Raint for the rheologically complex models can be more
than an order of magnitude less than Ra based on boundary layer scaling from isoviscous models yielding
the same vigor (see supporting information Table S5). Thus, with RaT 5 23108 we find a convective vigor in
the plate-like regime that is too low for terrestrial whole mantle convection, but not by more than one order
of magnitude. (One manifestation of lower Rayleigh number in the system interior is the magnitude of the
subadiabatic gradients in the radial temperature profiles of many models (Sinha & Butler, 2007).) Increasing

Figure 17. (a) Nondimensional temperature and (b) composition fields for
Model Thermo_B0.7_V3.5. The color-bar scale for composition ranges from 0
(no enriched material present) to 1 (100% enriched material). The radially
averaged temperature profile (c) is placed below the temperature field
alongside the temperature spectra (d) corresponding to the thermal field
appearing in Figure 17(a). (e) Time series of the percent-core-heating
corresponding to calculations listed in supporting information Table S4 as well
as Model H30Y1e70(8), with l513107, RaT 51:3109; df 50:025, and
DgT 53:23106. A diffusion time of 0.03 is approximately 8 billion years.
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H pushes the internal Rayleigh number closer to the terrestrial value but at the expense of not main-
taining PCH in the range inferred for the current-day Earth. Moreover, as described above, downwellings
become more dispersed but more transient. Similarly, increasing the yield stress pushes the internal Ray-
leigh number closer to the terrestrial magnitude but the convective regime becomes episodic. In contrast,
relaxing the yield stress causes the internal Rayleigh number to drop to values of roughly 105 due to the
increase in thermally dependent viscosity with increased cooling that accompanies the mobile surface. To

summarize, a posteriori Rayleigh numbers (Raeff and Raint) determined
for the cases in the supporting information Table S2, featuring the
strongest plateness and a PCH that may be Earth-like, are perhaps an
order of magnitude less than the effective Rayleigh number estimates
for the current-day Earth. Calculations presented in the supporting
information Tables S4, S7, and S8 are close to the convective vigor
estimates for the current-day Earth.

A notable difference of our findings from previous studies (Foley &
Becker, 2009) is that we find plate-like surface motion (specifically
plateness) is improved by increasing the near surface yield stress
(i.e., throughout the region of thickness df). With low surface yield
stress, l, we find that weakness in the upper thermal boundary
layer occurs with enough frequency that zones of high deformation
are commonplace. Given a value of rductile that results in convection
characteristic of the nonplate-like mobile regime when l 5 0,
increasing l was found to focus zones of weakness in the upper
thermal boundary layer without adversely affecting mobility so that
maximum plateness occurs when rductile5l. The apparent contra-
diction of this finding with behavior reported previously (Foley &
Becker, 2009; van Heck & Tackley, 2008) is explained by the starting
value of rductile. In practice, once rductile reaches a specific threshold

Figure 18. The product of plateness and mobility plotted against (a) the percentage of core heating (PCH) and (b) the
core heat flux (qcore) for models from the supporting information Tables S2 and S3 (squares, diamonds, circles, triangles), ??
(black open diamonds), and ?? (black open diamonds with center dot). Data-point colors indicate the logarithm of ductile
yield stress indicated by the color-bar (and all such cases feature l 5 0). Black open diamonds (with and without center
dot) have a ductile yield stress of 107 in all cases and variable cohesion.
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Figure 19. A regime plot analogous to Figure 9 (a) and (b) with internal heating
rate, H, plotted against yield stress (rductile). Data-point colors indicate the loga-
rithm of internal Rayleigh number Raint indicated by the color-bar. Squares, dia-
monds and circles indicate the mobile, plate-like and transitional/sluggish-lid
regimes, respectively.
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value, stress induced reductions of the viscosity at depths greater than df will never occur. For much
higher rductile values, l needs to be decreased to reach stress values where yielding of the surface can
appear. For lower rductile values, surface yielding is attainable with l5rductile and decreasing l further
permits weakening of the surface in so many locations that strong plateness is lost. Stated alternatively,
provided rductile is sufficiently high to suppress any yielding below a depth df, convective regime is
determined entirely by yield stress magnitude in the layer associated with brittle failure not the relative
values of l and rductile.

5. Conclusions

Multiple parameters enhance plate-tectonic-like characteristics in mantle convection models. However,
plate-like surface motion does not ensure an interior thermal structure that is a reasonable emulation of ter-
restrial conditions. For example, convection may be obtained with an interior that is too hot (approaching
or exceeding the solidus) or too cold (resulting in core heat flow in disagreement with the currently esti-
mated range). The variation of mantle yield stress (l, rductile, df) and thermal viscosity contrast (DgT ) has the
strongest impact on a surface exhibiting plate-like features. We find that while having a minimal effect on
the localization of deformation, increases in internal heating rate do have a significant influence on the tem-
perature of the mantle and thus act to mitigate the PCH. Conversely, within the plate-like regime variations
in yield stress allowed for a contrasting effect, such that increases to ryield allowed for improved plateness
while having a small impact on core heat flux. Substantial variations in yield stress result in the widely
described regime shift from that of a mobile/plate-like surface to that of an episodic and eventually
stagnant-lid regime. Regime specific behavior is most notable in the time-dependence of mobility, for
which the plate-like regime experiences relatively little variance (Figure 7) while both nonplate-like mobile
and episodic regimes exhibit much more time-dependent behavior.

In addition to internal heating rate and ductile yield stress, several other parameters act to enhance or alter
the plate-tectonic characteristics of the mantle along with the PCH. The influence of viscosity structure is
directly explored through both increases in lower mantle viscosity and thermal viscosity contrast. An
increase in lower mantle viscosity (from a factor of 30–100 relative to the upper mantle) yields short wave-
length convection in the upper mantle, and some degree of layering (see Figure 10). However, this increase
produces minimal effects on time-averaged plateness and mobility. Conversely, an increase in thermal vis-
cosity contrast reduces the number of cold drips near the surface, effectively warming the interior and
reducing the PCH. Increasing thermal viscosity contrast also stiffens the cold plates of the surface, reducing
deformation near the surface and increasing the plateness. Thermal Rayleigh number is increased to investi-
gate the influence of convective vigor on surface structure. Noteworthy increases in plateness and mobility
are not observed, however, PCH is affected significantly. The rheological structure of the mantle is further
investigated through the systematic increase of surface yield stress (cohesion). Increases in cohesion precip-
itate a reduction in the number of downwellings leading to an increased mean temperature and the devel-
opment of a subadiabatic gradient between the thermal boundary layers. Despite a warmer interior, PCH is
not considerably affected. However, plateness increases markedly, yielding a ‘‘best case’’ value of 0.915, a
value that is increased even further in models possessing compositionally anomalous intrinsically dense
(CAID) material near the CMB.

The introduction of CAID material mildly increases the temporally averaged plateness, but showed no clear
dependence on buoyancy ratio for the four cases investigated. Additionally, for the volumes we tested,
plateness is found to be insensitive to the volume of CAID material while mobility decreases slightly when
CAID volume is increased. CAID material was found to coalesce into two distinct provinces for periods of
time ranging from 75 to 200 Myr, so that it has a significant influence on core heat flow where both the vol-
ume and buoyancy ratio act to diminish heat loss from the core. An increased volume and buoyancy ratio
lead to an insulation of regions of the CMB, trapping heat in the core. An increase in these parameters also
leads to a greater time-dependence in PCH. In summary, for the cases examined we do not find the pres-
ence of a CAID mantle component adversely affects the formation of plates. However, it may strongly influ-
ence core heat loss. Future studies should further explore the influence of compositional heterogeneity in
the mantle on both the evolution of surface mobility and core heat loss.
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