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Abstract

The balance equations for mass and momentum, averaged over the scale of a watershed entity, need to be supplemented with
constitutive equations relating flow velocities, pressure potential differences, as well as mass and force exchanges within and across
the boundaries of a watershed. In this paper, the procedure for the derivation of such constitutive relationships is described in detail.
This procedure is based on the method pioneered by Coleman and Noll through exploitation of the second law of thermodynamics
acting as a constraint-type relationship. The method is illustrated by its application to some common situations occurring in real
world watersheds. Thermodynamically admissible and physically consistent constitutive relationships for mass exchange terms
among the subregions constituting the watershed (subsurface zones, overland flow regions, channel) are proposed. These consti-
tutive equations are subsequently combined with equations of mass balance for the subregions. In addition, constitutive relation-
ships for forces exchanged amongst the subregions are also derived within the same thermodynamic framework. It is shown that,
after linearisation of the latter constitutive relations in terms of the velocity, a watershed-scale Darcy’s law governing flow in the
unsaturated and saturated zones can be obtained. For the overland flow, a second order constitutive relationship with respect to
velocity is proposed for the momentum exchange terms, leading to a watershed-scale Chezy formula. For the channel network
REW-scale Saint—Venant equations are derived. Thus, within the framework of this approach new relationships governing exchange
terms for mass and momentum are obtained and, moreover, some well-known experimental results are derived in a rigorous
manner. © 1999 Elsevier Science Ltd. All rights reserved.

Keywords: Watersheds; Hydrologic theory; Second law of thermodynamics; Mass and force balances; Constitutive relationships; Coleman and Noll
procedure

1. Introduction

This work represents the sequel to a previous paper
(Reggiani et al. [33]) concerned with the derivation of
watershed-scale conservation equations for mass, mo-
mentum, energy and entropy. These equations have
been derived by averaging the corresponding point scale
balance equations over a well defined averaging region
called the Representative FElementary Watershed
(REW). The REW is a fundamental building block for
hydrological analysis, with the watershed being disc-
retised into an interconnected set of REWSs, where the
stream channel network acts as a skeleton or organising
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structure. The stream network associated with a water-
shed is a bifurcating, tree-like structure consisting of
nodes inter-connected by channel reaches or links. As-
sociated with each reach or link, there is a well-defined
area of the land surface capturing the atmospheric pre-
cipitation and delivering it towards the channel reach.
These areas uniquely identify the sub-watersheds which
we define as REWs. As a result, the agglomeration of
the REWs forming the entire watershed resembles the
tree-like structure of the channel network on which the
discretisation is based, as shown schematically in Fig. 1.

The volume making up a REW is delimited externally
by a prismatic mantle, defined by the shape of the ridges
circumscribing the sub-watershed. On top, the REW is
delimited by the atmosphere, and at the bottom by ei-
ther an impermeable substratum or an assumed limit
depth. The stream reach associated with a given REW
can be either a source stream, classified as a first order

0309-1708/99/$ — see front matter © 1999 Elsevier Science Ltd. All rights reserved.

PII: S0309-1708(99)00005-6



16 P. Reggiani et al. | Advances in Water Resources 23 (1999) 15-39

Nomenclature

Latin symbols

A mantle surface with horizontal normal

delimiting the REW externally

linearisation coefficent for the mass

exchange terms, [T/L]

areal vector defined through Eq. (2.4)

external supply of entropy, [L?/T? °]

linearisation coefficent for the mass

exchange terms, [M/L%]

mass exchange per unit surface area,

[M/TL?)

e, e, e unit vectors pointing along the x, y and z
axes, respectively

§T> R

Q

E internal energy per unit mass, [L?/T7]

& extensive internal energy, [ML*/T?

f external supply term for v

F entropy exchange per unit surface area
projection, [M/T? °]

g the gravity vector, [L/T?]

G production term in the generic balance
equation

h external energy supply, [L?/T°]

i general flux vector of

i microscopic non-convective entropy flux,
/72 ]

J rate of rainfall input or evaporation,
[M/L*T)

L rate of net production of entropy per unit
area, [M/T? °L?]

m' volume per unit channel length, equivalent
to the average cross sectional area, [L*/L]

M number of REWs making up the entire
watershed

n’ unit normal vector to the boundary
between subregion i and subregion j

n unit normal vector to i-subregion average
flow plane

n unit tangent vector to i-subregion average
flow plane

o the global reference system

P pressure, [F/L?]

q heat vector, [M/T7]

0 energy exchange per unit surface area
projection, [M/T?]

R first order friction term, [FT /L]

U second order friction term, [FT?/L*]

s the saturation function, [—]

t microscopic stress tensor, [M/T?L]

T momentum exchange per unit surface area
projection, [M/T>L]

v velocity vector of the bulk phases, [L/T]

v volume, [L?]

w velocity vector for phase and subregion
boundaries, [L/T]

¥ average vertical thickness of the i-subre-
gion along the vertical, [L]

w' average channel top width, [L]

Greek symbols
¥ slope angle of the i-subregion flow plane
with respect to the horizontal plane

A indicates a time increment

€ porosity, [—]

€ i-subregion a-phase volume fraction, [—]

n the entropy per unit mass, [L*/T? °]

0 the temperature

A contour curve separating the two overland
flow regions from each other

A% contour curve forming the edge of the
channel

& the length of the main channel reach C* per
unit surface area projection X, [1/L]

) mass density, [M/L?]

z projection of the total REW surface area S
onto the horizontal plane, [L?]

T the non-equilibrium part of the momentum

exchange terms

10} the gravitational potential

' The time-averaged surface area fraction
occupied by the j-subregion, [—]

Subscripts and superscripts

i,j superscripts which indicate the various
phases or subregions within a REW

k subscript which indicates the various
REWSs within the watershed

top superscript for the atmosphere, delimiting
the domain of interest at the top

bot superscript for the the region delimiting the
domain of interest at the bottom

o, f indices which designate different phases

m, w, g designate the solid matrix, the water and
the gaseous phase, respectively

stream by Horton and Strahler [26,38], or can inter-
connect two internal nodes of the network, in which case
it is classified as a higher order stream.

The size of the REWSs used for the discretisation of
the watershed is determined by the spatial and temporal

resolutions, which are sought for the representation of
the watershed and its response, as well as by the reso-
lution of available data sets. Change of resolution is
equivalent to a change of stream network density, while
still maintaining the bifurcating tree-like structure.
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Fig. 1. Hierarchical arrangement of 13 REWs forming a watershed.

Consequently, the way we have defined the REWs with
respect to the stream network assures the invariance of
the concept of REW with change of spatial scale.

The ensemble of REWSs constituting the watershed
communicate with each other by way of exchanges of

unsaturated zone (u)

concentrated overl. flow (c)

Aus(waterftable)

saturated zone (s) N

channel reach (r)

mass, momentum and energy through the inlet and
outlet sections of the associated channel reaches. In
addition, they can also communicate laterally through
exchanges of these thermodynamic properties across the
mantle separating them (through the soils). The REW-
scale conservation equations are formulated by averag-
ing the balance laws over five subregions forming the
REW, as depicted in Fig. 2. These subregions have been
chosen on the strength of previous field evidence about
different processes which operate within catchments,
their flow geometries and time scales. The five subre-
gions chosen in this work are denoted as follows: Un-
saturated zone, Saturated zone, Concentrated overland
flow, saturated Overland flow and main channel Reach.
The unsaturated and saturated zones form the subsur-
face regions of the REW where the soil matrix coexists
with water (and the gas phase in the case of the unsat-
urated zone). The concentrated overland flow subregion
includes surface flow within rills, gullies and small
channels, and the regions affected by Hortonian over-
land flow. It covers the unsaturated portion of the land
surface within the REW. The saturated overland flow
subregion comprises the seepage faces, where the water
table intersects the land surface and make up the satu-
rated portion of the REW land surface. For more in-
depth explanations about the concept of REW the
reader is referred to Reggiani et al. [33].

The REW-scale balance equations obtained by the
averaging procedure represent the various REWs as
spatially lumped units. Hence these equations form a set
of coupled non-linear ordinary differential equations
(ODE), in time only; the only spatial variability allowed
is between REWSs. Any spatial variability at the

overland flow zone (0)

I

bedrock or
impermeable
substratum

Fig. 2. Detailed view of the five subregions forming a REW.
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sub-REW-scale is averaged over the REW and can be
represented in terms of effective parameterisations in the
constitutive equations to be derived in this paper.

In the course of the averaging procedure a series of
exchange terms for mass, momentum, energy and en-
tropy among phases, subregions and REWs have been
defined. These terms are the unknowns of the problem.
A major difficulty is that the total number of unknowns
exceeds the number of available equations. The deficit of
equations with respect to unknowns requires that an
appropriate closure scheme has to be proposed, which
will lead to the derivation of constitutive relationships
for the unknown exchange terms. In this paper we re-
solve the closure problem by exploiting the second law
of thermodynamics (i.e., entropy inequality) as a con-
straint-type relationship. This allows us to obtain ther-
modynamically admissible and physically consistent
constitutive equations for the exchange terms within the
framework of a single procedure, applied uniformly and
consistently across the REWs. This approach for the
derivation of constitutive relationships is known in the
literature as Coleman and Noll [5] method.

The second law of thermodynamics constitutes an
inequality representing the total entropy production of a
system. The inequality can be expressed in terms of the
variables and exchange terms for mass, momentum and
energy of the system and is subject to the condition of
non-negativity. Furthermore, the entropy inequality is
subject to a minimum principle, as explained, for ex-
ample, by Prigogine [32]. An absolute minimum of en-
tropy production is always seen to hold under
thermodynamic equilibrium conditions. Consequently,
under these circumstances, the entropy production is
zero. In non-equilibrium situations the entropy in-
equality has to assume always positive values, because
the second law of thermodynamics dictates that the
entropy production of the system is never negative. This
imposes precise constraints on the functional form of the
constitutive parameterisations and reduces the degree of
arbitrariness in their choice.

The Coleman and Noll method has been successfully
applied by Hassanizadeh and Gray for deriving consti-
tutive relationships in the area of multiphase flow
[22,18], for flow in geothermal reservoirs [17], for the
theoretical derivation of the Fickian dispersion equation
for multi-component saturated flow [21] and for flows in
unsaturated porous media [23,19].

Next to the thermodynamic admissibility, a further
guideline for the constitutive parameterisations is the
necessity of capturing the observed physical behaviour
of the system, including field evidence. For example, it
has been shown that overland and channel flows obey
Chezy-type relationships, where the momentum ex-
change between water and soil is given by a second order
function of the flow velocity. Similarly, according to
Darcy’s law, the flow resistivities for slow subsurface

flow can be expressed as linear functions of the velocity.
We will show that the proposed constitutive parame-
terisations will lead, under steady state conditions, to a
REW-scale Darcy’s law for the unsaturated and the
saturated zones, and to a REW-scale Chezy formula for
the overland flow. In the case of flow in the channel
network an equivalent of the Saint—Venant equations for
a bifurcating structure of reaches will be obtained.

The final outcome of this paper is a system of 19 non-
linear coupled ordinary differential equations in as many
unknowns for every REW. This set of equations needs
to be solved simultaneously with the equation systems
governing the flow in all the remaining REWs forming
the watershed. A coupled (simultaneous) solution of the
equation systems is necessary, since the flow field in one
REW can influence the flow field in neighbouring REWs
through up- and downstream backwater effects along
the channel network, and through the regional
groundwater flow crossing the REW boundaries. In
developing the constitutive theory presented in this pa-
per, we will make a number of simplifying assumptions
to keep the problem manageable. Especially, the theory
focusses on runoff processes at the expense of evapo-
transpiration, and hence the treatment of the latter is
less than complete. Thermal effects, effects of vapour
diffusion, vegetation effects and interactions with the
atmospheric boundary layer will be neglected. These will
be left for further research.

2. Balance laws, second law of thermodynamics and
conditions of continuity

2.1. REW-scale balance laws

REW-scale conservation laws for mass, momentum,
energy and entropy for the five subregions occupying the
REW have been derived rigorously by Reggiani et al.
[33] for a generic thermodynamic property . In addi-
tion, the balance laws have been averaged in time, to
accommodate different time scales associated with the
various flow processes occurring within the watershed.
The generic conservation law for the o-phase (water,
soil, gas) within the i-subregion of an REW can be
formulated as follows:

t+At

2At dt//pde

t=At yi
t+At

+ s [ oot w -

7 1=t 4y

t+At t+At

2.1

2At//pde+ //deV (2.1)

t—At V' t—At V’
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where f is the external supply of ¥, G is its rate of
production per unit mass, p is the mass density, v is the
velocity of the phase, w” is the velocity of the boundary,
and Ar is an appropriate time averaging interval. The
volume V7, [L] indicates the volume filled by the i-sub-
region o-phase, normalised with respect to the hori-
zontal surface area projection of the REW, X. The
surface A7 is the portion of boundary, delimiting the i-
subregion a-phase towards the phase or subregion j. AY
can assume the symbol 4" for the water table, 4" for
the unsaturated land surface, 4° for the seepage face, 4™
for the surface formed by the channel bed, 4°° or 4°" to
indicate the flow cross sections forming the boundaries
between the saturated and the concentrated overland
flow or the saturated overland flow and the channel,
respectively. We note that the order of the superscripts
can be interchanged arbitrarily. The surfaces delimiting
the concentrated overland flow, saturated overland flow
or the channel towards the atmosphere, are indicated
with 4° °P_ 4¢ P and A" *°P, respectively. The portion of
mantle surface delimiting the unsaturated and the sat-
urated zones laterally, are indicated with 4" and A*.
Finally, phase interfaces, such as the water—gas, water—
soil and soil-gas interfaces are indicated with the sym-
bols S*¢, S* and S®¢. All these surfaces are summarised
in Table 1.

We further observe that, in the case of the unsatu-
rated zone, there are three phases present: the soil matrix
indicated with m, the water phase w and the air-vapour
mixture g. The saturated zone contains two phases, the
water and the soil matrix. The overland flow zones and
the channel reach comprise only the water phase. The
various volumina V/, expressed on a per-unit-area basis
%, can be expressed as products of respective geometric
variables. In the case of the unsaturated and saturated
zones, V! is the product of the area fractions o', [—],
occupied by the i-subregion, the average vertical thick-
ness of the respective subregion, ), [L], and the a-phase

volume fraction, €. For the saturated and the concen-
trated overland flow regions, the volume V' of the only
phase present (water), is the product of the horizontal
area fraction ' and the average vertical thickness of the
flow sheet, ). Finally, in the case of the channel, V" is
the product of the length of the channel reach per unit
area, ¢',[L7'], and the average channel cross sectional
area, m',[L?]. The notations for these quantities are
summarised in Table 1.

To obtain specific balance equations for mass, mo-
mentum, energy and entropy, the corresponding mi-
croscopic quantities indicated in Table 2 need to be
substituted into Eq. (2.1). We note that, according to
which type of balance equation we wish to obtain, the
thermodynamic property, ¥, can be either equal to 1, or
can assume the symbol of the velocity, v, the sum of the
internal and kinetic energy, E + v*/2, or the entropy, .
The non-convective flux, i, can be set equal to the zero
vector, the stress tensor, t, the sum of the product t-v
plus the heat flux, q, or the entropy flux, j. The external
supply term of , f, can be set equal to zero, to the
gravity vector, g, the product g - v plus the energy sup-
ply, i, or the external entropy supply, 5. We observe that
the gravity can be alternatively expressed as the gradient
of the gravitational potential, ¢ — ¢, = g(z — z0), de-
fined with respect to a datum. This form of f will be
needed for the derivation of constitutive relationships.
Finally, the internal production of ¥, G, is non-zero only
for the balance of entropy and is set equal to L.

In addition, watershed-scale exchange for mass,
forces, heat and entropy are introduced, which account
for the transfer of these quantities among phases, sub-
regions and REWs. These have been accurately defined
on a case-by-case basis by Reggiani et al. [33]. Fur-
thermore, these exchange terms constitute unknown
quantities of the problem, for which constitutive rela-
tionships need to be sought. The following paragraphs
present the resulting expressions for the balance

Table 1

Summary of the properties in the conservation equations

Subregion Index i Index o Boundaries 47 Volume 7}
Unsaturated zone u w,m,g A%, A, A §vm She, gem eyt
Saturated zone S w,m A A3, A3 5™ ey
Saturated overland flow 0 None A%, A%, A", A° toP 10
Concentrated overland flow c None A%, A1, 4 top Rl

Channel reach r None AT AT, A0, 4T P mré

Table 2

Summary of the properties in the conservation equations

Balance equation W i v G
Mass 1 0 0 0
Linear Momentum v t gor —V(p—¢y) 0
Energy E+1 t-v+q g vthor —V(p—¢y) -v+h 0
Entropy n i b L
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equations for mass, momentum, energy and entropy for
the a-phase contained within the i-subregion. The bal-
ance equations are all expressed on a per-unit-area basis
through division by the surface area projection X of the
REW.

Conservation of mass. The conservation of mass for
the i-subregion a-phase is stated as:

=> el (2.2)

J#
where the exchange terms e” express the mass source
terms of i-subregion a-phase from the j-subregion. The
mass exchange terms are normalised with respect to X
and incorporate averaging in time. Their definition is:

dtpD’D(

t+At

el = IATS n’ - [p(w/ —v)]d4dr (2.3)
t— AtAii

Conservation of momentum. The appropriate micro-
scopic quantities for the thermodynamic property v, the
non-convective interaction i, the external supply of i, 1,
and the internal production, G, which need to be substi-
tuted into the generic balance Eq. (2.1), can be found in
Table 2. First we employ /' = V(¢ — ¢,). For reasons of
convenience we also introduce a specific areal vector A”:

Definition: We define A” as a time-averaged vector,
representing the fluid exchange surface and normalised
with respect to the REW’s surface area projection X:

t+At

J U
A= s / / dddr. (2.4)

t— AzAu
Scalar multiplication of A” with the unit vectors point-
ing, for example, along the axes of a Cartesian reference
system, yield respective projections of area 4”7 onto the
yz, xz and xy planes, respectively:
AU = AU €,

D’/

A=x,y,z. (2.5)

After introducing appropriate symbols for the momen-
tum exchange terms, and employing the definition
Eq. (2.4), we obtain for constant mass densities:

v
1 t+At
=> e;jv;—l—TZ—ﬂ//(db— $o)n? dAde|.
7 t—=At 41
A'X

(2.6)
The integral in the last term can be replaced by intro-
ducing the average gravitational potential of the a-phase
with respect to a datum, calculated over 47:

(¢ — ¢6)H/At/ dddr = H/A[/w — ¢)ddde (2.7)
1= At 4 1= At 4

with ¢{, a common reference potential for all phases of
the i-subregion. The operation yields the momentum
balance in the form:

d i ij ol ij i ij
dt (pdvaVa) = Z[ec{va +To{ - p:x((bg{ -
J#i

do)All (23)

The REW-scale momentum exchange terms T? are
given by the expression:

t+At

L= 2At2// [t —p(v—w)i]dd dr, (2.9)

t— AIAI/

where the microscopic stress effects, attributable to the
deviations v of the REW-scale velocity from its spatial
and temporal average, have been incorporated into the
momentum exchange terms. Alternatively we can em-
ploy the gravity vector as external supply of momentum,
f =g, instead of the gravitational potential. Conse-
quently we obtain an expression for the momentum
balance equivalent to Eq. (2.8):

d 1 l l i i 1
3 (P = pLg, +; [efv, + T]].

(2.10)

We emphasise that, while the use of Eq. (2.8) is neces-
sary for the development of the constitutive relationship,
Eq. (2.10) is employed as a governing equation, because
the explicit consideration of the gravity vector will prove
more useful, when projection of the equations along the
axes of a reference system is required, as will be shown
in Section 6.

Conservation of energy. The balance equation for
total energy includes the sum of kinetic, internal and
potential energies. The appropriate microscopic quan-
tities , i, / and G, which need to be substituted into
Eq. (2.1), are reported in Table 2. For constant density
systems we obtain:

2l o

J#

£ ST (@ — GAY] v+ S0+ gk

J#i J#i
(2.11)
The REW-scale heat exchange terms QY are defined as:
1 t+At
ij ij . _ v —wY
0/ =3 //n [a+t+ p(d — P -V — p(v — w”)
t—AtA;/

'+ ()7 /2)d4 dx.
We observe, that the surface integrals of the ve1001ty,
1nternal and kinetic energy fluctuations Vv, E and
(¢)*/2, can be envisaged as contributing to watershed-
scale heat exchanges. Therefore, these quantities have
been incorporated into the heat exchange term QY.

x [E, (2.12)
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Balance of entropy. Finally, we obtain the balance
equations of entropy. After substituting the necessary
microscopic values, by observing that the internal gen-
eration of entropy, G, is non-zero, and introducing
REW-scale exchange terms of entropy, we obtain:

d .. . N
3 V) =D leln, + ] + o Vi + oLV,
J#i
(2.13)

where F is given in analogy to previous definitions for
the exchange terms:

t+At

o o .
P = sas [ [0l o= whildade

t—AtA;/

(2.14)

where 77 are the fluctuations of the entropy from its
space-time average over the i-subregion a-phase.

2.2. The second law of thermodynamics

The second law of thermodynamics states that the
total production of entropy within a physical system has
to be always non-negative. In the present case, the sys-
tem under consideration is taken to be the entire wa-
tershed, which has been discretised into an ensemble of
M REWSs. The decision to take the entire watershed as
the physical system, instead of a single REW or subre-
gion, is dictated by the fact that the sign of the inter-
REW and inter-subregion entropy exchange terms are
not known. According to the second law of thermody-
namics, the total entropy production on a per-unit-area
basis, L, for the entire watershed composed of M REWs,
obeys the following inequality:

]|

The inequality (2.15) can be expressed in terms of the
balance equation of entropy Eq. (2.13) for the individ-
ual phases and subregions by applying the chain rule of
differentiation to the left-hand side term and making use
of the conservation equation of mass Eq. (2.2):

> 0. (2.15)

3 seed) Rl
_ilzzpdbz th >0

k

(2.16)

2.3. Conditions of continuity (jump conditions)

In addition to the above balance laws, there are re-
strictions imposed on the properties’ exchange terms at
the boundaries, where different phases, subregions or
REWSs come together. These restrictions simply express

the fact that the net transfer of a property between
phases across an inter-phase boundary (e.g. water-gas
interface) needs to be zero. A similar restriction applies
to the net transfer of properties between subregions (e.g.
across the water table, the channel bed or the saturated
land surface). This is equivalent to the assumption that
the boundary surfaces are neither able to store mass,
energy or entropy, nor to sustain stress. The total net
exchange of a property across a boundary is zero. These
restrictions are commonly known as jump conditions and
are, as such, derived in the standard literature of con-
tinuum mechanics (see e.g. Ref. [16]). The specific jump
conditions which supplement the balance equations for
mass, momentum, energy and entropy are stated spe-
cifically in the next paragraphs.

Continuity of mass exchange. The jump condition for
mass expresses the fact that the net transfer of material
from the i and the j subregions towards the interface 4Y
must equal zero:

e/ +e =0. (2.17)

Continuity of momentum exchange. The sum of forces
exchanged across the interface need to satisfy conditions
of continuity. These include apparent forces attributable

to the mass exchange and the total stress force attrib-
utable to viscous and pressure forces:

(v, =) + T+ T = [ — 90)
= pL(¢ — dp)]A] =0,
where we have exploited the fact that AY = —A/. We

also note that in the case of interfaces within the same
fluid, the densities are equal and, therefore:
[0 = do] = [¢) — o] =0
yielding the jump conditions in the form derived in
Reggiani et al. [33]. For reasons of convenience in the
manipulations of the entropy inequality in Section 4, the
gravitational potentials are retained in the jump condi-
tions.

Continuity of energy exchange. The continuity of ex-
change of energy across the 4Y interface requires that
the transfer of internal and kinetic energies due to mass

exchange, and the work of the REW-scale viscous and
pressure forces, obeys the following expression:

(2.18)

(2.19)

R R ol | R AR
[ (@] - $o)vi] - AL+ 0+ 07 =0.
(2.20)

Continuity of entropy exchange. The continuity of
exchange of entropy across the interface requires satis-
faction of the condition:

e/, —m) + F/ + ' >0, (221)
where the inequality sign accommodates the possibility
of entropy production of the interface.

Do)V, — pL(P) —
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3. The global reference system

The conservation equation of momentum for the
various subregions constitute vectorial equations, de-
fined in terms of components with respect to an ap-
propriate reference system. In order to be able to employ
the equation for the evaluation of the velocity, we have
to introduce a global reference system and effective di-
rections of flow, along which the vectorial equations can
be projected.

Saturated zone: In Ref. [33] we have assumed that the
regional groundwater flow can be exchanged between
neighbouring REWs. A global reference system O needs
to be introduced for the entire watershed, with respect to
which the whole ensemble of REWs can be positioned.
The origin of the reference system can be placed for
example at the watershed outlet. We observe that other
locations for the origin O can also be chosen, as long as
the reference elevation is positioned properly for the
ensemble of REWSs. The global reference system O has
two mutually perpendicular coordinates x and y lying in
the horizontal plane and a coordinate z directed verti-
cally upwards. We introduce three unit vectors, e,, e,, e.,
pointing along the three directions, respectively. The
forces acting on the water within the saturated zone will
be projected along the three directions by taking the
scalar product between the conservation equation of
momentum and the respective unit vector. The gravity
vector has its only non-zero component along the ver-
tical direction in the reference system O:

g = —ge.. (3.1)

Fig. 3 shows the global reference system O positioned at
the outlet of a watershed which has been discretised into
13 REWs.

Unsaturated zone: The flow in the unsaturated zone
can be considered as directed mainly along the vertical
direction from the soil surface downwards into the sat-
urated zone or rising vertically upwards from the water
table due to capillary forces. The possibility of hori-
zontal motion within the unsaturated zone is also con-
sidered. We can project the balance equation for
momentum in the unsaturated zone along the axes of the
global reference system by taking the scalar product
with e, e, and e..

Saturated and concentrated overland: The flow in the
overland flow zones is occurring on a complex, curvili-
near surface, for which only the direction of the effective
normal to the surface with respect to the vertical or the
horizontal plane can be determined uniquely. There are
infinite possible directions for the choice of effective
tangents to the flow surface. Fortunately, we know that,
in the absence of micro-topographic effects on the land
surface, the flow on the land surface crosses the contour
lines perpendicularly, along the direction of steepest
descent. As a consequence the flow can be assumed to be

z

Fig. 3. A real world watershed subdivided into 13 REWs and the
global reference system (Sabino Canyon, Santa Catalina Mountains,
SE-Arizona, Reproduced from K. Beven and M.J. Kirkby, Channel
Network Hydrology, Wiley.

effectively one-dimensional and to occur on a plane with
an average inclination as depicted in Fig. 4. Effects of
any departures from this assumption can be incorpo-
rated into the constitutive parameterisation, but is left
for future research.

The average angle of inclination y of the line of
steepest descent with respect to the vertical direction or
the horizontal plane can be determined from topo-
graphic data (e.g. digital elevation maps). In order to
account for two separate effective slopes for the con-
centrated and the saturated overland flow zones we in-
troduce the following two formulas:

7° = cos 1 (Z°/S°) (3.2)
and
7¢ = cos' (X°/S°). (3.3)

The quantities S° and S° are the surface areas covered by
the saturated and the concentrated overland flow sub-
regions, while £° and X are their respective projections
onto the horizontal plane. Even though the direction of
flow with respect to the global reference system cannot
be determined for overland flow, we introduce fictitious
unit vectors which are tangent and normal to the in-
clined flow plane and labelled with n? and n? in the case
of the saturated overland flow, as can be seen from
Fig. 4. For the concentrated overland flow the unit
vectors n and n{ are introduced.
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Fig. 4. Effective directions of flow and slope angles for the overland regions and the channel reach.

Channel reach: Channel flow occurs along a tortuous
path from the highest point at the REW inlet to the
lowest point at the outlet. Effects of the curvatures or
meandering of stream channels can sometimes have a
significant impact on the momentum exchanges and
energy dissipation, and would need to be factored in the
constitutive relations. For the present, however, we will
assume that the channel flow is directed along a straight
line, whose angle with respect to the horizontal surface
can be determined from topographic data by using the
following formula:

Y= sinfl(AH/Cr), (3.4)

where AH is the elevation drop of the channel bed be-
tween inlet and outlet and C" is the length of the curve
forming the channel axis. Also in this case we introduce
unit vectors tangent and normal to the effective direction
of flow, labelled with n} and n;, respectively, as shown in
Fig. 4.

4. Constitutive theory

The system of equations in Section 2, derived for the
description of thermodynamic processes in a REW,
comprises in total 24 balance equations for the water,
solid and gaseous phases in the unsaturated zone, the
water and the solid phases in the saturated zone and
the water phase in the two overland flow zones and in

the channel. The total number of available equations is
given by 8 mass balance equations, 8 (vectorial) mo-
mentum balance equations and 8 energy balance equa-
tions, respectively. In order to keep the theory
development manageable, we adopt a number of sim-
plifying assumptions which seem reasonable when
studying runoff processes:

Assumption I. We consider the soil matrix as a rigid
medium. The respective velocities can, therefore, be set
equal to zero:

) (4.1)

In addition, the effects of dynamics of the gas phase
on the system are assumed to be negligible:

V=0 (4.2)

v

Assumption II. The system is unithermal, i.e., the
temperatures of all phases and subregions of the M
REWs forming the watershed are equal to a common
reference temperature denoted by 0. This assumption is
valid in the absence of (geo) thermal activities and
limited temperature excursions of the land surface. The
assumption is justified whenever the focus of hydrology
is restricted to runoff processes, which is the case in this
study. It is clearly not justified, if the focus is on
evapotranspiration processes where thermal effects and
water vapour transport are critical. The unithermal
assumption subsequently allows us to eliminate those
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terms in the entropy inequality which account for the
production of entropy due to heat exchanges among
subregions and REWs.

Assumption III. We assume that we are dealing with a
simple thermodynamic system. For such systems it is
generally assumed that the external energy supply terms,
b, are related only to external energy sources, A:

.y

0
We realise that the assumption of zero velocity of the
gaseous phase is very restrictive and cannot be sustained
when studying evaporation. For the purposes pursued
within the framework of this paper, where the main
focus is oriented towards the study of the water phase
motion, Assumption I allows significant notational
simplifications and simplifies the derivation consider-
ably. Inclusion of the motion of the gaseous phase will
be pursued in the future.

Assumption II can and should be relaxed if one is
interested in thermal processes and modelling of land-
atmosphere interactions involving energy transfer.
Assumption III is generally accepted in continuum me-
chanics and is reported in the standard literature (see
e.g. Ref. [16]).

We recall that there are still unknown quantities,
represented by the exchange terms for mass, e, and
momentum, T, as well as the entropies #. The external
supply term % in the balance equations for energy and
the gravity g are known functions.

Assumptions I and II allow us to eliminate the bal-
ance equations for thermal energy and the balance
equations for mass and momentum for the gaseous and
the solid phases. The system is thus reduced to 5 mass
and 5 (vectorial) momentum balance equations (one for
each subregion). It is evident, that the unknown vari-
ables and exchange terms involved in the equations ex-
ceed by far the number of available equations, leading to
an indeterminate system. The deficit will have to be
provided for by constitutive relationships. For this pur-
pose, a set of independent variables needs to be selected.
The remaining unknowns are successively expressed as
functions of the independent variables and are, there-
fore, labelled as dependent variables.

For the system under study we expect, for example,
the velocities of the fluid phases v, the saturation func-

(4.3)

tion s* for the unsaturated zone, the volumina y"'®",
Vb, Yot y°w® and m"E" of the various subregions to be
important descriptors of the system. We have chosen the
products of two quantities as independent variables
because they always appear together in the equations.
Finally, the mass densities of water also have to be in-
cluded in the list of independent variables. The resulting
complete list of these unknowns for all subregions is
summarised in Table 3. We are thus confronted with a
system of 10 equations in 16 unknowns. To overcome
the deficit of equations we will have to introduce con-
stitutive relationships. The development of the consti-
tutive equations will be pursued in a systematic fashion,
in order to reduce arbitrariness in the possible choices
for the parameterisations. For this purpose we will make
use of the method of Coleman and Noll [5], based on the
exploitation of the entropy inequality. This analysis will
be presented in the following sections.

4.1. Constitutive assumptions for the internal energies

The Coleman and Noll method involves postulation
of the functional dependencies of the phase internal en-
ergies. We adopt the fundamental approach pioneered by
Callen [4] as a guideline for this development. According
to Callen, the extensive internal energies & for the five
subregions and respective phases are dependent on their
extensive entropy &, volume 7~ and total mass .#:

&=68F M) (4.4)

The Euler forms of the internal energies (see Ref. [4]) are
obtained by taking a first order Taylor series expansion
of Eq. (4.4):

E=0% —p?V + u, (4.5)
where 0 is the temperature, p is the pressure of the phase
and u is the chemical potential. The extensive internal
energy needs to be converted into a corresponding spe-
cific internal energy, such as energy per unit mass or
volume. We select energy per unit volume as the variable
of choice. The expression (4.5) is subsequently divided
by the volume:

E=0h—p+ pp, (4.6)
where E and 7 are the internal energy and the entropy

per unit volume. With particular reference to the i-
subregion a-phase, we specifically obtain:

Table 3

List of independent variables

Variable Nomenclature Number of unknowns
Water saturation s* 1

Volumina Wor, Yot o, yw®, mE L,1,1, 1,1

Water phase densities oY, p%, p°, p°, p* 1,1,1, 1,1

Water phase velocity (vectorial) VUVE Ve VOV 1,1, 1,1,1

Total

16
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E, = 0if, — pl, + .}, (4.7)
Subsequently, we differentiate the internal energy
Eq. (4.7) with respect to time and rearrange:

di, 1dE, 7,d0 1dp, 4 dp, pldi
a0 dr 0dt+9dt a0 a WY

The Gibbs—-Duhem equality, derived from the first law
of thermodynamics [4], provides the information that:

,d0 — dp, + pdp, = 0 (4.9)

so that Eq. (4.8), after multiplication by the volume V7,
assumes the form:

(il VidE, Vi dpl
T PR R Pt (4.10)

Substitution of Eq. (4.10) into equation Eq. (2.16),
where the entropy has been previously converted on a
per-unit-volume basis, yields:

3l
S »H

ia A

4
* de

+1

k

S HyTE

> 0.
k
(4.11)

We employ the conservation equation of energy
Eq. (2.11), together with the balance equation of mass
Eq. (2.2) and the jump conditions for mass, momentum
energy and entropy Egs. (2.17)—«(2.21) to eliminate the
rate of change of internal energy and the exchange term
for entropy. This process is significantly simplified by
making the following assumption.

k

Assumption IV. The phases are incompressible:
pl, = constant.

We keep also in mind, that from Eq. (4.7) the pressure
can be expressed in terms of the temperature and the
chemical potential:

—P(0. 1) = E, — 00, — pli,. (4.12)
The outlined manipulations yield, with the use of As-
sumptions -1V, the final expression:

Sy o
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o k

k=1 i

>0, (4.13)

where ¢, has been selected as the common reference
potential for all phases, subregions and REWs consti-
tuting the watershed, and ¢, — ¢, is the gravitational

potential for the i-subregion a-phase, calculated with
respect to its centre of mass:

(¢ - ¢op1/ av = / (6 — go)dV (4.14)

We observe that, while the microscopic function ¢ — ¢,
is independent of time, ¢, — ¢, is a function of time.

4.2. The entropy inequality at equilibrium

According to the second law of thermodynamics, the
entropy production of the entire system is always non-
negative and will be zero only at thermodynamic equi-
librium. To extract more information from the entropy
inequality Eq. (4.13), the system will be analysed by
imposing equilibrium. For the system of phases, subre-
gions and REWSs considered here, a situation of ther-
modynamic equilibrium can be defined as the
configuration where there is absence of motion and the
mass exchange terms between phases, subregions and
REWSs are zero. This can be expressed in quantitative
terms by stating that the following set of variables in
Eq. (4.13) are zero for the kth REW:

(zu)i = v, Viie U]k:O' (4.15)

9(’ o) o

In addition, at equilibrium, all the temperatures of the
different subregions and the surrounding environment
(i.e. atmosphere, underlying strata) are at an equilibrium
temperature 0, and none of the subregions is subject to
expansion or contraction in terms of respective volu-
mina occupied by the subregions and phases. Further-
more, the velocities of the water and the gaseous phases
are zero. The above defined set (z,), identifies a variable
space, wherein the entropy production L of the entire
watershed is defined. The situation of thermodynamic
equilibrium is equivalent to L being at its absolute
minimum. At the origin of the variable space, where all
(zu), are zero, we have that L = 0. The necessary and
sufficient conditions to assure that L is at an absolute
minimum are that:

oL }
—| =0 (4.16)
|:a(Z)»)k e

and that the functional is concave around the origin,
which requires the second derivative

|l

to be positive semi-definite. To further exploit the en-
tropy inequality, an equilibrium situation needs to be
defined for every subregion. These definitions are
strongly dependent on the hydrologic situations under
consideration and are presented in Section 5. Subse-
quently, the inequality (4.13) will be differentiated with
respect to the set of variables Eq. (4.15) and condition

(4.17)
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(4.16) needs to imposed. The result of this operation
yields a series of equilibrium conditions. From the first
line of Eq. (4.13) we obtain that

Mo+ ¢, =1+ (4.18)
while the differentiation of the second line with respect
to v yields:

=T}|, + pL(¢] — ¢y)A] = 0. (4.19)
From the last term of Eq. (4.13) we obtain the equilib-
rium condition

P+ (4, — ¢) = 0. (4.20)
Combination of Eqgs. (4.19) and (4.20) finally leads to

the equilibrium expression for the momentum exchange
term:

T}l = [-p, + P, (¢ — &,)]A. (4.21)
Eq. (4.21) needs to be projected along the axes of the
reference system O introduced in Section 3, to evaluate
the pressure forces acting on the various phases. The
expression can be used for two different purposes: first,
if the pressure is known, Eq. (4.21) can be employed for
the evaluation of TY|,, second, if TY|, is known,
Eq. (4.21) will prove useful for the evaluation of p’.

4.3. Non-equilibrium parameterisation of the momentum
exchange terms

Under non-equilibrium conditions, viscous forces
appear next to the pressure forces due to the motion of
the fluid and the resulting frictional resistance. Conse-
quently, we propose to add a non-equilibrium compo-
nent to the sum of all equilibrium forces acting on the
phases, which becomes zero at equilibrium:
> T=3 T, +7,

J# J#i

(4.22)

where T7|, are given by Eq. (4.21) and 7, is the non-
equilibrium component of the forces. The non-equilib-
rium part can be expanded as a first or second order
function of the velocity, depending on which type of
flow we are describing. This procedure is based on a
Taylor series expansion. First-order approximations are
suitable for conditions of slow flow, where second order
terms can be considered unimportant. This is especially
the case for the flow in the unsaturated and saturated
zones. The linearised non-equilibrium term assumes the
following form:
T =-R, -V, (4.23)
where R’ is a tensor, which is a function of the remaining
independent variables and parameters of the system. For
the flow occurring on the land surface and in the
channel, experimental observations suggest that the
friction forces depend on the square of the velocity. This
fact is evident from formulations such as Chezy’s and

Manning’s law, which serve as parameterisations for the
bottom friction at the local scale in situations of over-
land and channel flow. As a result, a second-order ap-
proximation in terms of the velocity is sought in the
following fashion:

T =-R, -V, — V|- U -V, (4.24)
where, once again, R}, and U’ are tensors which depend
on some of the remaining variables and parameters. We
observe the necessity to take the absolute value of the
second order velocity to preserve the sign of the flow
resistance force, which is always directed opposite to the
flow.

5. Closure of the equations

The balance equations for mass, momentum, energy
and entropy for all five subregions of the watershed have
been rigorously derived by Reggiani et al. [33]. Thanks
to Assumption I we can generally omit the subscripts a,
which indicate different phases, as we are dealing with
water in all subregions as the only mobile phase. The
balance equations and relative exchange terms for mass
and momentum, reported throughout the subsequent
sections, refer, therefore, to the water phase only. Sub-
sequently, we need to find expressions for the momen-
tum exchange terms in the balance of forces. Second,
parameterisations for the mass exchange terms need to
be proposed. These two issues are handled separately in
the following sections.

5.1. Closure of the momentum balance equations

Unsaturated zone: The specific balance equation of
momentum for the unsaturated zone water phase, stated
in the form Eq. (2.10), is:

uuudu u_u_u_.u
(pey's'e’) v* — por'sglo

=T, + T, + T, + T}, [, + Tyl —R"-v* - (5.1)

wm

where " is the average thickness of the unsaturated
zone, ¢ is the porosity of the soil matrix, s* is the water
phase saturation and w" is the area fraction covered by
the unsaturated zone. The right-hand side terms are the
equilibrium components of the following forces: T* is
the force exerted on the prismatic mantle surface, T is
the force acting on the unsaturated zone water phase
across the land surface, while T;, and Ty, are the forces
exchanged between water and gas and water and soil
matrix, respectively. All quantities have been accurately
defined by Reggiani et al. [33]. Furthermore, we have
expanded the non-equilibrium components of these
forces as a function, which is linear in the velocity, as
suggested in Section 4.3.
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To obtain expressions for the equilibrium forces, an
appropriate condition of equilibrium for the unsaturat-
ed zone needs to be defined. We describe equilibrium as
the situation where the forces acting on the water phase
within the soil pores (gravity, capillary forces) and the
forces acting between REWSs across the lateral mantle
surface are balanced. In this case the average water
phase velocity is zero and the mass exchanges across the
water table, the mantle and the land surface are all zero.
The same is valid for the phase changes between water
and vapour within the soil pores. By applying the
equilibrium condition (4.21), the specific expressions for
the force terms at equilibrium are obtained. First, we
note the equilibrium force acting on the water phase
through interaction with the soil matrix and the gaseous
phase is equally zero for symmetry reasons:

Tyl = Tonl. = 0. (5.2)

wm

Next, the force acting on the prismatic mantle surface is
given by the expression:

T, = [=p" + p(¢"4 — ¢")]A™. (5.3)
We recall from Reggiani et al. [33] that the mantle sur-
face is composed of a series of segments which form the
boundary between the REW under consideration and
neighbouring REWs or the external boundary of the
watershed. Therefore, the total force T*|, needs to be
separated into the various components acting on the
respective mantle segments:

TuA'e = ZT}V‘h} + T:)/jt e’ (54)

7

The force T"|,, acting on the land surface, can be de-
rived from Eq. (4.21) in complete analogy to Eq. (5.3).
The total force T*|,, acting on the water phase along the
phreatic surface is effectively zero, as the pressure is

atmospheric in these locations. Thus we impose the
condition:

[_pu + p(d)us _ ¢u)]AUS — 0 (55)
from which we obtain an expression, which can be em-

ployed for the evaluation of the equilibrium pressure in
Eq. (5.3) and its counterpart for T"|,:
p'=p(¢" — o). (5.6)
After substituting the equilibrium forces into Eq. (5.1),
the equation needs to be projected along the axes of the
reference system O introduced in Section 3 to evaluate
the actual components of the equilibrium forces. This
task will be pursued in Section 6.

Saturated zone: The balance equation of momentum
for the saturated zone is:

S S d S S..S S

(pey’e’) 1.V° = peg’y’e
=T, + T *, + T|, + T|, + T¥|, + T}, |, — R - ¥,
(5.7)

where )® is the average thickness of the saturated zone
and * is the area fraction covered by the aquifer. The
right-hand side terms are the respective equilibrium
components of the REW-scale force exerted on the
prismatic mantle surface, T, the force acting on the
bottom of the aquifer, T**®, on the water table, T*", on
the seepage face, T°°, on the channel bed, T*, and on
the soil matrix within the porous medium, T; . Also
in this case the non-equilibrium component of the
forces has been expressed as a linear function of the
velocity.

The condition for mechanical equilibrium within the
saturated zone is defined as the situation, where all
forces acting on the water phase are balanced, and the
mass exchanges across the water table and the prismatic
mantle surface are zero. The mass exchanged across the
bed surface of the channel is also zero because the dif-
ference in hydraulic potentials between the channel and
the saturated zone is zero at equilibrium. With these
considerations in mind, we first find that the equilibrium
force exerted by the water on the soil matrix is zero for
symmetry reasons:

Tl =0. (5.8)

In analogy to previous cases, we obtain the equilibrium
force acting on the mantle through application of
Eq. (4.21):

T, = [=p" + p(¢™ — ¢")]A™. (5.9)
This force needs, once again, to be separated into the
components acting on the segments of the various seg-
ments of the mantle, which separate the aquifer form the
aquifers of neighbouring watersheds or are part of the
external watershed boundary. Similar expressions for
the forces T*°|, and T*|,, acting on the seepage face and
the channel bed, respectively, can be obtained from
Eq. (4.21). Finally, from the momentum balance
Eq. (5.7) we obtain that the total equilibrium force
T® ™|, acting on the bottom of the aquifer, must bal-
ance the weight of the water contained within the satu-
rated zone:

T bot‘e _ *pgSySECUS _ [*PS + p(¢s bot ¢S)]As bot'
(5.10)

This equation can be employed to evaluate the average
water pressure p°, once it has been projected along the
vertical direction through scalar multiplication with the
unit vector e..

Concentrated overland flow: The balance equation of
momentum for the concentrated overland flow zone (in
the form Eq. (2.10)) is:

( C C) d C C~C C
@ )—V — ()
Py ) 3V = e
=T P 4+ T, + T, — R°-v¢ — [v¢] - U v¥,

(5.11)
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where )© is the average thickness of the flow sheet and w°
is the area fraction covered by the concentrated over-
land flow. The terms on the right-hand side are the
equilibrium components of the forces exchanged with
the atmosphere, TP, with the unsaturated zone, T
and with the saturated overland flow, T, respectively.
The non-equilibrium component has been expanded as a
second order function of the velocity. For the concen-
trated overland flow, we define equilibrium as the situ-
ation where there is no flow. Due to the fact that the
water is flowing along a slope, no-flow conditions can
only be achieved under complete absence of water al-
together (dry land surface). In this case v¢, y* and the
average pressure p° are zero. Consequently Eq. (4.21)
yields:

T|, =T, = 0. (5.12)
After we neglect the first-order term in Eq. (5.11) and
substitute Eq. (5.12), we obtain:
d .

(py o) v = g = =V - U°-¥¢

Saturated overland flow: In complete analogy to the
previous case, we define equilibrium as the situation of
no flow, which eventuates in the absence of water on the
saturated areas. This definition yields zero momentum
exchange terms at equilibrium and the conservation of
momentum reduces to:

(5.13)

(py"w")%V" — g’ = —[v°] - U% v
We observe, that in different hydrologic situations, a
different definition of equilibrium could have been
adopted. In the case of wetlands, where the saturated
overland flow zone consists of stagnant water with near-
horizontal free surface covering the soil, equilibrium is
equivalent to zero flow velocity v° and non-zero water
depth y°. In this case non-zero equilibrium forces and
pressure p° would have been obtained.

Channel reach: The specific conservation equation for
momentum for a single reach can be stated in the form
(for reference see Eq. (2.10)):

(5.14)

I gr d T r I gr
(ﬂméf)av — pm'g'¢
:TrA|e+Tr t0p|e+TrS|e+Tr0|e_vr.Ur_Vr

where m" is the average cross sectional area of the reach
and ¢ is the length of the channel axis on a per-unit-area
basis. The forces on the right-hand side are exchanged
on the channel end sections, T™, on the channel free
surface with the atmosphere, T" P, with the channel
bed, T, and with the saturated overland flow on the
channel edges, T™. Also here the first order term of the
frictional force has been omitted.

Equilibrium in a channel can be defined by assuming
a near-horizontal free surface within the reach. Under
these circumstances the flow velocity v" is zero. A dif-

(5.15)

ferent equilibrium condition, such as a dry channel,
could be imposed, if the situation would suggest it (e.g.
case of a steep channel). From the equilibrium expres-
sion for the momentum exchange terms Eq. (4.21) we
get the expression:

T, = [=p" + p(¢™ — ¢")]A™ (5.16)

for the total force acting on the end sections of the
channel reach. We remind the reader (for reference see
Reggiani et al. [33]) that the surface 4™ represented by
the vector A™ constitutes a single cross section at the
outlet, if the REW under consideration is relative to a
first order stream or includes two inlet sections (for each
of the two reaches converging at the inlet from up-
stream) and an outlet section in the case of higher order
streams:

TTA |e = ZT;A |e + Tgﬁtle
/

T |, is non-zero only for the reach, whose end section
coincides with the watershed outlet. In analogy to
Eq. (5.16) we obtain an expression for T®|, from
Eq. (4.21). Finally, we recall that the atmospheric
pressure force acting on the channel surface at equilib-
rium, T" ‘P, is zero, yielding an equation which is
useful for the evaluation of the average pressure p*
within the reach:

P= o = ).

(5.17)

(5.18)

5.2. Linearisation of the mass exchange terms

The mass exchange terms are unknown quantities of
the problem. From the entropy inequality (4.13), a li-
nearisation of the mass exchange terms as functions of
differences in chemical potentials, gravitational poten-
tials and average velocities within the adjacent subre-
gions is suggested:

e = V[, =ty + ¥, — @] = B S (V +V) - A]

(5.21)

where the areal vector A” represents the fluid fraction of
the interface and is defined through Eq. (2.4). The li-
nearisation coefficients /Y and 4" in Eq. (5.21) are
functions of the remaining independent variables and
system parameters and are both positive. We point out,
that the chemical potential can be expressed in terms of
the internal energy, temperature and entropy (for ref-
erence see Eq. (4.7)):

N =

= Ei — O, + 22 (5.20)
P

For situations of unithermal, slow flow, where the dif-

ferences in internal energy and entropy are negligible,

the mass exchange term can be linearised in terms of

difference in hydraulic potentials:
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&) =P, =P+ P, = p ] =B S(V+V) - A]
(5.21)

Experimental effort is required in order to establish the
various functional dependencies of the coefficients. Here
we discuss the proposed parameterisations for all mass
exchange terms on a case-by-case basis.

Unsaturated zone — concentrated overland flow (e“):
The mass exchange term expressing the infiltration of
water across the soil surface into the unsaturated zone is
linearised in terms of the difference in hydraulic poten-
tials between the concentrated overland flow (covering
the unsaturated portion of the REW land surface) and
the unsaturated zone. The average water pressure p° in
the concentrated overland flow subregion is comparable
with atmospheric pressure, whereas the average water
pressure p" in the pores of the unsaturated zone is lower
than the atmospheric pressure:

euc — _eCU — C%UCD]C _pu + p(¢c _ d)u)] (5.22)
The term e" acts as source for the unsaturated zone and
as sink term for the concentrated overland flow. Con-
sequently the constant .o/ needs to be always positive.

Unsaturated zone — saturated zone (e*): The mass flux
across the water table is linearised here in terms of the
velocities v* and v® of the unsaturated and the saturated
ZOnes:

eLlS — _eSU

= —Q“S%(v” +v) A" (5.23)
where A™ is the area vector representing the water table
as defined by Eq. (2.4) (the subscript w indicating the
water fraction of the interface has been omitted). In this
fashion, the mass exchange term can change sign ac-
cording to the direction of the average velocity (upwards
and downwards) and can switch between recharge of the
saturated zone and capillary rise from the water table
towards the unsaturated zone. The linearisation pa-
rameter £ is thus required to be positive.

Unsaturated zone: water—vapour phase change (ey,):
Within the unsaturated zone water can change phase,
turn into vapour, and leave the system through the soil
surface after exhaustion of the concentrated overland
flow, leading to soil water evaporation. The transition
from water to water vapour is dependent on the differ-
ence in chemical potentials between the two phases,
while their difference in gravitational potentials is zero
within the same subregion:

e\L;/g = _egw = ‘52{3g(:ulg1 - :u\L;lv) (524)

The chemical potentials of the two phases are functions
the respective pressures of the water and the gas phases,
the vapour mass fraction in the gas phase and the
temperature. The analysis of this term is beyond the
scope of this work and will be pursued in the future. For
more in-depth knowledge about this subject the reader is

referred to specific literature in the field of soil physics,
e.g. Nielsen et al. [31] or Hillel [25].

Unsaturated and saturated zones, mass exchange
across the mantle (e™, es*): With respect to the lineari-
sation of the mass exchange across the mantle surface A
surrounding the REW laterally, a series of preliminary
considerations are necessary. We recall that the REW is
surrounded by a number N; of neighbouring REWs.
The REW under consideration exchanges mass with the
surrounding REWs across respective segments A; of the
mantle surface and across the external boundary of the
watershed. The mantle surface 4 can, therefore, be
written as a sum of segments:

A= ZA; + Aoyt (5.25)
1

where A, forms the boundary with the /th neighbouring
REW and 4. coincides with the external watershed
boundary. For example, REW 1 in Fig. 3 has a num-
ber of N, =3 neighbouring REWs and one mantle
segment in common with the external watershed
boundary. The index / assumes the values 2, 3, and 4.
As explained by Reggiani et al. [33], the latter term is
non-zero only for REWs which have one or more
mantle segments in common with the watershed
boundary. A typical contact zone between two neigh-
bouring REWs through the mantle is depicted sche-
matically shown in Fig. 5. As a result, the total mass
flux e, i = u,s, can be written as the sum of the re-
spective flux components relative to the various mantle
segments:

id __ iA id P
e’ = E e tey I=uUs
[

We propose a constitutive parameterisation for ¢, by
assuming a dependence of the exchange term on the the
area 4, of the prismatic mantle segment and the veloc-
ities in the REW under consideration and in the /th
neighbouring REW, v and v'|,, respectively:

(5.26)

= AL ) A
where the vector A; is defined through Eq. (2.4) and
expresses the fluid fraction of the /th mantle segment. In
a similar fashion, the mass exchange terms for the sub-
surface zones of the kth REW across the external wa-
tershed boundary 4. can be expressed as:

(5.27)

) 1. .
ezA _ _%lz‘l _(VI +v1|ex[) 'Aext

ext — 'ext2

(5.28)

where v/|,, is depending on boundary conditions.
Saturated zone — channel (¢*"): The saturated zone can
be recharged from the channel through seepage across
the bed surface or can drain water towards the channel.
Recharge/drainage should be possible even when the
average velocity within the saturated zone is zero.
Therefore, we propose a linearisation, which is depen-
dent only on the difference in hydraulic potentials
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REW k

neighbouring REW [

actual pressure distribution

average water table

X datum

mantle

average pressure distribution

Fig. 5. Detailed view of the contact zone between two adjacent REWs.

between the channel and the saturated zone, and is
independent of the velocity:

e = S = %rs[pr _ps + p(¢r o ¢S)] (529)

Saturated zone — saturated overland flow (seepage)
(e*°): As in the case of exchange with the channel, the
seepage from the saturated zone also can eventuate in
the absence of an average motion within the aquifer.
Hence, the seepage outflow is parameterised in analogy
to Eq. (5.29) in terms of the hydraulic potentials differ-
ence between the two subregions:

&0 = e = S — P+ p(¢" — ¢) (5:30)

Concentrated overland flow — saturated overland flow
(e®®): The mass exchange between the regions of con-
centrated and saturated overland flow is occurring along
the perimeter, circumscribing the saturated areas exter-
nally. This perimeter is defined by the line of intersection
of the water table with the land surface. The cross sec-
tional areas, across which the flow from uphill connects
with the saturated overland flow, are denoted with A4°°,
and are represented by an appropriate vector A®. The
mass exchange term between the two subregions is
proposed as a linear function of the mean velocity
(Vo +v°)/2:
€0 = —e* = —,@CO%(VC +v°) - A% (5.31)
where % is a positive coefficient.

Saturated overland flow — channel (¢™): The lateral
inflow from the areas of saturated overland flow into the
channel occurs along the channel edge. the flow cross

section in these zones is denoted with 4°" and is repre-
sented by a respective areal vector A® defined by
Eq. (2.4). The mass exchange can be assumed as linear
in average velocity v° (the velocity in the channel is
directed parallel to the edge and does not contribute
to e¥):

e = —e = —ZV° - A”" (5.32)
where #° is a positive coefficient.

Channel inflow and outflow (e*'): The channel network
constitutes a bifurcating tree. The total mass exchange
e of the channel reach across the mantle of the kth
REW can be separated into the two counterparts at-
tributable to the REWSs converging at the inlet section
and the mass exchange with the REW further down-
stream. In the case of REWs associated with first order
streams, the reach has only one outflow. This can be
seen best in Fig. 3. For example, the channel reach of
REW 7 communicates with the reaches of REW 5 and 6
at the inlet section and with REW 9 at the outlet
(N, = 3). REW 1 has only one outflow towards REW 4
(N; = 1). As a result, we write the total mass exchange in
a general fashion as the sum of the following constituent
parts:

e = Ze?” + e (5.33)
7

where the second term on the right-hand side is non-
zero only for the REW located at the outlet (e.g. REW
13 in Fig. 3). The sum extends over a single neigh-
bouring REW in the case of first order streams and
over three REWs in the case of higher order streams.
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The proposed linearisation of the mass exchange terms
is expressed through the cross sectional area vector A?A
and the mean velocity (v + v'|,)/2 between the reach of
the kth REW and the reach of the /th neighbouring
REW:

1
_ _@rA

5 (v
The coefficients 4" are positive. A similar equation may
be given for e :

ViV A (5.34)

. 1 r r r
xt__gA (V +v|ext) AA

ext 2 ext

(5.35)

6

where v'|, is assumed to be known. For example, in the
case of a river flowing into a lake v'|.,, may be set equal
to zero.

Rainfall or evaporation (e° P, ¢° P, ¢" '°P): The mass
exchange between the concentrated and the saturated
overland flow and the atmosphere can be expressed as
linear functions of the respective area fraction of the
subregion and the rate J of mass input (rainfall inten-
sity) or extraction (evaporation rate):

&' =wJi=co

(5.36)

The mass exchange with the atmosphere on the channel
free surface can be expressed as a linear function of the
mass input or extraction J and the area of the channel
free surface A P = w'é", where w' is the average
channel top width, to be defined in Section 7:

e P =W, (5.37)

6. Parameterised balance equation

In the previous section we have proposed possible
parameterisations of the mass and momentum exchange
terms. Here we project the momentum balance equa-
tions along the reference system introduced in Section 3,
and substitute the respective exchange terms for mass
and momentum into the respective conservation equa-
tions. The mass balance equations have been derived by
Reggiani et al. [33] and are written in the general form
Eq. (2.2). For reason of simplicity of the final set of
equations, we state a series of assumptions regarding the
geometry of the REW:

Assumption V. The water table within the REW is near-
horizontal and the slope of the land surface is small. As
a result we obtain that the horizontal components of the
vectors A defined through Eq. (2.4) for the unsaturated
land surface, A", the seepage face, A*°, and the water
table, A", are negligible. The same is valid for the cannel

bed surface, A*":
A¥ . e, =A".¢,=A".¢,=A"-¢;,=0; A=uxy

(6.1)

Assumption VI. The bottom boundary of the aquifer is
impermeable. As a result the vertical flow across the
saturated zone is zero:

vv.e, =0 (6.2)

Assumption VII. The tangential component of the vector
relative to the channel bed area, A™, is negligible:
A" -nf =0 (6.3)

We emphasise that these assumptions can be relaxed if
required by the particular circumstances.

6.1. Unsaturated zone

Balance of mass: In view of Assumption V and from
definition Eq. (2.4) we find that the fluid component of
the horizontal exchange surface is:

A® e = 0T (6.4)

Subsequently, we introduce the linearised mass ex-
change terms Egs. (5.22)—(5.24) and Eq. (5.27) into the
unsaturated zone mass balance in the form Eq. (2.2) and
obtain:

storage

—_———
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—p"+p(¢°— ¢")]
evaporation
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— &/uc ch
exchg. with sat. zone
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+Z@ [iA“A B o) 4 A 4 0] )| + e

(6.5)
where the signs in the last term are positive or negative
according to the orientation of A with respect to the
global reference system O. The mass exchange e across
the mantle segment overlapping with the watershed
boundary needs to be imposed according to the boun-
dary conditions, e.g. by Eq. (5.28) or by zero-flux
boundary conditions, e = 0.

Balance of momentum: Considering that the flow in
the unsaturated zone is directed mainly along the ver-
tical, we first project the conservation equation of mo-
mentum (5.1) through scalar multiplication with the unit
vector e.. We also note that the z-coordinate is positive
upward so that g" - e, = —g. Thus we obtain in view of
Eq. (6.4) the linearised form of the momentum balance
along e,:

force top gravity resistance force

u uc u u u_..u u u u
[=P" + p(¢™ — ¢")]ew" — pes"y g = —R" v

(6.6)

where the inertial term has been considered negligible
and the resistivity is isotropic. Along the horizontal di-
rections pointed to by e, and e,, the components of the
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gravity are zero. In view of Assumption V, the mo-
mentum balance along e, and e, becomes:

inter—REW driving force
£ AH[-p 4 p(d - ¢")] +
i

force acting on the external boundary resistance to flow

ud u —

:I:Aext/l[ p +p(¢ext ¢ )] = —R v;

A=x,y (6.7)
where the signs are either positive or negative according
to the orientation of 4} and A% with respect to the
reference system O. We note that, in the case of fast
flows, where the resistance no longer varies linearly with
velocity, second or higher order approximations for the
resistance term can be sought. The force T, is non-zero
only for REWs with a mantle segment in common with
the external watershed boundary and have to be im-
posed according to the actual boundary conditions (e.g.
zero force, constant or time-varying pressure force
acting on the boundary). The momentum balance
equations given here are equivalent to a generalised
Darcy’s law for the unsaturated zone at the scale of the
REW.

6.2. Saturated zone

Balance of mass: The flow in the saturated zone is
assumed to occur only in a horizontal plane parallel to
the x — y plane of the global reference system O (See
Assumption VI). We introduce the linearised mass ex-
change terms Eqgs. (5.23), (5.27) and (5.29) and
Eq. (5.30) into the equation of conservation of mass for
the saturated zone (stated in the form Eq. (2.2). The
substitution yields:

storage
DN seepage
d
g Py’ ’) =7 = p* + p(¢° — ¢)]
exchange with unsat. zone sat. zone — river exchange
us u u ST T S Ir S
- 3 + P =P+ p(d" — ¢7)]

exchange across mantle segments

1
B [t ) £ A+ )] + et

Ly
!
(6.8)

where €, is given according to the boundary conditions.
The signs in the last term on the right-hand side become
positive or negative according to the orientation of the
surfaces with respect to the global reference system O. It
can be no flux, or a specified mass inflow or outflow as
given for example by Eq. (5.28). The last line in this
equation allows the integration of regional groundwater
flow into the watershed equations.

Balance of momentum: The balance equation of mo-
mentum is obtained from Eq. (5.25) through scalar

multiplication with the unit vectors e, and e,. Recalling
Assumption V we obtain:

inter—REW driving force force on the external boundary

+ ZASA —p* + p() = )] 45 2 + (P — 0]
force at the bottom boundary

—I—:i:AibOt [_ps +p(¢s bot ¢5)] —

resistance to flow
S s
—Rv A=xy
(6.9)

This equation can be interpreted as a REW-scale Dar-
cy’s law for the saturated zone.

6.3. Concentrated overland flow zone

Conservation of mass: We introduce the mass ex-
change terms Egs. (5.22) and (5.31) and the term ac-
counting for rainfall input Eq. (5.36) into the
appropriate equation of conservation of mass presented
by Reggiani et al. [33]:

storage

—_——
L (o) =
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infiltration into unsat.zone
— /P —p" + p(¢° — ¢")]

flow to sat. overl. flow

rainfall or evap.

1 o =
_Z'@COA (yo+yC)(vo+vc)+ T
(6.10)

We note that the projection of the cross sectional area
A has been approximated by the product:

1
ACO ~ ACO_

2( (6.11)

¥ +59)
where A is the length of the contour curve forming the
perimeter of the saturated areas. The length of the curve
is subject to variations due to possible expansions and
contractions of the seepage faces. A plausible geometric
relationship will be presented in Section 7.
Conservation of momentum: The flow has been as-
sumed to occur along an effective direction tangent to a
flow plane with an inclination angle y° with respect to
the horizontal, as explained in Section 4. A unit vector
n¢, pointing along the effective direction, has been in-
troduced, as shown in Fig. 4. We now project the
equation of conservation of momentum derived from
Eq. (5.11) by scalar multiplication with n{:
inertial term
gravity resistance to flow
d e e —N— (6.12)
(pyfe) 30" — prfofgsing® = - Ul
If we also neglect the inertial term, we obtain a REW-
scale Chezy formula for the concentrated overland flow:
U |v°).

Py fgsiny® = (6.13)
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6.4. Saturated overland flow zone

Conservation of mass: The conservation of mass for
the saturated overland flow subregion is linearised by
introducing the parameterised mass exchange terms
Eqgs. (5.30) and (5.32) and the term Eq. (5.36) account-
ing for the rainfall input into the appropriate mass
balance equation:

storage
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where the area A4°" has been approximated by the
product:

AOI‘ ~ AOryO

(6.15)

with A°" is the contour curve forming the edge of the
channel, to be addressed in Section 7.

Conservation of momentum: The momentum balance
equation Eq. (5.32) needs to be projected along the
tangent to the respective flow plane (see Fig. 4) through
scalar multiplication with n®. The result is:

d .
(py@®) g v° = py agsing® = —U°v°[v’].
Omission of the inertial term leads to a REW-scale
Chezy-formula.

(6.16)

6.5. Channel reach

Conservation of mass: The conservation equation of
mass for the channel reach belonging to the sth REW is
parameterised by introducing the linearised mass ex-
change terms Egs. (5.29) and (5.32) and Eq. (5.34) into
the appropriate mass balance equation for the reach
presented by Reggiani et al. [33]:

storage
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(6.17)
where the sign of the second-last term is positive for inlet
sections (source of mass for the reach) and negative for
outlet sections (mass sink). The term e is non-zero
only for the last REW whose outlet coincides with the
outlet of the entire watershed (e.g. REW 13 in Fig. 3)
and is given by Eq. (5.35). Eq. (6.17) is in complete
agreement with the mass conservation equation for a
binary tree forming a channel network, as derived by

Gupta and Waymire [20]. In the present work we go
further by formulating the corresponding momentum
balance equation for the network, as described below.

Conservation of momentum: The conservation equa-
tion for momentum is obtained from Eq. (5.15) through
projection of each reach along its effective tangent to the
channel bed n], shown in Fig. 4. Consequently, we
consider Assumption VII and employ simply the symbol
v" to denote average along-slope channel velocity:

inertial term

gravitational force ~ Chezy resistance

(Pmrfr)avr = m— m +
pressure forces exchanged among REWs
+ 3 Ayt cos &, [—p" + p(e]" — ¢")]
pll'essure force at watershed outlet
+Ag [P + o — ¢")]

where the last term is non-zero only for the REW situ-
ated at the watershed outlet and depends on the local
boundary conditions.The sign of the second-last term is
negative for the inlet and positive for the outlet sections
of the reaches. The angle 9, is the local angle between the
reach of the REW [ and the reach of the REW under
consideration, as can be seen from Fig. 6. The angle ¢,
can be estimated from topographic data. In this way the
momentum of the two upstream reaches converging at
the REW inlet is projected along the direction of the
downstream reach The two components of momentum
normal to the axis of the down-stream reach are as-
sumed to cancel each other. We also observe, that the
above equation is equivalent to the Saint—Venant
equation stated for a tree-like structure of zero-dimen-
sional inter-connected buckets, where channel curvature
effects have been neglected. The pair of Egs. (6.17) and

(6.18)

reach of REW 7

reach of REW 8
REW boundary

reach of REW 9

Fig. 6. Confluence angles of two reaches at the inlet of a REW.
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(6.18) together govern the response of the channel net-
work.

7. Discussion of the equation system

In the previous section we have obtained a system of
13 non-linear, coupled balance equations for mass and
momentum for each subregion in the kth REW, which
respect the jump conditions for mass and momentum
across the inter-phase, inter-subregion and inter-REW
boundaries. The 19 unknowns of the system are:

Zy = (vg, oy, vf, 03, 05,0, 0%, 00, 5% Vo Ve o, ),

m'&, pp* 05,0, )y

(7.1)
The 13 balance equations in Section 5 are supplemented
with Egs. (5.6), (5.10) and (5.18) for the evaluation of
the pressures. Based on the equilibrium assumptions
made for the overland flow zones (see Section 6) the
pressures p° = 0 and p°® = 0. As a result, the number of
unknowns in Eq. (7.1) is reduced to 14 (one excess un-
known with respect to the available equations). Never-
theless, the balance equations allow us only to evaluate
the products of variables, such as o’y or m'¢", while the
area fractions «', the average channel cross-sectional
area m", the channel top width w" or the depth " appear
in the equations (or are needed indirectly for the eval-
uation of the pressures) and are necessary for the eval-
uation of the mass exchange terms. The same is valid for
A% and A*. Consequently, 9 additional unknowns have
been introduced. In total, there is a need of 10 additional
constitutive relationships, to obtain a determinate sys-
tem. These need to take explicitly into account the ge-
ometry of the REW.

7.1. Constitutive relationships for geometric variables

To overcome the remaining deficiency of equations,
we introduce a set of 10 geometric relationships. The
first relationship is based on the conservation of volume
for the entire subsurface region of the REW, including
the saturated and the unsaturated zones. This relation-
ship takes into account the fact that the total volume of
the subsurface zone of REW (the saturated and the
unsaturated zones) is constant. An increase or decrease
of the saturated zone due to fluctuations of the water
table results in an equal decrease or increase of the
volume of the unsaturated zone, respectively. This
consideration leads to a constitutive function which re-
lates the rate of change of volume y"w" of the unsatu-
rated zone to the rate of change of volume y*w® of the
saturated zone:

(Mov) + (o) = 0. (7.2)

In the parameterised equations, we find that a know-
ledge of the area fractions «’, the depths 3/, the
drainage density & or the cross sectional area m' is
necessary for the evaluation of the terms accounting for
rainfall input and evaporation (e° P, ¢° '°P, ' °P) and
the mass and momentum exchange terms within the
REW (ecu’ €OS, eus’ eor’ eoc’ erA’ ESA, euA’ e;g’ fu’ fs’ fo’ fc’
7"). To overcome this obstacle, we state another as-
sumption:

Assumption VIII. The saturated zone underlies the whole
REW, and therefore, £°* = X. This implies that:

o’ =1. (7.3)
For the area fraction of the saturated overland flow w°,

we postulate a dependence on the average depth of the
saturated zone )® and the rate of change of depth y*:

60 = GO(, ). (7.4)

This functional dependence is related to the local to-
pography of the REW. Such relationships can be de-
rived by approaches similar to the topography-based
framework adopted by TOPMODEL of Beven and
Kirkby [1]. For example, the saturated area fraction of
the catchment may be expressed as a function of the
statistical ~distribution of the topographic index
In(a)/tanff and the average depth of the water table,
which is equivalent to the variable y* in the present
approach. The area covered by the saturated overland
flow (seepage faces) is complementary with the area
covered by the concentrated overland flow zone, such
that:

X4 X=% (7.5)
We observe that by assuming this relationship between
area projections, we have regarded the projection of the
free surface area 4" '°P of the channel as negligible. The
equality (7.4) yields, after division by X and differenti-
ation with respect to time, another useful relationship
between the rate of change of area fractions:

@° + o =0 (7.6)
Another relationship derives from the fact, that the area
projection of the concentrated overland flow region is
overlapping with the horizontal projection of the un-

saturated zone, i.e. X" = X°. This leads to a relationship
between the two respective area fractions:

o' = of (7.7)
Finally, the drainage density &' can be assumed to be a

function of the average cross sectional area of the
channel m" and its rate of change:

& = & (m',mr) (7.8)
We observe that this relationship is only valid for REWs
related to first order channels which are allowed to vary

their length through uphill expansion. If the REW is
associated with a higher order channel, the drainage
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density remains constant and may be obtained from
topographical data:

& = known constant (7.9)

The knowledge of the average channel top width, w* and
the average depth )" are convenient for the evaluation of
the channel free surface area A™P = &w' and the
channel pressure p" defined in Eq. (5.18). The average
width w" (or alternatively the average depth y*) can be
obtained according to Leopold and Maddock [29]
through a power law relationship in terms of the dis-
charge D" given the product of m" and the velocity v" (at-
a-station hydraulic geometry):

V' =a(D") (7.10)

W= c¢(D")! = c(m'vh)? (7.11)
The coefficients @, ¢ and the exponents b,d need to be
evaluated from field data. The length A of the inter-
section curve between the water table and the land

surface changes with expansion or contraction of the
area of the seepage faces:

A% = A°(0°). (7.12)
This function could be obtained from topographic

maps. The length of the channel edge A" is a function of
the top width of the channel and the total length:

A% = A (W, &) (7.13)

Inclusion of the geometric relationships (7.1)—~(7.12)
yields a determinate system of 13 governing equations
plus 10 geometric relationships in as many unknowns.
In these equations we have considered rates of change of
area fractions with time rather than the area fractions.
This approach seems more convenient from an experi-
mental point of view, because it requires the experi-
mentalist to monitor only the rate at which the various
subregions expand or contract, without having to mea-
sure the actual values of the various area fractions and
of the drainage density with changes of the respective
independent variables. The form of the functional de-
pendence has to be determined through field experi-
ments and can vary from site to site according to the
local topographic and geological circumstances.

= a(mrvr)b

8. Conclusions

This work is a sequel to a previous paper by Reggiani
et al. [33] in which a systematic approach for the deri-
vation of a physically-based theory of watershed ther-
modynamic responses is developed. In this approach, a
watershed is divided into a number of subwatersheds,
called Representative Elementary Watersheds (REWs).
Each REW is, in turn subdivided into five subregions:
unsaturated zone, saturated zone, concentrated over-
land flow zone, saturated overland flow zone, and a

channel reach. A systematic averaging procedure is ap-
plied to derive watershed-scale equations of conserva-
tion of mass, momentum, energy, and entropy for each
and every subregion of all REW’s. The balance equa-
tions need to be supplemented with constitutive rela-
tionships for the averaged thermodynamic quantities. In
the present paper, the procedure for the development of
the constitutive theory is presented and it is illustrated
by applying it to a generic watershed.

The paper first introduces a global reference system
and effective directions of flow for the five distinct and
interacting subregions contained within the REW. Next,
the closure problem is tackled by making use of the
Coleman—Noll procedure for the exploitation of the
second law of thermodynamics (i.e., entropy inequality)
leading to a set of constitutive relationships which are
thermodynamically admissible and physically consis-
tent. The procedure is implemented uniformly and in a
consistent manner across all subregions and REWs
making up the watershed. As a first attempt, linear pa-
rameterisations of the mass exchange terms between
phases, subregions and REWs, are postulated as func-
tions of pressure head differences, velocities and chemi-
cal potentials, in such a way that they do not violate the
entropy inequality. These lead, via the entropy in-
equality, to equivalent parameterisations of the mo-
mentum exchange terms under equilibrium conditions.
The non-equilibrium component of the momentum ex-
change terms are obtained through first or second order
Taylor series expansions around equilibrium, guided by
previous field evidence. For example, the momentum
exchange term relating to subsurface flow uses a first
order expansion, leading to a REW-scale Darcy’s law,
while the resistance terms relating to overland flow are
expressed in terms of a REW-scale Chezy formula. For
the channels an equivalent of the Saint-Venant equa-
tions has been obtained for a tree-like branching
network of river reaches. The end result is a set of REW-
scale balance equations for mass and momentum,
comprising 13 balance equations in 23 unknowns.

An additional 10 constitutive relationships are in-
troduced, based on geometric considerations, in order to
obtain a determinate system of equations; these are also
required to satisfy the entropy inequality. The resulting
set of 23 equations (13 balance equations plus 10 geo-
metric relationships) in 23 unknown REW-scale vari-
ables (velocities, depths, area fractions, saturation etc.
which do not vary spatially within REWs, and change
only between REWs), represent a system of coupled
non-linear ordinary differential equations (ODE). The
flow within a single REW can influence, and be influ-
enced by, the flow fields in neighbouring REWs,
through the exchange of groundwater and soil moisture
across the mantle, and via backwater effects along the
channel reaches constituting the river channel network.
The above-mentioned coupling amongst the REWs
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necessitates a solution algorithm which takes into ac-
count the whole ensemble of REWs simultaneously.

The solution of 13 non-linear ODEs for 30 or more
REWSs may appear overwhelming. However, compared
to the finite element or finite difference numerical
schemes associated with traditional distributed models
with thousands of nodes, our proposed system of
equations is still very modest. On the other hand,
compared to traditional conceptual models of watershed
response, the parameterisations developed here are
physically-based, and more importantly, they are par-
simonious.

The momentum exchange terms derived in this paper
are linearised with respect to velocity and/or total head
differences. The linearisation parameters ./ and % are
functions of the remaining variables of the system.
These functions can be either linear or non-linear and
need to be estimated from field experiments or through
detailed numerical models.

Aside from the summary presented above, the over-
riding message to come out of this work is that a com-
prehensive set of physically-based, watershed-scale
governing equations, which respects the presence of a
stream network, can indeed be constructed based on
first principles. With appropriate simplifying assump-
tions, the equations do give rise to a watershed-scale
Darcy’s law and Chezy law; yet the equations are also
flexible enough so that when field evidence warrants it
we can go beyond the constraints of these traditional
models and use other more general parameterisations
appropriate to the field situation. Issues such as mac-
ropore flow in soils, and rills and gullies in overland
flow, come to mind in this regard. In this and other
respects, the derivation of the governing equations also
provides the motivation to design new field and remote
measurement techniques to advance the development of
a new hydrologic theory.

The key to such a development is to keep the theo-
retical aspects as general as possible with a minimum of
assumptions. However, being a first attempt, complete
generality was not the goal in this study, for pragmatic
reasons. While the overall aim has been to develop a
general, unifying thermodynamic framework for de-
scribing watershed responses, the constitutive theory
development presented has made a number of simpli-
fying assumptions to keep the problem at a manageable
level. In particular, we have focussed on runoff processes
at the expense of processes related to evapotranspira-
tion. Evapotranspiration makes up over 60% of the
water balance worldwide, and it is important that the
theory presented in this paper be generalised to take it
into account. To fully describe evapotranspiration, we
should include thermal effects, movement of both water
vapour as well as liquid water in the soil, vegetation
effects (both root water uptake and plant physiology),
and turbulent transport processes in the atmospheric

boundary layer above the land surface. The needed ex-
tensions of the theory to include these aspects, which are
quite considerable, are left for future research.

9. Future perspectives

In concluding this paper, we feel the need to present
an outline of where we believe the present work may be
heading, and what we hope to achieve in the future. This
seems appropriate, in order to give the readers a far-
sighted, although somewhat biased and very much
speculative vision of the long-term perspectives of our
research, and to stimulate their interest and participa-
tion in some of the future goals.

In contrast to watershed hydrologists, fluid mechan-
icians have at their disposal well established equations
governing fluid movement. Their main research efforts,
at the present time, focus on improving closure schemes
for turbulence, on understanding particular phenomena
such as mixing, dispersion, density driven flows, natural
convection, internal waves, and interactions between
hydrodynamics and chemical and biological processes,
and on developing and improving computational algo-
rithms for the solution of the governing partial differ-
ential equations. The basic governing equations they
deal with routinely, namely, the point-scale conservation
equations for mass, linear and rotational momentum, as
well as energy, were derived roughly two centuries ago
and form the very foundation of their work to which
they could always fall back on for guidance or insight.

This is not the case in watershed hydrology. The
common practice in surface hydrology has been to as-
semble the equations governing individual hydrologic
processes (such as infiltration, overland flow, channel
flow), which have been derived independently, at small
scales, often in different contexts (e.g., infiltration
equations derived by soil physicists), and based on more
or less restrictive a priori assumptions (e.g., uniform
soils). Examples include, among others, Darcy’s law and
its extension to unsaturated flow, the Richards equation,
its approximate analytical solutions for infiltration such
as the Green-Ampt model or Philip’s equation, the
Saint-Venant equations and the kinematic wave ap-
proximation. To describe watershed response, the
common practice has been to assemble these equations
together rather mechanically, regardless of the differen-
ces in context and in scales, i.e., between the scales at
which they were developed and the watershed scale at
which predictions are sought. Currently there is no
agreed set of conservation equations for mass, momen-
tum and energy balances, at the scale of a watershed;
certainly not derived within the framework of a single
and systematic procedure, as done in the present work.

In line with our own limited perception of how the
research field of fluid mechanics has developed in the
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past and is developing at present, we attempt to give an
overview of the research tasks which will be needed to
complete the development of a hydrologic theory based
on the set of governing balance equations presented
earlier in this paper. We also try to indicate how these
can be employed in the future to model general situa-
tions related to watershed hydrology, including long-
term water balance, hydrologic extremes (floods and
droughts), erosion and sediment transport, water qual-
ity, and the general problem of prediction of ungauged
basins (the PUB problem discussed by Gupta and
Waymire [20]). Possible steps involved in a generalisat-
ion of our approach and its implementation to solve
these problems can be listed as follows.

Inclusion of evapotranspiration. Similar to the Navier—
Stokes equations in fluid mechanics, we have obtained a
set of watershed-scale balance equations for mass and
momentum, supplemented with appropriate constitutive
relationships. These allow us to evaluate the responses of
the various subregions of the watershed, i.e. in the
subsurface zones, the overland flow zones and the
channel network, to generate space-time fields of sto-
rages and velocities everywhere across the watershed.
Various extensions of the work we have done can be
envisaged. One important example is the inclusion of
both bare soil evaporation and plant transpiration. To
do this, two things need to be done: first, a new zone has
to be defined and added to the five zones of REW de-
fined so far. This zone would represent the atmospheric
boundary layer, including vegetation. Averaged equa-
tions of conservation of mass, momentum, energy and
entropy for the atmospheric boundary layer need to be
developed following the procedure outlined and applied
by Reggiani et al. [33]. Exchange of properties between
this zone and all the other zones and the external world
will have to be properly accounted for. Next, following
the procedure of the present paper, constitutive rela-
tionships describing thermal energy exchanges between
the various subregions, water vapour diffusion, root
water uptake, plant physiology, and above all mass,
momentum and energy exchanges between the land
surface and the atmospheric boundary layer have to be
developed. Our contention is that the governing equa-
tions derived above (including extensions to include
evapotranspiration) can form the basis for predictive
models of watershed response. As a first effort in that
direction, a model of rainfall-runoff response for a bi-
furcating stream network has been constructed (Regg-
iani et al. [34]), and has been used to estimate space-time
fields of velocity and storage in the network. This model
is currently being extended to include hillslope pro-
cesses.

Improvement of constitutive relationships. The con-
stitutive relationships presented in this paper are quite
basic, and need to be considerably improved and tested
under various climatic and geographic circumstances,

and the effects of variabilities of the hydrologic pro-
cesses at scales smaller than the REW need also to be
incorporated in the parameterisations. This can be
achieved by means of both field experiments and de-
tailed numerical models based on traditional small-scale
governing equations (e.g. Duffy [6]). Indeed, much of
the previous work which has been carried out on spatial
variability, scale and similarity (Wood et al. [39],
Bloschl and Sivapalan [2], Kubota and Sivapalan [28],
Kalma and Sivapalan [27]) can be placed in this context.
The added value of the present work is that with the
availability now of a proper set of balance equations,
these need no longer be ad hoc and should be seen as
proper closure schemes similar to those investigated in
fluid mechanics. Data collection is important for all
modelling efforts, to serve as climatic inputs and as
landscape parameters, and to validate model predic-
tions. However, in the context of the present work, new
types of data and new observational strategies are
needed to assist in the development of constitutive re-
lationships, especially to quantify the effects of sub-grid
variability.

Inclusion of sediment transport, chemistry and biology.
The set of balance equations for mass, momentum, and
energy derived by Reggiani et al. [33] govern the trans-
port of water within and over the watershed. However,
we know that water is also the carrier for sediments,
chemical constituents and living organisms through the
various subregions of the watershed. Therefore, the
governing equations need to be coupled with general
equations for sediment transport to account for erosion,
transport and deposition of sediments. These can later
be coupled with transport equations for various chemi-
cal constituents such as nutrients, in streams, on the
land surface, and in the soil pores, for the purpose of
water quality studies. The same procedure can be re-
peated for biological components by combining the
equations governing the growth and decline of living
organisms in the water and in soils (e.g., algae and
bacteria) with equations governing streamflow, sedi-
ments, nutrients (balance of water mass and momentum,
and mass transport), as well as temperature (balance of
energy).

Space-time fields, flood scaling, flood forecasting.
Numerical models of the governing equations of mass
and momentum balance at the watershed scale can also
open up further exciting possibilities for the investiga-
tion of space-time variability of runoff fields, including
the extremes of floods and droughts, and their process
controls (for reference see e.g. Gupta and Waymire [20],
Robinson and Sivapalan [35] and Bloschl and Sivapalan
[2], [3]). Areas where these will have a direct impact are
the scaling behaviour of floods and the implementation of
flood forecasting systems. In addition, due to the for-
mulation of constitutive relationships which are physi-
cally based and meaningful, the need for calibration is
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significantly reduced, especially when combined with
innovative field measurements of critical variables.
Therefore, this can make a significant contribution to
the classical problem of prediction of ungauged basins
discussed by Gupta and Waymire [20].

Long-term water balances. Once the evapotranspira-
tion part of the hydrologic cycle is fully incorporated in
the governing equations, and provided they are aver-
aged over a suitable averaging time, these can then be
used to investigate long-term water balances, and in
particular, the effect of climate—soil-vegetation interac-
tions on the dynamics of water balance, as an extension
to the pioneering work of Eagleson [7-13,37]. Water
balance is a simple principle, yet it reflects many com-
plex interactions which are driven by a competition
between the two primary driving forces of gravity and
solar energy, with a mediating role played by soils and
plant physiology. All natural hydrologic variability (e.g.,
extremes) is underlain by the variability of water bal-
ance, and hence understanding water balance variability
is a fundamental problem. The set of governing equa-
tions which incorporate these physical processes can go
a long way towards understanding and predicting the
observed natural variability of water balances, and any
changes to these due to human intervention.

Search for hydrologic theory. Finally, we expect that
our approach would deliver appropriate equations and
would then be used to formulate and test fundamental
principles which could guide our understanding of the
organisation of landscapes and watersheds (including
climate, soil and vegetation). Work is needed to in-
vestigate possible manifestations of these organising
principles on hydrologic variability, and to validate
these against observed data. Examples of such principles
include the principle of minimum energy expenditure
governing hydraulic geometry in channel networks (See
Refs. [36,30]), and the ecological optimality hypothesis
governing climate-soil-vegetation interactions (See
Refs. [8-15,24]).

Acknowledgements

P. Reggiani was supported by an Overseas Post-
graduate Research Scholarship (OPRS) offered by the
Department of Employment, Education and Training of
Australia and by a University of Western Australia
Postgraduate Award (UPA). This research was also
supported by a fellowship offered by Delft University of
Technology, which permitted P.R. to spend a six month
period in The Netherlands. W.G. Gray was supported
by the Gledden Senior Visiting Fellowship of the Uni-
versity of Western Australia while on sabbatical leave at
the Centre for Water Research. Centre for Water Re-
search Reference No. ED 1177 PR.

References

(1]
(2

(3]

4
)

(o]

[
(8]

(10]

(1]

[12]

(13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

Beven KJ, Kirkby MJ. A physically based, variable contributing
area model of basin hydrology. Hydrol Sci Bull 1979;24(1):43-69.
Bloschl G, Sivapalan M. Scale issues in hydrological modelling: a
review. In: Kalma JD, Sivapalan M, editors. Scale Issues in
Hydrological Modelling. Chichester, UK: Wiley, 1995;9-48.
Bloschl G, Sivapalan M. Process controls on regional flood
frequency: coefficient of variation and basin scale. Water Resour
Res 1997;33(12):2967-2980.

Callen HB. Thermodynamics and an Introduction to Thermo-
statics. New York: Wiley, 1985.

Coleman BD, Noll W. The thermodynamics of elastic materials
with heat conduction and viscosity. Arch Rat Mech Anal
1963;13:168-178.

Dufty CJ. Atwo-state integral-balance model for soil moisture
and groundwater dynamics in complex terrain. Water Resour Res
1996;32(8):2421-2434.

Eagleson PS. Climate, soil and vegetation. 1. Introduction to
water balance dynamics. Water Resour Res 1978;14(5):705-712.
Eagleson PS. Climate, soil and vegetation. 2. The distribution of
annual precipitation derived from observed storm sequences.
Water Resour Res 1978;14(5):713-721.

Eagleson PS. Climate, soil and vegetation. 3. A simplified model
of soil moisture movement in the liquid phase. Water Resour Res
1978;14(5):722-730.

Eagleson PS. Climate, soil and vegetation. 4. The expected value
of annual evapotranspiration. Water Resour Res 1978;14(5):731-
739.

Eagleson PS. Climate, soil and vegetation. 5. A derived distribu-
tion of storm surface runoff. Water Resour Res 1978;14(5):741-
748.

Eagleson PS. Climate, soil and vegetation. 6. Dynamics of the
annual water balance. Water Resour Res 1978;14(5):749-764.
Eagleson PS. Climate, soil and vegetation. 7. A derived distribu-
tion of annual water yield. Water Resour Res 1978;14(5):765—
776.

Eagleson PS. Ecological optimality in water-limited natural soil-
vegetation systems. 1. theory and hypothesis. Water Resour Res
1982a;18(2):325-340.

Eagleson PS, Tellers TE. Ecological optimality in water-limited
natural soil-vegetation systems. 2. tests and application. Water
Resour Res 1982b;18(2):341-354.

Eringen AC. Mechanics of Continua. 2nd ed. New York:
Krieger, 1980.

Gray WG. Constitutive theory for vertically averaged equations
describing steam-water flow in porous media. Water Resour Res
1982;18(6):1501-1510.

Gray WG. General conservation equations for multiphase
systems: 4. Constitutive theory including phase change. Adv
Water Resour 1984;6:130-140.

Gray WG, Hassanizadeh SM. Unsaturated ow theory including
interfacial phe-nomena. Water Resour Res 1991;27(8):1855-1863.
Gupta VK, Waymire E. Spatial variability and scale invariance in
hydrological regionalization. In: Sposito G, editor, Scale Invari-
ance and Scale Dependence in Hydrology. Cambridge: Cam-
bridge University Press, 1998.

Hassanizadeh SM. Derivation of basic equations of mass
transport in porous media; Part 2: Generalized Darcy’s law and
Fick’s law. Adv Water Resour 1986;9:207-222.

Hassanizadeh SM, Gray WG. General conservation equations
for multiphase systems: 3. Constitutive theory for porous media
ow. Adv Water Resour 1980;3:25-40.

Hassanizadeh SM, Gray WG. Mechanics and thermodynamics of
multiphase flow in porous media including interphase bound-
aries. Adv Water Resour 1990;13(4):169-186.



(24]

(23]

[26]

(271

(28]

[29]

(30]

(31]

P. Reggiani et al. | Advances in Water Resources 23 (1999) 15-39 39

Hatton TJ, Salvucci GD, Wu HI. Eagleson’s optimality theory of
an ecohydro-logical equilibrium: quo vadis? Functional Ecology
1997;11:665-674.

Hillel D. Fundamentals of Soil Physics. New York: Academic
Press, 1980.

Horton RE. Erosional development of streams and their drainage
basins; hydrophysical approach to quantitative morphology. Bull
Geol Soc Am 1945;38(40):275-370.

Kalma JD, Sivapalan M. Scale Issues in Hydrological Modelling.
Chichester, UK: Wiley, 1995.

Kubota J, Sivapalan M. Towards a catchment-scale model of
subsurface runoff generation based on synthesis of small-scale
process-based modelling and field studies. In: Kalma JD,
Sivapalan M, editors, Scale Issues in Hydrological Modelling.
Chichester, UK: Wiley, 1995:297-310.

Leopold LB, Maddock T. The hydraulic geometry of stream
channels and some physiographic implications. US Geol Survey
Prof Pap 1953;252:9-16.

Molnar P, Ramirez JA. Energy dissipation theories and optimal
channel characteristics of river networks. Water Resour Res
1998;34(7):1809-1818.

Nielsen DR, Jackson RD, Cary JW, Evans DD. editors. Soil
Water. American Society of Agronomy and Soil Science Society
of America, 1972.

(32]

(33]

(34]

(33]

[36]

(371

(38]

(39]

Prigogine I. Introduction to Thermodynamics of Irreversible
Processes, 3rd ed. New York: Wiley, 1967.

Reggiani P, Sivapalan M, Hassanizadeh SM. A unifying frame-
work for watershed thermodynamics: Balance equations for
mass, momentum, energy and entropy, and the second law of
thermodynamics. Adv Water Resour 1998;22(4):367-398.
Reggiani P, Sivapalan M, Hassanizadeh SM, Gray WG. Coupled
equations for mass and momentum balance in a stream channel
network: Theoretical derivation and numerical implementation.
Water Resour Res, submitted.

Robinson JS, Sivapalan M. An investigation into the physical
causes of scaling and heterogenity of regional flood frequency.
Water Resour Res 1997;33(5):1045-1059.

Rodriguez-Iturbe I, Rinaldo A, Rigon R, Bras RL, Marani A,
Ijjasz-Vasquez E. Energy dissipation, runoff production and the
3-dimensional structure of river basins. Water Resour Res
1992;28(4):1095-1103.

Salvucci GD, Entekhabi D. Hillslope and climatic controls on
hydrologic fluxes. Water Resour Res 1995;31(7):1725-1739.
Strahler AN. Quantitatiove geomorphology of drainage basins
and channel networks. In: Chow VT, editor, Handbook of
Hydrology, ch. 4-1I, New York: McGraw-Hill, 1964:4:39-4:76.
Wood EF, Sivapalan M, Beven K. Similarity and scale in
catchment srom response. Rev of Geophys 1990;28(1):1-18.



