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The basic aim of this paper is to formulate rigorous conservation equations for mass,

momentum, energy and entropy for a watershed organized around the channel network.
The approach adopted is based on the subdivision of the whole watershed into smaller
discrete units, called representative elementary watersheds (REW), and the formulation
of conservation equations for these REWs. The REW as a spatial domain is divided into

five different subregions: (1) unsaturated zone; (2) saturated zone; (3) concentrated
overland flow; (4) saturated overland flow; and (5) channel reach. These subregions all
occupy separate volumina. Within the REW, the subregions interact with each other,

with the atmosphere on top and with the groundwater or impermeable strata at the
bottom, and are characterized by typical flow time scales.

The balance equations are derived for water, solid and air phases in the unsaturated zone,
waterand solid phasesinthe saturated zone and only the water phase inthe two overland flow
zones and the channel. In this way REW-scale balance equations, and respective exchange
terms for mass, momentum, energy and entropy between neighbouring subregions and
phases, are obtained. Averaging ofthe balance equations overtime allows to keep the theory
general such that the hydrologic system can be studied over a range of time scales. Finally,
the entropy inequality for the entire watershed as an ensemble of subregions is derived as
constraint-type relationship for the development of constitutive relationships, which are
necessary for the closure of the problem. The exploitation of the second law and the
derivation of constitutive equations for specific types of watersheds will be the subject of a
subsequent pape®. 1998 Elsevier Science Limited. All rights reserved

Keywords:representative elementary watersheds, subregions, balance equations.

NOMENCLATURE g the gravity vector, I[/T?

A mantle surface with horizontal normal delimiting the G production term in the generic balance equation
REW externally h external energy supplylf/T3]

b external supply of entropylf/T* i general flux vector of/

C* external boundary curve of the REW j  microscopic non-convective entropy flud[T>’]

C' length of the channell] L rate of net production of entropyMjT>L]

e mass exchange per unit surface ar&4/.T]L?| m" volume per unit channel length, equivalent to the aver-

E internal energy per unit mass,JT7 age cross-sectional are&’[L]

f  external supply term foy M number of REWs making up the entire watershed

F entropy exchange per unit surface area projectidth, [ n’* unit normal pointing from th¢-subregion outward with
T ~ respect to the mantle surface

*Corresponding author. Fax: 0061 8 9380 1015; e-mail: N Unit normal pointing from thej-subregion into the

reggiani@cwr.uwa.edu.au atmosphere or into the ground
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n' unit normal pointing from thg-subregion into thd- Special notation

subregion
n® unit normal pointing from the--phase into thg-phase Z summation over all phases except the
N global outward normal to the mantle surface B#a phase _ .
Ny number of REWs surrounding théh REW Z summation over alNy REWs surrounding
q heat vector, /T3 ! the kth REW _
Q energy exchange per unit surface area projection,oJCY average operator defined for the u- and the

IM/T3] _ s-subregionx-phases

. . O average operator defined for the o-, c- and
s the saturation function, [—] th
. . . 2 e
S the time-invariant surface area of the REW?][ r-subregions
. . 2 .

t  microscopic stress tensoM[T"L] - mass-weighted average operator defined for
t time, [T] the u- and the s-subregianphases
T momentum exchange per unit surface area projection,

[M/TAL] - mass-weighted average operator defined for
v velocity vector of the bulk phased,/[T] , the o-, c- and the r-subregions
V the global reference volume.,j] - deviation from the mass-weighted average
V! volume occupied by the entijesubregion, IL] B within the u- and s-subregios-phase

w velocity vector for phase and subregion boundaries, deviation from the mass-weighted average
(L/T] ‘ within the o-, ¢c- and r-subregion

i . . . : J denotes a quantity within the u- and the
J o
y' average thickness of thesubregion along the vertical, s-subregion-phase

[L] J denotes a quantity within the o-, c- and the
. r-subregion
Greek symbols . property for the u- and the s-subregion
o _ J_ a-phase defined on a per unit area bas_is
Z .ths' phtase d|§tr|but|on tfqn(?lon grcf)_per(;y for the o-, c- and ttr;e _r—subreg|ons
. indicates an increment in time efined on a per unit area basis
e porosity of thej-subregion soil matrix, {} & 0w Ow lkdenotes a quantity or expression relative to
e, j-subregiona-phase volume fraction, the kth REW
n the entropy per unit mass, {7
0 the temperature _ Particular combinations of super- and subscripts for the
' the length of th h | rea€h t -
3 e length or the main channel reachper uni termse, |, T, Q andF; u- and s-subregion:
surface area prOJ%ctloE, [1/L]
0 mass density,NI/L’] jA . —
) projection of the total REW surface ar&onto « fhxe(: f:ggr?t?efrom subregiona-phase across
L Lhoer' hgrzitzaclmtﬁ)l'ggg%%zf]the surface area covered j:' exchange from the-subregiona-phase
by ;f\ej-sulgrei:] ior:s 12 u v N across thdth mantle segment
v a generic thermod)}namic property 'a’ext exchange from th@subregiona-phase
o' The time-averaged surface area fraction j top across the ext. watershed boundary
occupied by thg-subregion, [—] o exchange betweea-phase and atmosp_here
’ e exchange betwees-phase and underlying
. . ‘ strata
Subscripts and superscripts Ls intra-subregion exchange betweephase
) and g-phase
[ superscript indicating a subregion, the '01 inter-subregion exchange betwejesubre-
atmosphere or the underlying deep soil gion andi-subregion
j superscript which indicates the various
subregions within a REW . c-, o- and r-subregions
k subscript which indicates the various REWs
within the watershed jA . ;
. Lo . ’ exchange fronj-subregion across the mantle
! ;nu??;uwgilﬁg ;ﬂgg:ﬁtsséwe various REWs 'lA exchange from th@subregion across th¢h
top superscript for the atmosphere, delimiting the  ja gqxir%t;sg%;g?nnihe
domain of interest at the top ext i_subregion across the
" Jomain of inerest at the potom extemal watershed boungary
ji inter- i ; .
o, indices which designate different phases inter-subregion exchange betwegesubre

gion andi-subregion
exchange betweejasubregion and atmo-
sphere

m, w, g designate the solid matrix, the water and the  j top
gaseous phase, respectively
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1 INTRODUCTION gap by formulating an approach which aims to combine the
advantages of the distributed and lumped approaches.
The study of the response of a watershed to atmospheric The procedure we present here has been motivated by the
forcing is of critical importance to applied hydrology and averaging approach for multi-phase flow in porous media,
remains a major challenge to hydrological research. Among pioneered by Hassanizadeh and Gray, and published in a
the current generation of hydrological models we can dis- series of papers, elg-%? the physics of porous media
tinguish two major categories which are called, in short, flow must consider fluid motions through an interconnected
physically-based and conceptual models. Fré&netro- system of soil pores, and the physical and chemical interac-
duced the first of a generation of distributed physically- tions between the fluid phase, the gaseous phase and the
based watershed models founded on rigorous numericalsolid phase representing the soil matrix. However, the
solution of partial differential equations (PDE) governing details of the complex arrangement of soil grains and the
flow through porous media (Richards’ equation, Darcy’s geometry of the pore spaces are unknown, and generally
law), overland flow (kinematic wave equation) and channel unknowable. Also, predictions of flow through porous
flow (Saint—Venant equations). These equations also form media are required, not at the scale of the pore (the micro-
the basis of other distributed watershed models such as thescale), but at scales much larger than the pore (the macro-
Systene Hydrologique Eurojen (SHE) model described by  scale). For these reasons, Hassanizadeh and!Grdy
Abbott et al>? Others to follow similar approaches were sought to develop a theory of porous media flow which is
Binley and Bevefiand Woolhiseet al.>® expressed in terms of balance equations for mass, momen-
There has been considerable discussion regarding thetum, energy, and entropy at the macroscale. At this scale the
advantages and disadvantages of such distributed physifporous medium is then treated as a continuum. The aver-
cally-based models by BevénBathurst and O’Connell aging procedure has been successfully applied by Hassani-
and Todini*! While these models have the advantage that zadeh and Gray to derive Darcy’s law for single-phase
they explicitly consider conservation of both mass and flow'® and for two-phase flo? and the Fickian dispersion
momentum (but expressed at the point or REV scale), equation for multi-component saturated fléThe aver-
their main shortcomings are the following: first, the numer- aging approach has also been referred to as ‘hybrid mixture
ical solution of the governing equations is a computationally theory’ by Achantat al.®in a work regarding flow in clayey
overwhelming task, except for very small watersheds; the materials.
models also require detailed information about soil proper- In the present paper, the averaging approach will be
ties and geometry, which is not available for most real world employed in order to derive watershed scale balance equa-
watersheds. Even if the necessary input information was tions for mass, momentum, energy and entropy. The whole
available, detailed results provided by distributed models watershed is divided into smaller entities over which the
are not needed for most practical purposes. Secondly,conservation equations are averaged in space and time.
since these distributed watershed models are usually overThe distributed description of the watershed is replaced by
parameterized, infinite combinations of parameter values an ensemble of interconnected discrete points. The ensem-
can yield the same result, leading to a large parameter esti-ble of points has subsequently to be assembled by imposing
mation problem (see e.g. Bev@n appropriate jump conditions for the transfer of mass,
Parallel to these distributed models, a series of lumped momentum, energy and entropy across the various bound-
conceptual watershed models have been developed. Thesaries of the system. Furthermore, the large range of time
do not take into account the detailed geometry of the systemscales typical for the various flows within a watershed
and the small-scale variabilities, rather they consider the requires additional averaging of the equations in time.
watershed as an ensemble of interconnected conceptual The averaging approach presented here has never been
storages. Examples are the Nash castaolethe Stanford pursued before in watershed hydrology. However, recently,
Watershed modél. The disadvantages of many of the cur- Duffy’° presented a hillslope model based on the global
rent lumped conceptual models are listed as follows. First, mass balance equations, formulated for a two-state (unsatu-
they are based only on the mass balance and do not expli+tated and saturated store) system. Constitutive relationships
citly consider any balance of forces or energy. Secondly, the were postulated for the mass exchange between the stores,

models usad hocparameterizationim lieu of derived con- and with the surroundings. The parameter calibration of the
stitutive relationships for the various mass exchange terms.model was performed by using a numerical Richards’ equa-
As a result, the parameters lack physical meaning. tion solver. In our approach constitutive equations will be

At present, there does not exist an accepted general fra-derived with the aid of the second law of thermodynamics,
mework for describing the response of a hydrologic system explicitly taking into account the equations for conservation
which is applicable directly at the spatial scale of a of momentum and energy.
watershed and takes into account explicitly balances of As a concluding remark we emphasize that theories for
mass, momentum and energy (i.e. without having to use flow and transport are usually derived in a separate manner
point-scale equations) while serving as a guideline for for the saturated and the unsaturated zones, for the overland
model development, field data collection and design appli- and the channel flows by writing flow equations for the
cations. The aim of the present work is to attempt to fill this various zones. The equations are later hooked together
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during modelling. In the present approach we obtain balanceis carried out over the REW. Clearly, the system contains a
and constitutive equations for these zones within the frame- large amount of spatial variability at scales smaller than the
work of a single procedure by ensuring the compatibility of REW. By choosing the REW as the fundamental unit of
all constitutive relationships for the entire watershed with discretization in space, we incorporate the effects of such
the second law of thermodynamics. We believe this will small-scale variabilities in an effective manner and contem-
lead to more consistent models in the future. plate variability only between various REWSs.
Another important issue to be considered in the context of
such a framework is the range of time scales characterizing
2 OUTLINE OF THE UNIFYING FRAMEWORK the hydrology of a watershed. It is clear that hydrological
processes associated with the two fundamental components
The purpose of the present work is to propose a generalof a watershed, i.e. hillslopes and the channel network,
framework which can be recast to address specific problemstypically operate over vastly different time scales. This is
among the entire spectrum of hydrologic situations. In a due to the variety of media in which water movement takes
wider sense, a watershed constitutes an open thermodyylace. Even within a single hillslope there are different time
namic system, where mass, momentum, energy and entropyscales associated with the various pathways the water takes
are permanently exchanged with the atmosphere or sur-to travel through the hillslope and exit the system. These
rounding regions. These exchanges are driven by massinclude surface (overland flow) and subsurface pathways
input from the atmosphere during storms, by extraction of (unsaturated and saturated zone, regional groundwater sys-
mass towards the atmosphere during interstorm periods, andem), and evapotranspiration. In Table 1 typical velocities
by transfer of mass towards adjacent regions. Atmosphericassociated with the various flow pathways are listed. The
forcing (rainfall, solar radiation) and gravity (run-off) play problem of dealing with a large range of time scales
fundamental roles in these processes. It is important for thebecomes especially apparent when balance equations used
theoretical framework to be expandable, in order to handle to describe the different hydrological processes (e.g. infil-
other problems related to the hydrologic cycle. In this con- tration, surface run-off, channel flow, evapotranspiration)
text one could think of terrestrial water and energy balances,need to be combined together. Moreover, for the same
transport of sediments and pollutants, land erosion, salinity watershed, one may be interested in short-term or long-
problems and land—atmosphere interaction at the watershederm events. The time scale associated with the response
scale, relevant for the implementation of global climate of a watershed to a single rainfall event is much smaller
models (GCM). Even though the present work is restricted than that of seasonal events (e.g. snowmelt, droughts) or
to the surface and subsurface zones and does not explicitlylong-term water yield. This implies that in the first case
consider the presence of vegetation or the transport of sedi-some processes occurring at very low velocities (e.g. filtra-
ments or chemical species, future inclusion of these issues igion through the unsaturated zone) become unimportant
compatible with the developments pursued here. with respect to the faster processes (e.g. surface run-off or
As pointed out by Gupta and Waymitéthe most strik- flow in the channel network) which determine the behaviour
ing feature observed in a watershed is the interconnectedof the system within the time frame of the event. In the
system of hillslopes organized around the river network. second and third cases, fluctuations of the dynamic variables
Hillslopes convert a fraction of the rainfall into run-off due to forcing events which are short with respect to the
while the remainder becomes part of the soil moisture sto- time scale under consideration can be averaged out without
rage. Run-off generated from hillslopes is transferred by the obscuring the long-term variations.
channel network towards a common point, called the Visavisthe wide range of time scales at which the system
watershed outlet. A part of the soil moisture held within can operate, we propose to average the governing equations
the hillslopes percolates down to recharge the regional over a time interval which is chosen according to the parti-
groundwater reservoir. The remaining part is removed as cular application. The ‘rapid’ fluctuations of the system at
evapotranspiration (bare soil evaporation and plant tran- time scales smaller than the averaging interval will not be
spiration), providing for a return of water vapour and accounted for and are filtered out. This approach is widely
latent thermal energy back into the atmosphere and so con-

tributing to the maintenance of the global hydrologic cycle. Table 1. Comparison of the flow pathways (based on data by

In a simplistic view one might envisage the watershed as a Dunne, 1978Y)
large funnel which in turn is composed of a number of
smaller funnels. Each one of these smaller funnels can beFlow type Temporal scale Velocity [nT§
decomposed agam_mto even smaller ones and so forth. Ing o oo ow Days—years =10°
pursuing an averaging approach, these sub-watershed scalgortonian overland Hours 10210
funnels form natural averaging regions. flow

With these considerations in mind, in our work the whole Subsurface flow Hours—days 1;@10_‘1‘

Saturated overland Hours 10°-10"

watershed is divided into a number of smaller sub-water- oW
sheds which we refer to as representative elementary water-p.nnel flow

. 3 ’ Hours—days 1-10
sheds (REWSs). The averaging of the conservation equations
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used in the study of turbulent flows, where time averages of
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watershed due to its repetitive character.

the fluctuating variables (e.g. pressure, density, velocity) are 2. The REW is the smallest, and therefore the most ele-

performed over a characteristic time interval. The averaging
procedure developed here results in a set of conservation

mentary unit, into which we discretize the watershed
for a given scale of interest.

equations of mass, momentum, energy and entropy for each

subregion of the REW. The conservation equations will
have the following general form:
d
d—f =Y &' +R+G 1)
i
where y can be such properties as soil water saturation,
water mass density, flow velocity, water energy, water
depth etc.,e,w is the exchange of mass, force, or heat

among various phases and subregi®tis, a possible exter-
nal supply, andG accounts for internal generation. The

forms of these general balance equations are of course®

well known. The difficulty lies in the determination of
relationships between the exchange termsamgiantities.

The approach presented here provides a framework for
developing such relationships based on physical laws, as

will be shown in a sequel paper. Substitution of these rela-
tionships in the balance laws will result in equations gov-

erning various flow mechanisms. Relationships analogous

to well-known formulas such as Darcy’s law or Chezy’'s
formula are expected to be obtained at the watershed scal
as results of our approach.

3 THE REPRESENTATIVE ELEMENTARY
WATERSHED (REW)

The present section is dedicated to the definition of the
fundamental discretization units, the REWs, for which con-
servation equations will be derived. Since we want to study
hydrological processes in watersheds, we need to define th

averaging volume in such a way as to preserve an autono

mous, functional watershed unit. In this respect it is natural
to refer to the drainage network as the basic organizing
structure for subdividing the watershed into smaller entities.

This can be achieved by first disaggregating the channel

network into single reaches which connect two internal

nodes of the network (classified as higher-order streams

by the Horton-Strahler network ordering systén®). In

the case of source streams (first-order streams accordingfJ

to the Horton—Strahler system), they will have an isolated

endpoint at their upper end and merge with another stream
at a node further downstream. One can associate with everyS
reach a certain patch of land-surface, which drains water

towards it. This patch of land-surface is delimited externally
by ridges and thus remains a separate sub-watershed i

itself. We call the sub-watershed a representative elemen-

tary watershed (REW) for the following reasons:

1. The REW includes all the basic functional compo-

nents of a watershed (channels, hillslopes) and con-

stitutes, therefore, a single functional unit, which is
representative of other sub-entities of the entire

e

n

The REW can also be assumed as being self-similar to the
larger basin to which it is subordinated, in the sense that it
reveals similar structural patterns independently of the scale
of observation. This assumed self-similarity implies that
certain aspects of composition and structure are invariant
with respect to the change in spatial scale. This property
can, for example, be recognized most clearly in the channel
network. With increasing magnification, new branches and
treelike structures can be recognized, which are reminiscent
of the same geometrical patterns manifested at a larger
cale. These fine network branches cover even single hill-
slope faces in the form of rills and gullies and are, therefore,
part of the whole drainage network. The intrinsic self-simi-
larity of the network and the related scaling properties are
the subject of extensive, ongoing research. Ample discus-
sion of the topic and respective references to related litera-
ture can be found in a recent treatise by Rodriguez-lturbe
and Rinaldc®

It is relevant in this context to note that our definition of

e1;he fundamental unit, the REW, contemplates the self-simi-

lar structure of the system and preserves the geometric
invariance with respect to change of spatial scale. This sug-
gests that, for a given watershed, the REW can be chosen,
for example, to be the entire watershed, or any smaller sub-
watershed. The smallest admissible size of the REW is one
in which the subregions, to be defined later in Section 4, are
still identifiable. Furthermore, the size of the REW is one in
which the subregions are also dependent on the spatial and
temporal resolution one wants to achieve and on the spatial
and temporal detail of the available data sets.

Fig. 1(a)—(c) show examples of how a real world
watershed (Sabino Canyon, Santa Catalina Mountains, SE-
Arizona) can be discretized into different sized REWSs. Each
time, we identify a main channel reach (solid grey line)
associated with the REW and a sub-REW-scale network
(dashed lines). The REW boundaries are indicated with a
solid black line. In the first case (Fig. 1(a)) the REW coin-
cides with the whole watershed. There is only a single main
tream and the catchment boundaries overlap with the REW
oundaries. In the second and third cases (Fig. 1(b) and (c))
the watershed has been subdivided into a finite nurvbef
maller REWs: We decide to label the REWs with an index
k,k=1,...,M. Some REWSs have a first order channel asso-
ciated with them and possess, therefore, only one outlet.
Other REWSs are associated with higher order streams. As
aresult they have an inlet as well as an outlet. It is important
to note that the main channel reach in a given REW may
become part of a sub-REW-scale network in a larger REW,
associated with a coarser discretization of the watershed.

As mentioned earlier, every REW is lumped into a
single discrete point in the process of the averaging pro-
posed here. The original watershed will be substituted by



372 P. Reggianiet al.

Fig. 1. (a) A real world watershed constituting a single REW (Sabino Canyon, Santa Catalina Mountains, SE-Arizona), reproduced from
36). (b) The watershed of (a) discretized into 5 REWSs; and (c) the watershed of (a), discretized into 13 REWSs.
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REW 1

\
[

REW 10
REW 5 %
REW 8

REW 12
REW 9

REW 13

REW 2 reaching into the groundwater reservoir. The limit depth
can, for example, be chosen as a common datum for the
ensemble ofM REWSs forming the watershed. Thh
REW has a number oNy neighbouring REWs and can
have a part of its mantle surfade® in common with the
external boundary of the watershed. Therefore, the mantle

surfaceA can be subdivided into a series of segments:

REW 3

REW 6

REW 11 2)

A=ZA4+AM

where A, is the mantle segment forming the common
boundary between th&th REW and its neighbouring
REW I. The segmenf,y; is the part of mantle, which the
kth REW has in common with the external watershed
boundary. For example, REW 1 in Fig. 1(c) has a mantle
made up of four segments, one of which is in common with
the external watershed boundal, = 3 and | assumes the
values 2, 3 and 4. We observe thal,; is non-existent for
REWSs which have no mantle segment in common with the
external boundary (e.g. REWSs 4, 5 and 7 in Fig. 1(c)). The
entire space outside the watershed is referred exteynal
world.

REW 7

4 THE REW-SUBREGIONS

watershed outlet
In previous sections, we emphasized that a watershed
includes two basic components: the channel network and
an agglomeration d¥l points. The points are mutually inter-  the hillslopes. Whereas observation and measurement of
connected by plugging the outlet sections of two upstream channel flow is relatively straightforward, there are a series
REWSs into the inlet of a downstream REW. In this fashion, of flow mechanisms occurring in the subsurface zone which
the typical tree-like branching structure of the network is are difficult to quantify. Subsurface flow together with other
preserved. Fig. 2 shows an example of how REWS are processes on the land surface (e.g. infiltration, evapotran-
assembled in the case of the watershed in Fig. 1(c), whichspiration, depression storages, surface detention, overland
has been subdivided infd = 13 sub-entities. flow), forms the hydrological cycle of a hillslope. Horton

In the absence of surface erosion, the area of land cover-(see Refs?®>?%2§ was amongst the first to try to quantify the
ing thekth REW is considered as a time-invariant spatial hillslope hydrological cycle by analysing these processes on
domain and is denoted Wy Fig. 3 shows a 3-D view of a  an individual basis. Horton explained the production of sur-
small watershed discretized into three REWS, two of them face run-off by assuming that a rapidly decreasing infiltra-
relative to first order streams, and one relative to a secondtion capacity of the soil would lead to infiltration excess run-
order stream. The surfacgis circumscribed by a curve off (Hortonian overland flow) on the surface. This model
labelled C* and is considered coincident with the natural has been improved through the observation by Hewlett and
boundaries of the REW (i.e. ridges and divides). The rainfall Hibber® of saturation excess run-off (saturated overland
reaching the ground within these boundaries is drained flow) along the groundwater seepage faces in the lower
towards a common outlet located at the lowest point of parts of the hillslopes. Hewlett and Hibbert’s findings
C", or is transferred to a groundwater reservoir. Each have been further underpinned by extensive field investiga-
REW communicates with neighbouring REWSs through the tions carried out by Dunn&"
main channel reach which crosses the boundary at the inlet The common description of hillslope hydrological pro-
and the outlet sections, and through mutual exchange ofcesses (see e.g. Chorfgymssumes the presence of a satu-
groundwater laterally. Next, a prismatic reference, volume rated zone in the subsurface region, delimited by the water
V is associated with the REW, confined by a mantle surface table. It is part of a regional groundwater which can have

Fig. 2. Hierarchical arrangement of the 13 REWs from Fig. 1(c).

A. The mantle is defined by the shape of the cu®feand
has an outward unit norm&l, which is at every point hor-
izontal. On top the volum& is separated from the atmos-
phere by the surfacg At the bottom it is delimited either by

extensions reaching beyond the watershed boundaries while
communicating with the channel network. The soil between
the groundwater table and the land surface forms the unsa-
turated zone, where the soil matrix coexists with the water

the presence of impermeable strata or by some limit depthand the gaseous phase (air—vapour mixture). The subsurface
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atmosphere

REW boundary C,

watershed| | unsaturated
boundary \ zone (u)
3 | mantle
‘ Ll ‘ surface A
e

concentrated
overland
flow (c)

saturated zone (s)
+ overland flow (o)

zoomed to Fig. 4

outflow

channel reach (r)

Fig. 3. Three-dimensional view of an ensemble of three REWSs.

zone can be dissected by macropores and fractures, causeblased on different physical characteristics and on the var-
by discontinuities in the soil properties and by the presence ious time scales typical for the flow within each zone. We
of plant roots. In particular situations it is possible to emphasize that these subregions do not need to be mutually
observe the formation of a perched aquifer in the subsurfaceinterconnected, and can also be composed of disconnected
zone in the form of localized lenses of saturated soil. Often parts. The subregions will be identified with a presciipt
the water table of the perched aquifers are separated by lessvherej can assume the symbols u, s, o, r or c. The choice of
permeable strata from the groundwater reservoir. The waterthese symbols is motivated by the names of the five subre-
table of the groundwater reservoir or of the perched aquifers gions as described below:
reaches the soil surface in the lower regions, at the foot of The u-subregionis formed by the unsaturated zone. It
the hillslope. It generates saturated zones surrounding theincludes those volumina of soil, water, and gas, confined
channel. These zones, also called variable contributing areaat the top by the land surface and at the bottom towards
by Beven and Kirkby, are subject to seasonal changes and the saturated zone by the water table. A typical situation
can vary even at the time scale of a storm event. Rainfall is depicted in Fig. 4. Interactions of the water phase with
reaching the ground within these saturated areas cannothe soil matrix and the gaseous phase at constant atmo-
infiltrate and joins the stream as saturated overland flow. spheric pressure have also to be taken into consideration.
In the remaining parts of the watershed, low infiltration = The s-subregion comprises the saturated zone and
capacities can generate Hortonian overland flow. In addi- includes the volumina of soil and water underlying the unsa-
tion, early concentration of surface water generates a net-turated zone. In this case the water phase, in contrast to the
work of rills, gullies and ephemeral streams on top of the unsaturated zone, coexists only with the solid phase. The
unsaturated land surface, which merge with the saturatedphysical upper boundary of this subregion is given by the
overland flow in the zones surrounding the main channel. water table. In the near-channel regions the water table
Motivated by these field observations, and in order to reaches the soil surface, forming seepage faces, which
describe various flow processes, the volumeccupied cause saturation excess run-off. The upper boundary of
by the REW is divided into five subregions, for each of the saturated zone is, in these areas, coincident with the
which we will derive balance equations for mass momen- land surface. The bottom boundary of the saturated zone
tum, energy and entropy. The subregions are identified, is set either by a limit depth reaching into the groundwater
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unsaturated zone (u)
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concentrated overl. flow (¢)
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Fig. 4. Detailed view of the five subregions forming a REW.

reservoir or by the presence of impermeable strata. In thechannel and merging with the saturated overland flow.

case of a bottom boundary formed by bedrock (see Fig. 4), The introduction of this fifth zone is necessary in order to

the shape of the boundary is dictated by the natural topo- preserve the invariance of the REW with respect to spatial
graphy of the substratum. In the case of a groundwater scaling and, therefore, to account for the self-similar nature
reservoir, the boundary can be drawn as a horizontal of the system. The presence of the fifth subregion allows us
plane. Situations where the topography of the bedrock in to account in a lumped way for the entire sub-REW-scale
combination with a horizontal plane determine the shape network of channels and gullies as well as Hortonian over-
of the bottom boundary are also possible. land flow.

Theo-subregioris the volume of saturated overland flow, The thermodynamic properties may be exchanged across
forming on the seepage faces and within the sub-REW-scaleinter-subregion boundaries (e.g. seepage areas, channel bed,
network branches lying within the saturated portion of channel edges) or inter-REW boundaries (mantle segments
the land surface as depicted in Fig. 4. The extension of defined in egn (2)) with neighbouring REWS. Furthermore,
the o-subregion is clearly defined by the intersection curve within the unsaturated and saturated zones, the phases
of the water table with the land surface and by the contour exchange the properties across phase interfaces (i.e. the
curves forming the edges of the main channel reach. Thewater—soil, water—gas and solid—gas interfaces). All these
saturation excess flow is fed by concentrated overland flow, surfaces are assumed to be without inherent thermodynamic
return flow from the saturated zone and direct precipitation properties and, therefore, standard jump conditions apply
onto the saturated areas. between phases, subregions and REWs.

The r-subregionis the volume occupied by the main
channel reach for a given REW. The channel reach is fed
from the adjacent saturated overland flow zone (o-subre-5 AVERAGING NOTATION AND DEFINITIONS
gion) by lateral inflow and through direct rainfall from the
atmosphere. Across the bed surface, the channel carnThe derivations given here are based on the global balance
exchange mass by either recharging the saturated zone otaws written in terms of a generic thermodynamic property
by filtration from the saturated zone towards the channel. y at the microscale. For a continuum occupying an arbitrary
Both phenomena depend on the regional flow regime within volumeV*, delimited by a boundary surfade, the balance

the saturated zone. equation fory is stated as follows?
The c-subregionis the sub-REW-scale network of chan-
nels, rills, gullies, ephemeral streams and areas of Hortonian ot J pyaVv + J N [p(v—w:*)y —i]dA
o . t J v A
overland flow within the unsaturated portion of the land
surface, collectively called concentrated overland flow. _ Jv pfdv = J V,GdV 3)

They form a volume of water, flowing towards the main
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Table 2. Summary of the properties in the conservation n** for S;B,Where the sequence of the indices is significant
equation insofar as it indicates the direction in which the vector is
pointing. The unit normal vectar is always pointing out-

Quantity ¥ : f G ward with respect to the mantle surfaden’ is pointing
Mass 1 0 0 0 from thej-subregion into thé-subregion, ana*’ from the
Linear v t g 0 a-phase into thg-phase. The vectar points outward into
lgﬂr?g:g;tum E4 12 twag ht gv 0 the atmosphere or into the underlying layers. o _
Entropy  # i b L In the same fashion, the sequence of the indices in the

superscripts and subscripts is relevant for the REW-scale
exchange terms, which will be defined in the respective
wheren* is the unit normal toA* pointing outwardyv is the appendices. So, for example, the teghis the a-phase
velocity of the continuumw* is the velocity of A*, i is a mass source term for the subregion indicated by the first
diffusive flux andp is the the mass density of the conti- superscript jcsubregion) through transfer from the subre-
nuum. The quantities), i, f and G have to be chosen gion indicated by the second superscriptsibregion).
according to the type of thermodynamic property consid- The term e'aﬁ on the other hand, is the intra-subregion
ered. For the equations of balance of mass, linear momen-mass source term for the-phase through mass released
tum, energy, and entropy, the appropriate microscopic from the 8-phase. The mass exchange across the mantle

properties are listed in Table 2. The propefyis the surface for the u- and the s-subregions, for example, is
microscopic internal energy per unit masss the micro- denoted withe”. As a consequence of egn (2) the total
scopic stress tensay,is the gravity vectorq is the micro- mass flux can be written as a sum of fluxes across the seg-

scopic heat flux vectory is the supply of internal energy  ments forming the mantle:
from the outside worldy is the microscopic entropy per "
unit massj is the non-convective flux of entroph,is the Z 1+ Eext (4)
entropy supply from the external world ahds the entropy
production within the continuum. We will refer to Table 2 where the summation extends over tNg surrounding
throughout the whole paper for all the five subregions. REWs andé’ ‘ext IS non-zero only if the REW has a
The following notational conventions will be introduced mantle segment in common with the external watershed
here for later use. The subregions are made up either byboundary. All other REW-scale exchange terms act
a single phase or constitute multi-phase systems with twoalso as source terms for the respective thermodynamic
(s-subregion) or three (u-subregion) coexisting phases. Theproperty.
REW-scale thermodynamic property intrinsic to a phase is  In general, when we deal with théh REW we omit the
denoted as where the superscyipt u, s, ¢, 0, r denotes the  indexk to keep the notation simple. If the ensemble\df
respective subregion and the Greek leties w, m, g indi- REWs is considered, the terms relative to kile REW are
cates the respective phase. put between brackets, which will then carry a subsdkipt
A single phase is confined through boundary surfacese.g. (), []« {} «. Another possibility to indicate that a term is
towards the outside world, the neighbouring subregions relative to thekth REW is given by a vertical bar carrying
and the phases, which are present in the same subregionthe subscript, e.d,.
The boundary surface, delimiting thesubregion towards The various subregions are space filling and occupy
the external world on the mantle surfafeis denoted with volumes denoted with’. At the REW-scale, though, they
A the surfaces separating it from the atmosphere on top Orappear as two-dimensional or one-dimensional domains.
from the underlying bedrock or the soil-groundwater sys- Therefore, a surfac8 is associated with the u-, s- and the
tem at the bottom ara},, andA,,, and the surface forming  o-subregions, whereas a total lengthof the channel reach
the inter-subregion boundary between thend thej-sub- can be attributed to the r-subregion. The projections of the
region is indicated with the symb@l" where the order of  surface areaS onto the horizontal plane is denoted with
the superscripts is unimportant. Phase interfaces, on theand the projection of the whole surface aRbavith £. The
other hand, are indicated by the Symlﬂg[g with o, = surface areas and their projections’ are allowed to
w, m, g, where the superscript indicates the subregion andexpand or contract in time. The same is valid for the length
the Greek letters designate the two phases, which meet at thec" of the main channel reach. The following ratios are intro-
interface. Here also the order @afandg is unimportant. duced here:
Velocities of phases are indicated with the symbol
Velocities of boundary surfaces are denoted withThus i )
the velocity ofA™ is denoted wittw, and those ofl,, AL, O =505 ) a (drj=usc0 ®)
andA” with Mop, vxfbot andw”, respectively. The velocity of
phase interfaces is indicated withf®. Also in this case the  are the time-averaged surface area fractions relative to the
order of the indices is unimportant. horizontal projections for the u-, s-, c- and the o-subregions.
Unit normal vectors to the boundary surfaces are indi- Next, average values are deflned for the various properties
cated withn'* for A", nl for A{0 and A, n' for A and involved in the balance equations. The averages are carried

t+ At
1 +
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out over space and a characteristic time interval of length where, once again, in the case of the c- and o-subregions
2At. For the unsaturated zone, saturated zone, and overlandnly the water phase is present. This implies #at 1 and
flow subregions, an average vertical deptfiL], is defined that the average quantity is denoted only with a superscript,

by: i.e. Y/,j=o0,c. For the channel reach, the average of the
_ t+ At propertyy is given by:
y'= ZMMEJtm jdvar j=uso,c (6) ) 4 at
where V! denotes the space occupied by fhrsubregion. = 22t MET Jt,At Jvrpl‘dedT (16)
The average mass densityl/]L?] of phasea of the j-sub-
region is defined by: Finally, we observe that the average of the microscopic
t4 At property f, expressed on a per unit mass basis, is evaluated

- - j J pdVdr; j=u,s0,c (7) for the various subregions in analogy to egns (15) and (16),
2AtedwlT Jt-at Jv, whereas the average of the entropy productiamobtained
whereV), ande,, denote the space occupied by ta@hase in a way similar to egns (7) and (12), respectively.

of the j-subregion and its corresponding volume fraction,

defined by

o)yl =

t+ At _
j S
2Aty W ,[tht J'vi’Y“dVdT’ J=us ®)

It should be remembered that in the case of the overland
flow and channel subregions, only water phase exists so
thate), = 1. For this reason the average mass density carries
only a superscript, i.€p), j = 0, c. Next, we introduce the
average porosity’ for the unsaturated zone (u-subregion).
It is given by the sum of the volume fractions occupied by
the water and the gas phases:

j 6 REW-SCALE BALANCE EQUATIONS
€q =
The formulation of global balance laws for mass, momen-
tum, energy and entropy at the scale of the REW has been
pursued in detail in the Appendices A, B, C, D, and E. In this
section only the final results will be presented and the mean-
ing of the various REW-scale terms in the equations will be
explained. The groups of the four basic balance equations
are different from subregion to subregion and will, there-
AR fore, be treated in separate sections. We recall that the mass,
€ =€ywT6 ©) energy and entropy equations are scalar equations, whereas
whereas for the saturated s-subregids e;,. In addition, a the momentum balance is a vectorial equation. Furthermore,
volume saturation function is introduced for the unsaturated the unsaturated zone (u-subregion) includes water, gas (air—
zone: vapour mixture) and soil matrix as constituent phases,
=V a=w,g (10) whereas in the saturated zone the water phase coexists
only with the soil matrix. These considerations require the

subject to the condition: e . .
derivation of separate balance equations for every single

SLAIIJFSBJZ 1 (11) phase. In the study of watersheds only the water phase is
For the channel subregion, the average water mass densitgrucial, for which the equations are reported here. We recall
[M/L?] is defined by that the various equations listed below refer toktteREW

t+ At in an ensemble ol REWSs.

o) = 5—mrs J J pdVdr (12)

At 'S Jt—at Jvr 6.1 Unsaturated zone (u-subregion)

wherem" and ¢ are the cross-sectional arela’] and an
average length measure ] of the channel reach, respec- 6.1.1 Conservation of mass
tively, given by: The water mass balance equation for the unsaturated zone is
t+ At derived from egn (A19). It is reasonable to assume the com-
= . J (13) plete absence of phase change phenomena between the solid
2ALE'Y Jt—at Jvr . . . .
phase and the remaining phases, within the aquifer (i.e. no
and absorption, no solid dissolution, i.€, = el;=0). The pos-
trat sibility for mass exchange between water and gaseous phase
£= 2ALL t,AtC (r)dr (14) within the soil pores has to be accounted for in order to
describe soil water evaporation. The resultant balance
equation for the water phase yields:

r

The length measurg' is the time averaged length of the
main channel reach per unit REW surface area projection
and is defined as drainage density by HortdA! For the d uuoey o A A . e
generic property), expressed on a per unit mass basis, the a(ﬁ’wwf sww') = 2 w1 t Ewext T € + € + Eyg
average is defined through the expression 17)
1 t+ At (
J pt//'yadVdT j=u,x,0,c where oy, is the average water density! is the average
vertical thickness of the unsaturated zogteis the average
(15) porosity of the soil matrixsy, is the water phase saturation

7]
Vo= 2Ateayl(p)'wJE t—At
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andw" is the horizontal fraction of watershed area covered 6.1.4 Balance of entropy

by the unsaturated zone. The mass exchange terms reprefhe balance of entropy is given once again by multiplying
sent, in order of appearance, the exchange towards thethe equation of mass conservation (egn (A19)) by the REW-
neighbouring REWs across the mantle segments, thescale entropy and subtracting it subsequently from eqn
exchange across the external watershed boundary (non{A34). The operation leads to the entropy equation in the
zero only for REWs which have one or more mantle seg- following form:

ments in common with the external watershed boundary), d

the recharge to or the capillary rise from the saturated zone,  (p\,y e"syw") an\‘jv — pwy syt = Ly

the infiltration from the areas affected by concentrated

overland flow (i.e rills, gullies or Hortonian overland D P P+ s+ FUS + Fug + Fam (20)
flow), and the water phase evaporation or condensation l

within the soil pores, respectively. where the the terms on the L.h.s. represent the entropy sto-

rage and external supply, whereas the first term on the r.h.s.

are e . accounts for the internal production of entropy due to gen-
The next equation is given by the balance of forces acting on o ation of heat by internal friction. The remaining REW-

the water body within the unsaturated zone. As mentioned ¢ entropy exchange terms express the interaction with

bgfore, t'he equation is.vect.orial and is subsequently asso-,q surrounding REWSs, subregions and phases in the same
ciated with a resultant direction. The momentum balance for order as in the previous equations.

the water phase is derived from eqn (A18) and is given in the
general form by eqn (A20). Multiplication of the mass con-
servation eqn (A19) by the macroscopic velociy and
subsequent subtraction from the momentum balance (A20)¢ 5 1 conservation of mass

6.1.2 Conservation of momentum

6.2 Saturated zone (s-subregion)

yields: The balance of water for the saturated zone is derived from
d A A the generala-phase mass conservation (eqn (B14)) in
(pﬁvy“e“s%w“)a\/dv—pv“vy“e“s“mgﬁvw“= IZT\lfjv,I‘FT\lva,ext Appendix B. The possibility of accounting for regional
groundwater movement has to be included. This requires
+Tw+Tw+Tug+ Tum (18 that the total mass exchangd' between the saturated

zones of two neighbouring REWs across the mantle
surface A can be non-zero. There is no precipitation or
solid dissolution between the soil matrix and the water

The terms on the l.h.s are the inertial term and the water
weight, respectively. The r.h.s. terms represent various
forces:_the total pressure forces gctlng on the maqtle Seg'assumed, i.ee)s=0. The resultant conservation of mass
ments in common with neighbouring REWs and with the ._ . .

: is given by:
external watershed boundary, the forces exchanged with the
atmosphere and the deep groundwater, the forces trans- g S.S.S Sy __ A A Sbot | .SU, SO, .S
mitted to the saturated zone across the water table, to the dt(pwyse @)= ZQN" TG e & T G G G
concentrated overland flow across the land surface, and, (21)
finally, the resultant forces exchanged with the gas phase _ _ _
and the soil matrix on the water—gas and water—solid inter- wherey® is the average vertical thickness of the saturated

faces, respectively. zone. The r.h.s. terms are given in order of sequence: the
first term represents the mass exchange across the mantle
6.1.3 Conservation of thermal energy segments forming the boundaries with neighbouring

The REW-scale water phase conservation of thermal energyREWS, the second term is the flux across the mantle seg-
for the unsaturated zone is derived from the conservation of Ments in common with the external watershed boundary
total energy (eqn (A32)) by subtracting the balance of (non-zero only for REWs which have part of the mantle

mechanical energy (eqn (A33)) The result is: in common with the external watershed boundal’y), the
q third term is the percolation to deeper groundwater zones,
(p&vy“eusﬁ,w”)aEb‘v—pﬁvy“e”S\Lfvhb’vVVu= ZQ%' Q¥ the fourth term is the flux across the water table

(i.e. recharge or capillary rise), the fifth term is the flux

us | Auc u u towards the saturated overland flow zone on the seepage
 Qu+ Qu + Qug + Qo (19 face and the last term is the mass exchanged withpthge
where the terms on the L.h.s. are the energy storage due t¢hannel reach across the bed surface (i.e. lateral channel
change in internal energy and the external energy supplyinflow through seepage and groundwater recharge through
(i.e. solar radiation, geothermal energy sources). The termschannel losses).
on the r.h.s. are REW-scale heat exchange terms across the
mantle segments, the exchanges with the saturated zone§.2.2 Conservation of momentum
the concentrated overland flow, the gaseous phase and thd he balance of forces for the saturated zone water phase is
soil matrix, respectively. derived from egns (B13) and (B15), in complete analogy to
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what has been pursued for the unsaturated zone: the concentrated overland flow in terms of a drainage den-
d sity and an average cross-sectional area, instead of a flow
(owy’e’w’) av\?v — pwOny €W’ = ZTvsf,l +Tvs\fext depth and an area fraction. This would require only small
! conceptual changes by casting the equations into a similar
+T§vb°t+ To+Too 4+ To + T (22 form as for the case of the channel reach (r-subregion).

The Lh.s. terms represent once again inertial force andg 3 5 conservation of momentum
weight of the water, whereas the r.h.s. terms are the ensem—pg total momentum of the concentrated overland flow is

ble of REW-scale forces, acting on the groundwater body, pajanced by the gravity and the remaining forces acting on

i.e. the forces exerte_d on the various mantle segments, the; This is expressed by the following equation, which is
forces exchanged with the deep groundwater at the bottom,yearived from eqn (C11) after subtraction of the mass

with the overland flow sheet on the seepage face, with the y5i5nce egn (C10) multiplied by the average velocity of
channel across the bed surface and with the soil matrix ONthe c-subregion:

the water—solid interfaces, respectively. q
(prCwC _VC _ prCngC — TC IOp_‘r_ TCU + TCO (26)

6.2.3 Conservation of thermal energy dt

The conservation of thermal energy is obtained from (B20), where the three REW-scale forces on the r.h.s. are origi-

after subtraction of the mechanical energy: nated by viscous interaction with the atmosphere, through
d interaction with the unsaturated zone (i.e. pressure and drag
(ony’ew® aEsv — puhiy’ee® = Z QvSﬁJ + stﬁext force) and through exchange of momentum along the zones
: where the sub-REW-scale network merges with the satu-
+ Q§Vb°t+ Q'+ QX +Q+ Qs (23 rated overland flow zone, respectively.

where the r.h.s. terms are the various heat exchanges of th 3 3 ~onservation of thermal energy

water within the saturated zone with the neighbouring he conservation of total energy is derived from the con-
REWS, the external world, the surrounding subregions qoation of total energy (eqn (C14)) in the usual fashion
and the soil matrix. through subtraction of the mechanical energy balance. The

result is:

6.2.4 Balance of entropy
This balance law is derivec_j f_rom egn (B27) after subtraction (0°y°w®) EEC — p%y°hCu® = Q° P4 Q% + Q%° 27)
of the mass balance multiplied by the REW-scale entropy. dt
The result is: where the r.h.s. terms are the REW-scale heat exchange

ccsale cicsss s s @ terms between the concentrated overland flow water body

(owy’cw s — oabhyeW = Le + D Fi and the surroundings.
|
+ P e+ Fo PO P PO+ FO 4+ FS (24) 6.3.4 Balance of entropy

Finally, the balance of energy obtained from egn (C19) is:
where the r.h.s. terms do not require further explanations. y ay an (C19)

d
(prCwC) a"IC _ prCwaC — CCOC + FC t0p+ FCLI + FCO

6.3 Concentrated overland flow (c-subregion) (28)
6.3.1 Conservation of mass

The concentrated overland flow region includes flow of 6.4 Saturated overland flow (o-subregion)

water in the sub-REW-scale channel network (e.g. rills

and gullies), ephemeral streams and Hortonian overlande.4.1 Conservation of mass

flow. It is modelled as a sheet of water covering the unsa- The saturated overland flow mass balance is derived in

turated land surface. It receives rainfall and communicates Appendix D from the generic REW-scale balance egn
with the saturated overland flow around the main channel (D8). The resulting equation is:

reach. The mass balance is derived in Appendix C from the d

general balance eqgn (C9). The result is: a(,o"y"oao) =P 4™ (29)

E(pcycwc)zec top | gl 4 ge0 (25) where y° is the vertical average thickness of the water

dt sheet. The r.h.s. terms represent, in order of appearance,
where y° is the average vertical thickness of the flow the mass exchange with the atmosphere (i.e. rainfall and
region. The exchange terms on the r.h.s. are the inputevaporation), the overland flow into the channel along the
from the atmosphere (i.e. rainfall), the infiltration into the channel edges, the inflow from the concentrated overland
unsaturated zone and the total mass flux into the saturatedlow regions uphill and the recharge of the flow sheet
overland flow region. If desirable, it is possible to represent through seepage from the underlying saturated zone.
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6.4.2 Conservation of momentum 6.5.2 Conservation of momentum
The balance of forces is obtained from egn (D10): The momentum balance is derived from egn (E16):
d d
(pOyOwO aVO _ pOyOngO — TO t0p+ TOI‘ + TOC + TOS (prmrsr) avr _ prmrgrgr — Z T;‘A + TI‘ top + TI'S + TI'O
[
(30) (34)

where the inertial term and the total weight are balanced by ¢ expresses the balance of forces between the inertial force,

the following ensemble c_)f resultant forces on the r.h._s.: the ihe weight of the water stored in the channel and the forces
total force exchanged with the atmosphere on top, with the acting on the surroundings. These are, in order of appear-

water in the channel along the channel edges (i.e. drag andce " the total force acting on the end sections of the
pressure force), with the concentrated overland flow on the .poqnel by interaction with the upstream and downstream

contact zones and the total force exchanged with the oaches, the force exchanged across the external watershed
saturated zone (i.e. pressure and drag force transmitted toooundary (non-zero only for the REW situated at the
the soil matrix and the water in the saturated zone), \atershed outlet), the force exerted by the atmosphere on
respectively. the free surface (i.e. wind stress), the force due to inter-
action with the channel bed (i.e. pressure and drag force)
and the total drag force exerted by the channel water on the
overland flow sheet along the channel edges.

6.4.3 Conservation of thermal energy
The conservation law of thermal energy is derived in a
straightforward manner form egn (D13):

o0 o8 0 o oo o 0top | o oc os 6.5.3 Conservation of thermal energy
(0% )EE — oY’ =Q° P+ Q" +Q*+Q The balance of thermal energy is derived from egn (E20)
(31) [l el d r
—E
(e'mE) 4
6.4.4 Balance of entropy e = AL oA L QTP L O QP (3
Finally, the balance of entropy is the result of manipulations P : |ZQ| QeatQ Q@
of egn (D18): where the interpretation of the heat exchange terms is
straightforward.
(pOyOwO) %no _ pOyObOwO — LO(JJO + FO top g
or oc 0s 6.5.4 Balance of entropy
+F+F+F 32 This final equation is obtained by manipulation of eqn (E26):
. rrrdr r rel rer rA rA r top
6.5 Channel reach (r-subregion) (o'm' )aﬂ —p b E =L+ Y A+ Fh+F
|
6.5.1 Conservation of mass +F®4F° (36)

The REW-scale mass balance equation for the channel
reach is derived in Appendix E:

d, . .. A A Cop | s 5 7 RESTRICTIONS ON THE EXCHANGE TERMS
Gl mE)= lZa +et+€ P +et+e (33) FOR THE THERMODYNAMIC PROPERTIES

wherem'’ is the average cross-sectional area of the reachThe previously defined subregions include one or more
and¢' is thedrainage densitylefined in eqn (14). Ther.h.s. phases. The flow in the channel network and in the overland
terms are the various mass fluxes in and out of the channelflow region is a one-phase flow, whereas for the subsurface
The first term is the sum of inflow and outflow at the inlet flow regions the coexistence of two or three phases has to be
and outlet sections of the REW. In the case of source considered. The thermodynamic properties are exchanged
streams there will be only an outflow section. In the case between the different phases within the same subregion,
of higher order streams, there will be two inflows (from between different subregions and among REWSs.

each of the two reaches converging at the REW inlet) and Phases are separated by phase interfaces, subregions by
one outflow. The second term is the mass exchange of theinter-subregion boundary surfaces (e.g. the channel bed sur-
channel reach across the external watershed boundary. Thigace or the saturated land surface). REWSs are separated from
term is non-zero only for the REW situated at the outlet, each other by the mantle surfage These boundaries are
e.g. REW 13 in Fig. 1(c). The third term is the mass assumed to have no inherent thermodynamic properties, i.e.
exchange between the channel free surface and the atmothey are not able to store any of the properties or to sustain
sphere (i.e. rainfall and open water evaporation). The fourth stress. Under these circumstances the conservation equa-
term is the mass exchange with the saturated zone acros$ions for mass, momentum, energy and entropy become,
the channel bed and the last term is the lateral inflow into along these curves and surfaces, standard jump conditions
the channel from the overland flow region. for the conservation laws, as initially derived by Eringen
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Table 3. Inter-phase jump conditions for momentum, energy and entropy for theu and s-subregion

Subregion Property Boundary Jump condition
u Mass Svg €+ e =0
u Momentum Shg Tmg+ Tgm=0
S}\j/g (e\l;/g 'Va/ + T\l/ng) + (egw 'Vg + T;W) =0
S}\]/m T\L/jvm + Tumw =0
S ﬁ/m T\?\/m + T’rsnw =0
u Energy She Qmg+Qgm=0
S}\j/g {QL/J\/g[E«l;\I/ + (\/\}Jvz)/z] + T\L/ng 'V\lilv + Q\L/ng} +{egw[Eg + (\/52)/2] + Tgw'VS + ng =0
S}\j/m (T\lljvm s + Q\lljvm) + Qumw =0
S ﬁ/m (T\?vm v + Q\fvm) + Q?nw =0
u Entropy Shg Fing+ Fmg =0
SL/:/g (e\L/:lg + F\Evg) + (Qlfvgﬂg + Fgw =0
Sum Fam + Fum =0
s S Fom + Faw =0
and further generalized by Hassanizadeh and &ta§In We replace the symbolg, andvy, for the water with/" andv®,
the present case the following assumptions are made: respectively. The jump conditions are summarized in three

(1) The solid matrix is inert, ie. there is no tables: Table 3 contains the inter-phase jump conditions for
phase change or absorption between the soil mass, _momgn_tum, energy and entropy fqr the u- and the s
matrix and the remaining phases and, therefore, ;ubreglon quthmthdxth REW, Ta_lble4cont§|ns th? respective
T eumg: egmzersnwz & 0. jump conditions betvyeen the'flve subrgglons within a REW
(2) There are no sediment transport phenomena Con_and Table 5 summarizes the jump conditions betweektthe

sidered (i.e. no surface or channel erosion) and, hence,.REW and itslth neighbouring REWI(= 1.....NQ. These

. ump conditions will be employed for the manipulation of
the mass exchange terms between the solid phase o . ) .
. . the second law of thermodynamics, pursued in Section 8.
the u- and s-subregions with the two overland flow

regions and the channel are zeg}{=e¢; =€y =0.

There are no mass exchanges of gas or solid phase8 THE SECOND LAW OF THERMODYNAMICS

across the mantlesy”* = e = e =0.

(3) The solid matrix is a rigid medium, i.e. Inorderto complete the series of balance laws for a REW,
vh =V, =0, and the gaseous phase has negligible the second law of thermodynamics has to be included. It will
motion, i.e.vg=0. be useful for the derivation of constitutive relationships. The

. . second law of thermodynamics states that the rate of entro
In assembling the subregions to REWs and the REWSs to y Py

. . roduction has to be non-negative for the physical system
the entire watershed, it has to be noted that the water phaséj g bhy ¥

h i d ent ith th nder consideration. In the present study the physical
can exchange momentum, energy and entropy wi esystem of interest is the entire watershed, which is made
remaining phases (soil matrix, gas) within the same subre—upby an agglomeration & REWs. Every REW is an ensem-
gion and that the c-, o- and r-subregions, comprising only

i ter oh it ¢ with th A dth lid oh ble of five subregions. As a consequence the second law of
€ water phase, interact with the water and the solid p asethermodynamics has to be written for RIIREWS together:
of the adjacent u- and s-subregions. Appropriate jump con-

ditions between different phases, subregions and REWSs _ i J u
have, therefore, to be imposed. L= k; (a_%W’ gV LV“’dV> .
Assumptions 1 and 2 allow the introduction of the M "
following notational simplifications: the mass exchange T Z( Z J Lysdv> n Z (J Ldv)
terms between subregions are non-zero only for the ol WVr-S AL C K=1\d Ve k
water phase. Therefore, the symbolsl, € M "
eUc 0 st e\S/\?Iv e\L/lv/,\h e\L,‘V"‘\ext andaﬁf‘ext are substituted by + Z (J LdV) + Z <J LdV)kZ 0
e’s, e el e & A g el anded,, respectively. P AN kK k=i\JV
Following Assumption 3, only the velocities of the water 37

phase are considered in the unsaturated and the saturated zondatroduction of REW-scale quantities defined in Section 5
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Table 4. Inter-subregion jump conditions for mass momentum and energy and entropy

Property Boundary Jump condition
Mass A" e®+eM=0
A e°+e*=0
ASO eSO + eOS — O
A% e +e*=0
A% e +e*=0
A” e”"+e°=0
Momentum Al To+Tw=0
€SV +Tw) + (VI +Tw) + (Vv + Ty ) =0
ALIC (eUC.VU + T‘I.IJVC + TUmC + TSC) + (eCU_VC + TCLI) — O
AS° (eSO-VS + Tsvo_’_ T?no) + (eos_vo + TOS) -0
A €V HTy+T+(EV +T=0
ACe (eco_vc + Tco) + (eoc_vo + -I-oc) -0
A (ev Vo4 TV) + (ero_vr + -I—rO) -0
Energy A® oS+ Q=
{9 + (V2] + TV + Q) +{eME°+ (V2 + Ta'v° + Q¥} =0
AlC {euc[Eu + (\/uz)/z] + T\Lljvc.vu + Q\LIJVC+ Qumc+ QSC} + {ecuI:Ec + (ch)/2] + TCu.\C + ch} -0
A% {€1E° + (V2)/2] + Tiv" + Qi+ Qi +{€™[E° + (V2)/2 + TV + Q7 =0
AT {€[E° + (v)/2) + To v + Qi + Qi) +{€[E + (vV3)/2 + TV + Q} =0
AC° {eco[Ec + (vcz)/z] + TCo.\C + Qco} +{eoc[Eo + (voz)/z] + TOoc.\° + ro} =0
A {eor[Eo + (VOZ)/Z] FTUVC 4 Qor} +{ero[Er + (\/2)/2] FTOV + Qro} -0
Entropy A% Fe+Fa'=0
(& + Fi) + (7 + F3) = 0
AUC (eucnu + FVL\I/C) + (F#]C + FgC) + (eCUnC + FCU) > o
ASO (eSOnS + F\i/o) + F;O_F (eOSTIO + F03 > 0
ASF (eSrnS_l_ F\/Svr) + Fﬁ]r_i_ (ersnr + FI’S) > 0
ACO (eCOT’C + FCO) + (eCOTIO + FOC) > O
AOY (eorno + FOT) + (eronr + FYO) > O
leads to:

L:ki(

M M M
+ D (L4 D (LPDh+ D (LEE) =0
k=1 k=1 k=1

> Lie's

a=mw,g

)

This inequality can be

Ly, LS, LS L° andL" with the use of eqns (A34), (B27),
(C19), (D18) and (E26) and employing the equations of
mass conservation. After exploiting the inter-phase jump

M
+ D,
K k

=1

(

a=mw

> Lo a=mw

< S S S d s sA
) + Z Z |:(payseaw )a’la - Fa
k=1
k

(38) o

1

>

M
=1

-y - R R R Ry |

d
. o . + Z |:(pcycwc) _nc _ chcbcwc _E°© top FCU_ Fcoi|
rewritten after eliminating k dt
_l’_
k

|:(poyowo) %ﬂo _ poyobowo _ FOtop _ poc

k

k

conditions of Table 3 and dividing by the surface area For _ pos
projectionX we obtain: T ‘
M d S I el d r rA r rel r top rs ro
>3 > [@zy“ezw“)d—nz—FxA—p;b‘;wezw“ 2 [0’ YE) g —FrombE —FE-FR -
k=1 { a=mw,g t =1
=0 (39

~re-re- ||
k

Egn (39) can be expressed in terms of the entropies and
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Table 5. Jump conditions between thekth REW and the neighbouring REWSs across the mantle segments

Property Boundary Jump condition
Mass AR el + A, =0
AN g+ e =0
Momentum AR T+ T =0
Tyl +Tgkl =0
@V T+ @V + T =0
AN T+ Tk =0
&V T+ @V + T =0
Energy Qi+ Qimih =0
Qi+ QY h =0
{e[E" + (V22 + T v + Qi+
{88[E" + (v*2)/2] + Tiev" + Qi =0
AN Qi +Qmh =0
{eP[E°+ (VA2 + T v°+ Qb +
{&[E°+ (v)/2] + Toev* + Qi =0
Entropy AP FA L +FAL =0
Foilk +Fgxl =0
@1+ Far )+ (6" + Fil) = 0
AN Failk +Fmkhi =0

& 7+ Fa )k + (& n°+ Fa) = 0

internal energies expressed on a per unit REW area basis

il =ohe Yo, j=us (40)
=yl j=cor (41)
B =pdYoE, j=us (42)
E=0YJE j=cor (43)

At this stage one more assumption is made:

(4) The temperatures of all phases within the u- and the
s-subregion are equal to a common temperatti@and

6% respectively. The temperatures of the same
subregions are equal among 8 REWs making up
the watershed, i.@'|, = ¢'l;; j = u,s,c,0,rk,] = 1...M.

This assumption allows for further notational simplifica-
tions: 0, = 6y, = 0y = 6" and 6y, =6y, = 6°.

The entropy inequality in the form of egn (39) can now be
restated by formulating the entropy in terms of the internal
energy and the entropy on a per unit area basis, by exploit-
ing the balance equations of thermal energy and by employ-
ing the jump conditions summarized in Tables 4 and 5. After
some algebraic manipulations one obtains:

_ LS (% pudin

L=
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where:
VER—vi VR j=—usa=mw,g (45)
and
VR=v V% j=cor a=mw,g (46)

are the velocities of the various phases with respect to a
reference velocityw® whereas

ej’izej—oi;jyi:u=s’c’0’r (47)

is the temperature difference between jhand thei-sub-
region. In subsequent steps, constitutive relationships will
be assumed for the external entropy supplies and the
entropy exchanges between the various phases and the sur-
roundings (i.e. atmosphere, soil-groundwater system and
the external world) for all subregions and REWSs. The
inequality (egn (44)) can be exploited as a constraint on
the form of constitutive relationships. This procedure will
be presented in detail in a future paper and will be applied
to derive a REW-scale theory of water flow.

9 CONCLUSIONS

An averaging procedure has been developed and applied
here to formulate a unifying framework for the study of
watershed thermodynamics. The watershed is discretized
into elementary entities, representative elementary water-
sheds (REW) by preserving the basic structure of the chan-
nel network. The REW is a new concept introduced here for
the first time. Each REW is in fact a sub-watershed. Its size
may vary from that of the entire watershed to the smallest
identifiable sub-watershed; that depends on spatial and tem-
poral resolution of the data available, the type of applica-
tion, and the time scale of the hydrologic phenomenon to be
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studied. Each REW is subdivided into five subregions. The REFERENCES

subdivision is motivated by hydrological field evidence and
identifies flow regions based on geometry and hydrody- 1.
namic regime.

REW-scale conservation equations for mass, momentum,
energy and entropy have been derived for the ensemble of 5
phases in the unsaturated and the saturated zones and for the
water phase in the sub-regions concerned with overland
flow and channel flow. The equations are expressed in
terms of variables at the scale of the REW. The interactions
of a given phase with the remaining phases within a sub- 4
region, with the adjacent subregions, and with the neigh-
bouring REWSs are accounted for through exchange terms of 5.
mass, momentum, energy and entropy at the same scale.
Additional averaging of the balance equations in time
allows to filter out fluctuations of the dynamic variables at
time scales smaller than the scale typical for the specific 7.
process under study. The equations, furthermore, depend
only on time and represent the REW as being lumped into
a single point. The spatial structure of the various subsurface
flow zones, overland regions and the channel are repre-
sented by average quantities such as surface area fractions9.
and drainage density which are watershed-scale parameters
measurable in the field.

The system of equations has a redundant number of vari-
ables for which constitutive relationships are necessary. The

10

second law of thermodynamics will be needed as a con- 11.

straint on any proposed set of constitutive equations. The
second law has been derived here by combining the ensem-
ble of phases, subregions and REWSs for the whole

watershed together. The exploitation of the second law 13

will be the subject of a subsequent paper. The formulation
of generic balance equations, of the type presented in this

paper, has never been attempted before in watershed hydrol14-

ogy. Also, the fact that equations of momentum and energy
balance will be explicitly used in the derivation of consti-
tutive relationships is new. The procedure developed here is
invariant with respect to spatial scales and is flexible for the

study of hydrological processes evolving over different tem- 16.

poral scales.

17.
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APPENDIX A. CONSERVATION EQUATIONS FOR eqn (A1) becomes:
THE UNSATURATED ZONE (U-SUBREGION) 1 g (A

- = S
2Atdt Jt—at J V“p‘p’y"‘dVdT

In the u-subregion the flow is delimited on top by the land
surface. It communicates with the saturated s-subregion avd
across the water table, as shown in Fig. 4, and is bounded 2At dt At Vup‘h’a d (A2)

Isitg::g)i/or?y ;?(ihr;':ggse V;’:Q athzc;rr;zoo dr;}r?:ir?w?émglrbgggyu- Now, applying the definition of average quantities Section
across the water table with the saturated zone (s- subreglon)(s) (8) and (15), introduced in Section 5, one obtains:

t+ At

and interacts laterally with the neighbouring REWs and the 1 d [tH4t "
external world through the mantle. At the top it communi- SAtdt Jt- VuPWochdT— _(“3 Yo' <p >4 ¥ek)
cates with the rills, gullies and Hortonian overland flow (A3)

areas forming the c-subregion. In the present case the
global balance laws, written in terms of microscopic quan-
tities, are applied directly to the whole u-subregion. The
system is here considered in the most general sense as a
three-phase system due to the coexistence of a liquid eEA=m At
phase w (water), a solid phase m (soil matrix) and a gaseous

phase g (air—vapour mixture within the soil pores). a=mw,g (A4)

Next, a series of REW-scale exchange terms can be defined
for the u-subregion:

1 t+ At
JAuAn“A-[p(w“A —V)]y4dAdr;
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is the REW-scale mass exchange of the u-subregion
phase across the mante while

is the non-convective exchange of propeftypetween the
a-phase and the other phases, accounting for the inter-
phase exchanges of momentum, energy and entropy.

t+ At
gAz i J uA”UA'[i —p(V—WUA)llz]’ygdAdT Substitution of the exchange terms into the previously
2ALL Jt-at JA time-averaged eqn (Al) and use of the average quantities
oa=m,w,g (A5) egns (5)—(8) and (15), yields the generic balance law for

the u-subregiom-phase:
SRy TEE) — (NI IV — oy e s

=(G)Uw "L + (XYY + 1Y) + (Y4 + 1292

is the non-convective exchange of the propeirtyf the a-
phase across A. The quantify is the deviation of from
its space and time average value:

Ya=V—Vu (A6)
We observe that the exchange terms defined through eqgns

(A4) and (A5) can be rewritten as a sum of exchanges

across the various segments forming the mantle, as shownn, the interest of brevity the averaging symbols are omitted
in eqn (2). As a result we can state the following equalities: ynless otherwise confusion arises. Thus, the following
REW-scale quantities are defined:

+ D (st + 1) a=m,w,g (A13)

B#a

e(liA = Z ez,AI + ezl,b\ext (A7)
! (o) = pa (A14)
A A UA -
1= 2180+ e (A8) 4 gy (A15)
where the sum extends over tNg mantle segments which fo=fu (A16)
the REW has in common with neighbouring REWS. The
second term on the r.h.s. is non-zero only for those REWs, (G)i =G, (A17)

;Ar/lh'Ch thaveltz)ne O& moref mantletseghmdenltf.m' corpry:c;n Wﬁh egn (A14) can be recast after division by the total projected
e external boundary of the watershed. Itis implicitforall -\ .0~ 5 i the form:

the other balance equations of the unsaturated zone that the
exchanges across the mantle can be separated into the com- = Uy UyHel Uy — (@AY 4 |UA) — pUfuyHel o)t
ponents relative to each segment. Following on, the quan- dt

tities defined as:

1 t+ At . _
2AtT J JAUJ n" '[iO(Wul - V)]'deAdT;

j=s,ca=mw,g

uj
o

t— At
(A9)
are the mass exchange terms of the u-subregimhase
with the saturated zone across the water t&feand with
the concentrated overland flow across the areas of land
surfaceA', whereas
t+ At
g_ 1
¢ 2AtE
j=s,Cc a=m,w,g

JAusn“" {i = p(v — W)yl ]yedAdr
(A10)

are the non-convective interactions between the u-subre-
gion a-phase, the underlying saturated zone and the con-
centrated overland flow, respectively. In a similar fashion

t— At

t+ At
u 1

=—Q af, aB u .
Cap = 2AtL Jt—at ,[g;ﬁn [o(W V)], dSdr;

a,B=m,w,g (A1l)

is the mass exchange term between éhphase and the
remaining phases. The term defined as:
uo_ 1
a8 ALY

t+ At _
| o1 - ot w1y
o

t— At

a,B=m,w,g (A12)

=G + (EXYn + 15 + (EX¥a + 159
+ > (Egvh 1) a=m,w,g
B#a

For the water, the general conservation equation can be
rewritten in terms of the water saturatigp and the aver-
age porositye", defined by eqn (9):

d
SRR — (S 1) — phtly et =
(A18)
Guo' + (B vw + lw) + (6w + 1)
+ D (Engva+ 1)
B=sg9

In the subsequent paragraphs thephase conservation
equations for mass, momentum, energy and entropy will
be derived for the u-subregion.

Appendix A.1. Conservation of mass

For thea-phase mass conservation within the u-subregion
the microscale properties have to be defined according to
Table 2 such tha = 1,i = 0,f = 0 andG = 0. Subse-
quently, eqn (A18) is reduced to the general form of the
mass balance for the u-subregierphase:

d
qleaY o) = + e+ e + el (A19)
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The terms on the r.h.s. account for the mass exchange of thequantities into eqn (A18) leads to:

a-phase with the neighbouring REWSs and the d. uuureu 2 U Ay o

external world across the mantle, with the adjacent s- and gl Pa¥ €alEa + (Va) 720"} — {7 [E + (Va) /2]

c-subregions, and with the remaining phases within the u-

subregion. + TV + QY — ooy en(dave +hi)e
={€TEa + (V)72 + Totve + QLY

Appendix A.2. Conservation of momentum
+{elTEn + (Va)*/2] + Tofvi + Q%)

The REW-scalea-phase equation for conservation of

u u uy2 u
momentum is derived by selecting the microscale properties + ; {€plBa+ (Vo) 72 + TapVa + Qug} (A25)
from Table 2 such thag = v, i =t,f = gandG = 0. where: pre
Substitution into egn (A18) yields: ’ L
d Es =E, + (W)%/2 (A26)
qilPavay e — (€ Ve + o) — phy'eadae” o
hY =hy + ¢ -7Cu (A27)
= (Ve +To) + (& Va + Ta) + Z (€pVa + Tap) are the REW-scale internal energy and the total heat supply
pre from the external world, respectively. The r.h.s. terms of
(A20) the last two equations are composed of the average of
where: microscopic values plus a term attributable to sub-REW-
t1 At scale fluctuations. The definitions @ and d;, are given
TA= 2AtE o JAuA It = p(v ™ W74y dAdr similarly to egn (A6). In the case of eqn (A26) the second

term on the r.h.s. is given by averaged sub-REW scale
(A21) deviations of kinetic energy and for eqn (A27) by devia-
is the REW-scale momentum exchange of the u-subregiontions of velocity and gravity. Further, note the following
a-phase with the neighbouring REWs and the external definitions:

world across the mantlé and A 1 (A A A
ua _ & UA Y _ U

. 1 [t ‘ . @ T 2AtE Jt-at ,[A“An {a+tVa —p(v—wT)

u__ - uory Uycug. u . _

« T oA Ji-a J il 1= PV W]y dAdr, X [EY + (v)2/2]}y“ dAdr (A28)

j=s.c (A22) is the energy exchange of the u-subregiephase across

] _ the mantle. Next, the terms defined as
are the momentum exchange terms with the s-subregion AL
acrossA"® and with the c-subregion through'’, respec- w_ 1 u, U
: e = 4N+ tV, —p(v—w?)
tively. Furthermore, 2AtE Jt—at J A
{4+ At , , X [ES + (W)?/2]}y dAdr; j=s,c (A29)
u _ = afd ry _ Wby u .
Tes = 5ar% thm J " [t = (v =W Naly,dSdr are the energy exchanges with the s-subregion and the c-
subregion, respectively, while
a,f=mw,g (A23) t+ At

is the momentum exchange between #hphase and the Qy=51x J J NP L4109 — p(v —wP)

L . . . 2AtY Jt—At S"
remaining phases filling the u-subregion. Multiplication of
the mass conservation eqn (A19) by the average velogity X [E + (vu)z/z]” dSdr; o, 6=m,w,g (A30)

and subsequent subtraction from eqn (A20) gives the .

momentum balance in the following form: is the energy exchange between thephase and the

remaining phases. The quantity

d
(PaY'en’) gVa — T — phylengae! =T+ T EU—E, + (B + (W)Z)2=E, —EY (A31)
+ Z TYs (A24) is the deviation of thex-phase internal energy from its
B%a average value. Subtraction of the equation for conservation
of mass (egn (A19)), multiplied b + (V!)?/2, from eqn
(A25) yields:
i i d
Appendix A.3. Conservation of energy (oly e 1) a[Eng(vi)z/Z] —(TUAVY 4 QW
The REW—scaIea-phage (.aquat?on for co.n.servation. of — oIyl (gl Y + h)e! = (TUSVY + QY9
energy for the u-subregion is derived by defining the micro-
scale properties after Table 2, such tiiat E + v%/2,i = +(TSVvE + QLY + Z (TagVa + Qhg) (A32)

(tv + q), f = (gv + h) andG = 0. Substitution of these Ba
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The mechanical energy balance equation is obtained bysubregions: the unsaturated zone, the saturated overland

forming the inner product of the velocity' with the flow and the main channel reach. At the bottom, the satu-
momentum balance eqn (A24): rated zone can be confined either by impermeable strata or
vuu U ) WA u can interact with the deep groundwater reservoir. The con-
(0aY €qe —[(\/ﬁ.{) 12] = T Vo — paY ea(Ga Va)o" tact surface between the s-subregion and the channel is
Us. U " U defined by the channel bed, which is carved into the sall,

=To Vot To Vot g TagVa (A33) while the contact surface with the o-subregion is coincident

with the saturated land surface. Interaction with the neigh-
bouring REWSs or the external world across the mantle sur-
Appendix A.4. Balance of entropy face A is also possible, as evident from Figs 3 and 4.

The saturated zone constitutes a two-phase system due to
The balance of entropy for the u-subregienphase is the coexistence of water and soil matrix. The general bal-
obtained by defining the microscale properties following ance law for a thermodynamic property for the s-subregion

Table 2 asy =7, i =j, f = b andG = L. The resulting a-phase is written as follows:
equation is: d J o N
b [ o
Syt — P phyresbl — Lt @t Ju eV R =Wy cAdy
Su u: H S
+ (e(lisng + F(‘ﬂ—i— (egcn(li + F(l;C) + Z F(liﬁ (A34) + JAUSH '[P(V—W %\[/ — I]'YadAd'r
B#a
where: J s S
+ n3-[o(v —wd)y —i]y5dAdr

Mo = Tla (A35) J-Zor A3

bt =B (A36) T B R

LY =Ly (A37)

+ J n“® [o(v —w*)y —ilydS— J Plvedv
are the average entropy and the REW-scale terms of S v

entropy supply and internal generation of entropy, respec- .
tively, while = JVSGvadV: a=mw (B1)
FUA _ that J' [ (v w”A) 41, dAd where the contact surfac®™ (seepage face) is formed by
o 2Atz: t—At A“A 1=F Yo SAUT the saturated land surface, in immediate contact with the

(A38) sheet of water forming the overland flow, aAd is defined
by the channel bed. Following a time averaging procedure

is the entropy exchange across the maAtleand 7 X : .
Py 9 Al similar to that outlined for the u-subregion, the first term

t+ At becomes:
Fi=—— J N[ — (v — w)jslyadAdr t+ At
* 2AtE —ac " o 1d J s _d s \ss
ac a39) St ) VeV = (€Y NoRIIE)  (B2)

Furthermore, the following REW-scale exchange terms can
are the entropy fluxes into the s- and c-subregions, respec-be defined:

tively. Finally, 1 (At
SA sA SA S
€ =— N> oW — )]y, dAdr; a=m,w
Flg=—— rm J n.0j — p(v — W) ]y 1 dsdr ©oo2am Jea J P VA
af AL Jt—at S{iﬁ NalYa (B3)
o,f=mWw,g (A40) and
account for the REW-scale intra-subregion entropy - R @ A st s
exchange between thephase and the remaining phases. « = oaty Jicat JAsAn i =p(v = W)l vadAdr
a=mw (B4)
APPENDIX B. CONSERVATION EQUATIONS FOR are the REW-scale mass exchange and the non-convective
THE SATURATED ZONE (S-SUBREGION) interaction of thex-phase across the mantle surfécevhere

the deviation quantity? is defined in analogy to eqn (A6).
The saturated zone (s-subregion) comprises the subsurfac&imilar to what we observed for the u-subregion, the egns
region, which is saturated with water, as depicted in Fig. 4. (B3) and (B4) can be written as a sum of components
The s-subregion exchanges water with the overlying relative to each segment forming part of the mantle (see
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eqgn (2)): averages, lead to the genetiephase balance equation:
UA UA UA d
= 2 el + el (B5) SO — (@ 1) — iy’
|UA_Z|UA+|UA . (B6) =G§ws+(e§¢bm Z+|me)+ (B13)
a o a, ex
|

S./s S S s Sy
where the second term on the r.h.s. is non-zero only for jzgor(ea¢a+ ld) + (Es¥w +1ag); a=sw
REWSs which have part of the mantle in common with the T _ _
external watershed boundary. For all the following balance In the following paragraphs the conservation equations for

equations the exchange across the mantle is implicitly mass, momentum, energy and entropy will be stated. The

understood as a sum of more components. Next, concepts so far are straightforward extensions of what has
been shown for the u-subregion and, therefore, details will
1t be omitted.

=28 Jou J oW V)l dAdr:

Conservation of mass

j=u,0,r a=mw (B7)
and The mass conservation for for the s-subregiephase is
obtained from eqgn (B13), analogous to what has been pur-
; 1 t+AtJ g 925148 dAd sued for the u-subregion. The result is:
=— n¥[i —p(v—w
@7 oAt Jioat Jas [i —o( WelvVe T d( sys s s esA+es bot+ Z el B=m,w
0oy €@ ) =€y o« oy O P =11}
j=uo0,r a=mw (B8) dt |=ao.r

are the mass exchange and the non-convective interaction (B14)

of the s-subregiom-phase with the unsaturated zone, with The terms on the r.h.s. represent the mass exchange of the

the overland flow region and the channel, for solid and «-phase with the neighbouring REWs and the external

water phases, respectively. In a similar fashion we define World acrossA, the exchanges with the deep groundwater
reservoir as well as the neighbouring u-, o- and r-subre-

1 (A gions, respectively.

S bot__

“ T 2AtE Ji-at

a=mw (B9)

J a n*[p(Wpot — V)] 7o dAdT;
” Conservation of momentum

The REW-scale equation for conservation of momentum

as the mass exchange term, and is once again obtained from eqgn (B13) by introducing the

1 (A J’ 3 appropriate microscopic properties from Table 2 into eqn
s bot__ Sri _ —ws S1.S
IO‘ - ALY Jt—at Ats)oln [I ,O(V Wbot)d/a]VadAdT (Bl)
a=mw B Spiyae) - @V TH - pgyes
as the non-convective exchange pfbetween water and S bot .S < bo S 5
solid phase of the saturated zone, the deep groundwater or = (Ve + T ") + Z (€aVa+Ta)

the underlying impermeable strata. Finally, I=nar

+ (ezBVE + Tiﬁ) (BlS)

1 t+ At g g
s af afd S _
€ = AT Jt—at «[Sf;ﬁn [P(W V)]'YozdS; a,f=m,w where:
B11 1 t+ At
_ (B11) THA=_—_ J J LNt — p(v — W) T3 ]v5dAdT
is the mass exchange between éhphase and thg-phase, 2AtE Jt-at A
while (B16)
1 (trat _ B is the momentum exchange between the s-subregion
lag = SAD thm Ls i — p(v — w)Y3lyedSdr phase and neighbouring REWs as well as the external
b world across the mantle, and

a,B=mw (B12 1 t4 At
. . b 5
is the non-convective exchange @f between the two TS = A ) at J%O‘ns'[t—P(V—Wgot)Vi]’YidAdT

phases. Substitution of the exchange terms into the eqn (B17)
(B1), after it has been averaged in time, introduction of

average quantities given by egns (5)—(8) and (15), and,is the momentum exchange between the s-subregion and
finally, definition of REW-scale quantities based on the the underlying impermeable strata or the deeper
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groundwater. Furthermore, is the energy transfer from the s-subregion towards the
1 (A underlying deep groundwater or the impermeable strata.
§= ol JAUI nS’-[t _p(V_Wq)va]ryszdT; Furthermore, the term defined as
- 1 (At . '
j=u,o,r B18 S _— g, T — o(v —w?
J (B18) Q} AT )it JASn {q+t7 — p(v —w?)
are the momentum exchange terms between the 5y2 s e
s-subregion, the u-subregion, the overland flow region and X [Eo+ ()72 yadAdr; j=u0f (B25)
the channel reach, and is the energy transfer from the s-subregisphase into the
t+ At u-subregion, the overland flow region and the channel
Tos= o= J J — o(v — W) ]yS dSdr; reach, and finally,
2AtY Jt-at At
S afy S e
@, B=mw (B19) Qs = 21z Lm jszﬁn {4+ Ve —p(v—wT)
accounts for the momentum exchange of the s-subregion X [ES 4+ (2)%/2]}v5dSdr; o, B=m, W (B26)
Egiiza\:\i/grs] theg-phase across the intra-subregion phase accounts for the energy exchange of the s-subregion

phase with the3-phase across the intra-subregion phase
. boundary.

Conservation of energy

. . . Bal f ent
Thea-phase equation for conservation of energy is stated alance ot entropy

in analogy to what has been pursued for the u-subregion as The balance equation for the s-subregiephase entropy

follows: is:
d
GilPalES + () 72y eie —{€[ES + (v2) /2] (payseznz %) — (€5 + ) — pbiyPes o’ = L36°
+ TV + QY - (B20) @M AR+ D (@t +F)
j=u,o,r
S(~S \/S S S S__ g S botrpes S\2
Pa(0a Ve + M)Yoeqw® = { € "[ES + (Vo) /2] + (€575 +FSp) (B27)
+ TZ bOt-VZ + QZ bol} + where:
. A A Mo = Tl (B28)
2 (B + ()% +TIve+ Q) )
j=aor bS =b (B29)
+{E6ES + (V)72 + Tisva + Qi) LS =(L)® (B30)
where the R!EW-scaIe internal energy and external energyare the REW-scale entropy, entropy supply and internal
supply are given by generation of entropy, respectively, while
ES =ES + (V)22 (B21) o L (7 J Al NS ]ySdAd
a — Fa a a = m t— At AsAn [J _p(V_W )na]’Yoe T

he, =Fi + G (822) (B3
is the entropy exchange from the s-subregigfphase

Next, the REW-scale energy exchange terms are across the mantle. Next,

introduced:
1 At FS bOt Jt+At J SdAd
QZAZ m At JASAnSA.{q+t.\72 —p(V—WSA) a 2AtE t— At J —p(V Wbot) ]’Ya T
_ (B32)
X [ES + (¥)%/2]} S dAdr (B23)

is the entropy exchange between the s-subregiqgrhase
is the energy transfer from the s-subregiephase towards  and the underlying deep groundwater or the impermeable
the neighbouring REWSs and the external world across the layers, while

mantle, while 1 t+ At
§_ ST oy wI)5STaS
< bot 1 t+ At s s s Foz - ALY ,[I*At JASin [l p(V W )na]’YadAdT
Q= . g+t — (v — Wpg)
ZAtE t—At A‘nol ] =u, O, r (833)
X [ES + (v3)%/2]}vSdAdr (B24)

is the entropy exchange between the s-subregiqhase
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and the u-subregion, the overland flow region and the chan-Next, appropriate REW-scale exchange terms for the prop-

nel reach. Finally, erty y have to be defined:
1 t 4+ At g s
FSBZ—J J N ) — p(v — WOyl dsdr, N J o
A 2AtE Jt-at Js ol fa ' g_ _ = q, g _ -
8 e AT ) o at e [o(W* —V)]dAd7; j=u,0

o, B=mw (B34) (C3)

accounts for the entropy exchange of the s-subregion
phase with theg-phase across the intrasubregion phase are the mass exchange, and

boundaries.
. 1 [(rrat ' o
G __ G YA L
= 5A1% ot JAqn [i —p(v—w")y"]dAd7; j=u,0
APPENDIX C. CONSERVATION EQUATIONS FOR (C4)
THE REGION OF CONCENTRATED OVERLAND
FLOW (C-SUBREGION) are the non-convective fluxes between the c-subregion, the

) ] -~ unsaturated zone across the amd and the region of
The subregion here identified as concentrated overland flowsaturated overland flow. The deviatighi from the space

zone, comprises all the flow occurring on the unsaturated and time average of the propetfyis defined as:
portion of the land surface. It includes Hortonian overland

flow and flow in rills and gullies. Furthermore, the c-sub- ~c ~c

region comprises the sub-REW scale channel network =v—¥ (C5)
within the unsaturated land surface. This allows to account

for the self-similar structure of the channel network, which Subsequently,
implies that, whatever the scale of observation, there is

always a treelike branching network present at smaller ., 1 J J’ c c

scales. The flow within the c-subregion is supposed to € "= AT Ji—a Jag," To(Wigp — Vv)]dAd7 (C6)
include only the water phase. The presence of sediment

transport phenomena & priori excluded. The framework i the mass exchange between the c-subregion and the

presented here, however, does not necessarily require thig;ymasphere on top. The non-convective flux is consistently
assumption, which is merely a simplifying expedient. Sedi- jefined as:

ment transport can be included by introducing a solid phase
in the c-, o- and r-subregions in an appropriate fashion. cto 1 o c \c

The c-subregion will be described as a sheet of water 1° 9P = 2ALL thm JA‘COP” i = p(v = Wigp)yJdAd7
which communicates with the atmosphere on top, the unsa- (C7)
turated zone at the bottom, and with the saturated overland
flow sheet along the intersection line of the water table with Substitution of the previously defined quantities into the
the land surface. The global balance law for the c-subregion time-averaged general balance law (eqn (C1)), introduction
can be stated, in analogy to what has been pursuedof the averages defined through eqns (5)—(7) and (15) and

t+ At

T+ At

previously: division by the surface area projectidhyields:
d .
i Joorov s | oty Y6 — YT = (G + (& P+ 1°)
+ JACOI’]CO-[p(V —w)y —i]dAdr + (™Y + 1) + (°%° +1°°) (C8)
+ J n°[o(v — WS, )¢ — i]dAdr — J ofdV The equation can, once again, be rewritten after definition
fop P Ve of REW-scale quantities in terms of averages:
= | Gdv (CY)
Ve % prcwcwC) _ prCfC (o} — GC(.OC + (eC top‘//c + |C top)

where A® is the sum of cross-sectional areas where the
concentrated overland flow merges with the saturated over- + (€Y 1) 4 (7Y +1°9) (C9
land flow sheet (see Fig. 4). After applying a similar time-

averaging procedure to eqn (C1) as outlined in eqn (A2) for

the u-subregion, and employing the average quantities

(egns (5)—(7) and (15)), the first term becomes: Conservation of mass
1d tMIJ' d 5 The REW-scale mass balance for the c-subregion i
i dVdr = — S(a)dCy c2 gion 1Is
2atdt Je—at Jve? ydvdr dt(ycw @y'E) (€2) obtained by introducing the appropriate microscopic
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guantities from Table 2 into the balance eqn (Cl1). The is the exchange of energy with the atmosphere, and
resulting mass balance assumes the following expression: ‘ 1 (trat . '

d R —— J' n9. tV° — p(v—w9
a(pt:ycwc) — C1OP 4 gou Lo (C10) Q AL Ji—at ) ao {g+ o( )
=C 2 .
The terms on the r.h.s. account for the exchange of mass of X [E"+ (V) /2]}dAdr; j=u,0 (C19
the c-subregion with the atmosphere, with the underlying u- accounts for the energy transfer to the underlying unsatu-
subregion and with the saturated overland flow region. rated zone and the saturated overland flow region.
Conservation of momentum Balance of entropy

The REW-scale equation for conservation of momentum  The REW-scale balance of entropy for the c-subregion is
for the c-subregion is derived b introducing the microscopic obtained by defining the microscopic quantities as given in

guantities according to Table 2 into egn (C1): Table 2. The equation resulting from eqn (C1) is:
d d
a(prCVCwC) _ prCngC — (eC topvc + TC top) &(pcycncwc _ prCbC C — ch + (eC topnc + FC top)
+ (eCOVC + TCO) + (eCUVC + TCU) (Cll) _,’_ (eCLInC _,’_ FCU) _"_ (eCO_r’C _"_ FCO) (Clg)
where: where:
1 [tra N 7°=7° (C20)
ctop_ A ) tat J . Ot — p(vV — W) V] dAdr
A A b*=b° (C21)
(C12)
is the REW-scale momentum exchange term between the c-  L®=(L)° (C22)

subregion and the atmosphere, and are the entropy, and the REW-scale terms of entropy supply

and internal generation of entropy, respectively, while

_ 1 (At _ _
T9 = AL J JAq n9.[t — p(v —w?)¥°dAdr; j=u,0 1 (teat

t— At ctop__

- ctopri _WwC \:C
(C13) T 2AtT Jt-at J al! [ = p(v = Wigp) ] dAdr
(C23)
is the term of entropy exchange between the c-subregion
and the atmosphere, and

t+ At
o] 1

is the momentum transfer to the u- and o-subregions.
Conservation of energy

_ - i RTYeAY R
The equation for conservation of energy is derived by T oA Jioat Jchn [i —p(v—w)i"]dAdr; j=u,0
defining the microscopic quantities according to Table 2. (C24)

The resulting equation is account for the entropy exchange between the c-subregion

E ¢\ C[=C €291, €1 G S(ACA/C 1 CY.C and the underlying u-subregion and the overland flow
dt{p YTE + ()72} =oY@ v + e’ = region, respectively.
(C14)

APPENDIX D. CONSERVATION EQUATIONS FOR
{€° OB+ (v9)2) + T° P+ Q1) THE REGION OF SATURATED OVERLAND FLOW

(O-SUBREGION)
+{eCU[EC+(VC)2/2] +TCU'VC+QCU}

The flow characterizing the the o-subregion is occurring on
+{e™[E® + (v)?/2] + TV + Q*%} the land surface, along the seepage faces of the saturated
zone (s-subregion). it also includes the sub-REW-scale

wheze. o e channel network flow within the saturated portion of the

E'=E"+(¥)" /2 (C15) land surface. The saturated zone is composed of the water
¢ rc . mree— and the solid phases. The exchange of the propedifithe

h*=h"+g°V° (C16) o-subregion with both phases of the underlying aquifer has,
are the REW-scale internal energy and the total heat supplytherefore, to be considered. The o-subregion can further

from the external world, respectively. Furthermore, exchange/ with the main channel reach along the channel
At edge and with the the c-subregion from the uphill regions, as

Q° P i J J NC{q 4 t7° — p(v — WE,0) shown in Fig. 4. There is no interaction with the unsaturated
2AtE Jt—at J A . zone (u-subregion). Also here, presence of sediment transport

e e is excluded. The generic balance law for the o-subregion can
X [E"+ (¥)7/72]}d Adr (C19 be stated in analogy to what has been pursued previously:
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d o o ] The equation can be restated in terms of appropriate REW-
ot JVOP¢dV + JA?Dp” oV —Wiop)y — j]dAd7 scale quantities:
+ [ n°[o(v — W)y — j]dAdr d 60,0 0 0,,0§0 0 0 0 otopsjo , joto
J Ao p J a(pyog[/w)—pyof = w+(e v+ p)
+ ] AconOC'[p(v _ WCO)\L _ j]dAdT + (e051//° + Ios,) + (eoc\[/o + Ioc) + (eor‘l/o + |0r) (D8)
n°[o(v —w°)y —j]dAdr — J fdv
* J A Lot Y —)]dAdr v Conservation of mass

= VoGdV (OD) The REW-scale mass balance for the o-subregion is
where A” is the total cross-sectional area of the overland OPtained by introducing the corresponding microscopic
flow water sheet at the inflows along the channel edges.duantities from Table 2 into the balance eqn (D1). The
After application of an analogous procedure as pursued for esulting mass balance egn (D8) assumes the following
the unsaturated zone (see eqn (A2)), and by employing the®XPression:
average quantities defined in Appendix E, the first term of d

egn (D1) becomes: a(p<3y0w0)=eo tp 4 0S4 g0C | gOf (DY)
1d t+ At d
_— _ 2 0/ \07j0
JAtdL Jtat JV0P¢dVdT— dt(yOco (0)°Y°L) (D2) The terms onther.h.s. account for the exchange of mass of the

o-subregion with the atmosphere, with the s- and c-sub-
Next, we introduce appropriate REW-scale exchange termsregions, and with the channel reach through lateral inflow.
for the propertyy:

t+ At

otop_ 1 Conservation of momentum

—_ 0- 0 p—

o=t | Lt e ©3)
] ) The REW-scale equation for conservation of momentum
is the exchange between the o-subregion and the atmossor the o-subregion is derived by introducing the micro-

phere on top, and scopic quantities according to Table 2 into eqn (D1). The

o top 1 [trat J o b o equation resulting from egn (D2) is:
== SALE J o at °Dpn [ = p(v — Wiop)¥"]dAdr d
(D4) GOV G = (€ N T )
is the respective non-convective flux term, where the 1 (€°VO 4+ T%) + (€°V° + T + (€ + T) (D10)
deviation quantityy® is defined in analogy to eqn (C5).
Furthermore, where:
_ 1 t+ At ) _
V= Nn%[p(w? —Vv)]dAdr; j=s,c,r 1 [trAt
2AtY Jt—at JA"J ! ! Totop _ J J n° [t 0 \~O
=— [t — p(V — Wipp)V ]dAdT
2AtT A top

t— At

(D5)

are the mass exchange terms between the o-subregion and
the underlying s-subregion across the seepage fdée

with the c-subregion from uphill, and the channel reach
through lateral inflow. The non-convective fluxes are

(D11)

is the momentum exchange term between the o-subregion
and the atmosphere, while

defined as: . 1 [t A A
o __ 0] 0]\70 .
_ 1 (Ut J ' o = AT J LNt —p(v —w™)V"]dAdT;
o __ o i _\wO).70 P ALY Jt—at JAd
= 7 Jeoa . [ —o(v—w")Y ]ldAdr j=sc,r

(D6) j=sc,r (D12

Substitution of the previously defined quantities into ean are the momentum transfer terms to the s-subregion, the
(Dl) after it has been aVeraged in time, introduction of the C_subregion and the channel reach’ respective'y.

average quantities eqns (5)—(7) and (15), and division by

the surface area projectian yields:

E«p)Oyo 36®) — (0)°y°F%0® = (G)°w® -+ (€° 12Pg01 © 1oP) Conservation of energy
dt

+ (€°%Y° + 1) + (e°%Y° + 1°9) + (e”Y° +1°) (D7) The equation for conservation of energy is derived by
defining the microscopic quantities according to Table 2.
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The resulting equation is
SLYIE + (P20} — Y (G + )
—{e top[Eo + (Vo)z /2] +T° op,0 4 Q° top}
+ {€"E° + (V)%/2] 4+ Tv° + Q%%
+{€™[E° + (V°)%/2] + TV° + Q°%}

+{€”TE® + (V°)%/2] + T"v° + Q°} (D13)

where:
E° = E° 4+ (W)2°/2 (D14)
h® = h® + §o-v°° (D15)

and the atmosphere, and

1 t+ At _ .
- m t—At J’AOJ nOJ [J - p(V - Woj)ﬁo] dAdr

j=scC,r (D23

0

are the entropy exchange terms between the o-subregion,
the underlying s-subregion, the c-subregion from the uphill
regions, and the channel reach.

APPENDIX E. CONSERVATION EQUATIONS FOR
THE CHANNEL REACH (R-SUBREGION)

The main channel reach of the REW exchangesith the

are the average internal energy and the total heat supplyatmosphere on the channel free surface, with the underlying

from the external world, respectively,

Qomp_ 1 t+ At
TO2AtE Ji-at

X [E® + (¥)?/2]}d Adr (D16)

JAOnO'{q +t0°— p(v — W?op)

is the energy exchange with the atmosphere, and

1 T+ At _ |
- m t— At JAojnoJ-{q+t_\70_p(V_W0])

X [E° + (W)%/2]}dAdr; j=s,c,r (D17)

Q°

saturated zone (s-subregion) across the channel bed, with
the overland run-off areas (o-subregion) along the edges of
the channel, with the neighbouring REWs and the external
world across the mantl& at the REW outlet and inlet. We
recall that, in the case of REWs associated iitst order
streamsthere is only an outlet and no inlet. The geometric
properties inherent to the channel at a cross-section are the
width of the free surface, the wetted perimeter, and the
cross-sectional arem (equivalent to a volume per unit
length L%L]) normal to the spatial curv€" forming the

axis of the channel. The volumé¢' associated with the
channel reach is slender and can be approximated through

are the energy transfer terms to the underlying saturatedthe integration
zone, the concentrated overland flow and the channel reach.

Balance of entropy

Vi= | _mdc (E1)

where € is an infinitesimal segment of the cur@. By
making this approximation, the effects of volume distortion

The REW-scale balance of entropy for the o-subregion is due to curvature of the channel have been neglected. The
obtained by defining the microscopic quantities as given in respective terms have been derived in a rigorous manner by

Table 2. The equation resulting from eqgn (D1) is:

%(poyonowO) _poyobo 0 — | %° 4 (eo topno+ = top)

+ (eos770+ FOS) +(eOC770+ FOC) + (eorno+ FOI’) (D18)

where:
n° =7 (D19)
b°=b° (D20)
LO=(L)° (D21)

are the REW-scale entropy and the terms of entropy supply

and internal generation of entropy, respectively, while

o top 1 A o top; 0 -0
F = ALY Jt—at Aon [J - p(V - W’[op)?'] ]dAdT
(D22)

Gray et al}® to which the reader is referred for more
detailed explanation. The general conservation equation
for a generic property within the volumeV' is stated as:

d .
dt J VG J oV — Wy —iJdAdr+ (E2)

[ WL — Wiy — 1anc

op

n JAsran-[p(V — W)y — i]dAdr +

ro, _ or i _ _
JAmn [o(v —w™")y —i]dAdT Jvrpde— JerdV

where A” is the total cross-sectional area defined by the
intersection of the channel with the man#feat the outlet

and inlet, andA{op is the channel free surface. After appli-
cation of the top time-averaging theorem (eqn (A2)), as
shown for the case of the unsaturated zone, and use of

is the term of entropy exchange between the o-subregionthe average quantities eqns (12)—(14) and (16), defined in
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Appendix 5, the first term of egn (E2) becomes: is the-respective non-convective flux term. Finally,
t+ At
1d t+mJ d o roryrar fi 1 J 1 fi L
Eyvem = — e=_—= n"-[p(w" —v)]dAdr; j=s,0
2Atdt Jt—at vrpdedT dt(mE y¥'E) (E3) 2AtY Jt—at J Ao : )
E1ll

The following exchange terms between the channel reach, )
and its surroundings are subsequently defined: is the mass exchange term of the channel reach with the

saturated zone across the channel bed and with the o-sub-

1 (v J’ region through lateral inflow, while
rA rA rA ’
= — n"[p(w” — v)]dAd E4
2AtE Jt-at J AR Lo )dAdr (E4) . 1 [trat ' _
N __ Tj_'_ _ ] Tr -

is the mass exchange of the channel reach across the mantle | = 2arx Jt_m JArjn [i —p(v—w)y]dAdr; j=s,0
at the outlet and inlet, and (E12)

1 [t is the non-convective interaction between the channel

rA rA i rA\ 7T
T AT Jtoat JNA” i —p(v—wT)y JdAdr  (ES) reach, the saturated zone and the o-subregion. Introduction

of the previous defined quantities into the time-averaged

is the non-convective interactipn of the channel ac®ss  pajance law (eqn (E2)) and use of the definitions given
where, once again, the deviatighfrom the time and space by eqns (12)—(14) and (16), yields:

average is defined as:
d - - o
Y=y—y (E6) oy myeE) €™ +1™E — () mf'e's

We observe that the exchanges across the inlet and outlet ~ =(G)'£'Z + (€ “PY' + 1" P)T + (€% + 1)L
sections can be separated into a number of components. If r0Ir 1o
the REW is relative to dirst order streamthe exchange +HEY+ITE (E13

across the REW mantle occurs only at the outlet. If the The yse of REW-scale quantities, defined on the basis of

REW is relative to ahigher order streamthere are two  4yerages, allows, after division 1B, to recast the general
reaches converging at the inlet and there is a reach follow- j51ance equation for the channel reach:

ing further downstream at the REW oultlet, i.e. the channel
reach is communicating with the reaches of three neigh- E(prn{¢rgr)_(erA¢r+IrA)_prmrfrEr
bouring REWSs. For example, with reference to Fig. 1(c), dt

the channel reach of REW 5 is communicating with the =G'E + (€ OPY +1"P) 4 (€% + 1)
reaches of REWs 3 and 4 at the inlet and with the reach o o
of REW 7 at the outlet. In addition, the REW, which is the +(E€Y +17) (E14

closest to the outlet, can interact across the external
watershed boundary. With these considerations in mind
we rewrite eqns (E4) and (E5) in a general form:

In the following sections appropriate quantities will be
introduced into egn (E14), in order to state the balance
laws for the four fundamental properties of mass, momen-
éh=> g+ e (E7) tum, energy and entropy.

[

= > A1 (E8) Conservation of mass
|

where the summation extends over the neighbouring REWs For the mass conservation along the spatial c@Yehe

(three in the case of higher order strearmand one in the microscale propertle§ in eqn (E2) have to be chosen
case of afirst order strear and the second term on the amongst the appropriate values for the mass balance from

r.h.s. is non-zero only for the REW next to the watershed | 2Pl€ 2. The REW-scale r-subregion mass balance assumes

outlet. In all the following balance equations the exchange @ccording to eqn (E14) the following expression:

term across the mantle is implicitly understood as a sumof ¢ = A 1Op s oS s 4O
these components. Next, G me)—e" =P +e°+¢ (E15)

1 (A The second term on the |.h.s. accounts for the exchange of
rtop r. ro
€= 2AtY Jt—m JA{opn [o(Wiop — V)]dAdr (E9) water between the channel reach and the neighbouring
REWSs as well as the external world across A (i.e. inflow
is the REW-scale mass exchange between the channel fregnd outflow discharge), whereas the terms on the r.h.s.

surface and the atmosphere, and represent the mass exchange with the atmosphere at the
1 [t free surface (i.e. rainfall and open water evaporation),
[ftoe_ _ = J n’-[i—p(v—w{op)J/']dAdr with the adjacent aquifer across the channel bed (i.e.
20t Jt-at S A, recharge from groundwater) and with the overland flow

(E10) region along the channel edge (i.e. lateral inflow).
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Conservation of momentum is the REW-scale energy supply, consisting of the external

supply in addition to the energy supply due to fluctuations

The REW-scale equation for conservation of momentum of velocity and gravity at the sub-REW-scale. Next, the
for the r-subregion is obtained after defining the-microscale REW-scale interaction terms are defined:

properties according to Table 2: . 1 (At . .
I’ - A, t\7r_ (V_WI‘)
d =2 e JArA” {a+tv—p
a(prmrvrgr) . (erAVr + -I—rA) _ prmrgrgr t—At
oy 2
— (er topvr+Tr top) +(ersvr +Trs) + (erovr _I_-I—ro) X [E + (Vr) /2]}dAd7' (E23)
is the energy transfer from the channel reach across the
(E16) mantle at the outlet and inlet cross-sections,
t+ At
where: rtop __ 1 J r. t — YT ¢
t+ At Q = oAtz Jioa Ja" {a+17 —p(v —Wiop)
1 . _
™= ) JNAnrA-[t — p(v —w™)¥"1dAdr X [E" + (¥)¥2]}d Adr (E24)
(E17) is the energy exchange with the atmosphere at the channel

. . free surface, and
is the REW-scale momentum exchange term with

t+ At
the neighbouring REWs as well as the external world Q”':ﬁj JArin’J.{q+t.vr—p(v—wrj)

across the outlet and inlet sections on the mamle t-at
Furthermore, X [E' + (¥)%2]}dAdr; j=s,0 (E2H
t 1 (A ) are the energy transfer terms into the s-subregion across the
riop — AT s JA{ n"[t — p(V — Wiop) V' JdAdT channel bed, and the saturated overland flow region along
op

the channel edges.
(E18) g
is the momentum transfer into the atmosphere on the chan-Balance of entropy

nel free surface, and
The balance of entropy for the channel reach is given,

i 1 (A i - o after appropriate substitution for respective microscopic
= oA Jioar J " [PV —WOV]dAdT j=s,0 quantities into eqn (E2), by the expression:
(E19) d . .
. rmrrr_er r Fr _rmrbrr
are the REW-scale terms of momentum exchange dt(p mE) (€ +F) e .
with the saturated zone across the channel bed and with =L"E" + (€ Py + F"OP) 1 (&% + F™) + (€% +F™)
the regions of saturated overland flow along the channel
edges. (E26)
where:
Conservation of ener:
Y y =7 €27)
The equation for conservation of energy for the channel [
S . - b'=b (E28)
reach is given, after the appropriate substitutions for the
mlc;oscop|c properties, by the expression: LM =(L) (E29)
a{prmr[ErﬂL (V)?121€"} — {eM[E"+ (vV)?/2] are the REW-scale entropy, and the REW-scale terms for
entropy supply and internal generation of entropy, respec-
A A
+T7W + Q) —p'mi (g v + h)E' tively, while the entropy exchange terms,are defined as
— {er top[Er + (\/)2/2] + T top_vr + Qr top} follows: ot
1 . ~
T WP TV A QY HE 0 P s [ ™ e - Wi aadr
+Tro_vr+Qro} (EZO) (E30)
where: is the entropy exchange with the neighbouring REWs and
' the external world across the mantle A at the outlet and
E—E +Wf/2 (E21) inlet, while

i i 1 (tra J
is the REW-scale internal energy of the channel reach and rtop _ Ff el yaf
Y F= 2AtY J t— At . [i = p(v — Wigp)7 ]dAdr

h=h +§3" (E22) (E31)
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is the entropy exchange with the atmosphere across theexpresses the entropy exchange of the channel reach with
channel free surface. Finally, the term defined as the s- and the o-subregions.

t+ At
1 +

- 2AtY Jt—at

1

[ 6 =ty —wihir10adr j=s.0
(E32)



