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On the Modeling of Brine Transport in Porous ng:dia

S. MaJD HASSANIZADEH AND ToOON LEIINSE

National Institute of Public Health and Environmental Hygiene (RIVM ), Bilthoven, The Nelpherlands

The problem of concentrated brine transport arises in the study of transport of pollutaq'ts released
from a repository in a rock salt formation. An important characteristic of brine, as comparq:d to other
solutions normally encountered in groundwater problems, is that it contains a high conceptration of
solutes. This factor requires special attention in the development of mathematical model} for brine
transport problems. In this work we discuss certain important physical and mathematical idifferences
between low- and high-concentralion situations. In particular, we consider three primary appects of a
model: basic equations, boundary conditions, and numerical techniques. Recognizing the lict that -in
high-concentration situations, the fluid motion is not independent of the solutes movement, a new
formulation of Darcy’s and Fick’s law are proposed. The basic equations comprise a set of tw«E nonlinear
coupled partial differential equations to be solved for the pressure p and the solute mass fraction w.
These equations have to be solved by means of iterative methods. Various possibilities involving finite
difference methods have been studied. In one case, after discretizing the equations in a fully implicit way,
the Newton-Raphson method has been employed to solve the system of nonlinear differencé equations
simultaneously. In another case, after removing part of the nonlinearity by a transformation of the
dependent variable w, a procedure of sequential solution of the two equations by successive substitution
is employed It turns out that the latter method is considerably faster than the former one asja result of
the quasi-linearization. Finally, considering boundary conditions, it is shown that often th¢y are also
nonlinear and coupled. Appropriate conditions for a rock salt boundary and an outflow bopndary are
developed and their significance in high-concentration situations are discussed. In particular, 4 nonlinear
time-dependent boundary condition at a rock salt boundary is developed which takes into gecount the

process of salt disselution and cap rock formation.

INTRODUCTION

In recent years the problem of final disposal of hazardous
waste (and in particular high-level radioactive waste) in salt
formations has reccived increasing attention. In the event of
escape of contaminants from such a repository, the most prob-
able mechanism for release of pollutants to the biosphere is
the transport of species via groundwater [cf. International
Atomic Energy Agency, 1981]. It is known that in the vicinity
of a salt dome or in aquifers which are in contact with bedded
salt formations, brine densities higher than 1200 kg/m? exist
[cf. Stheeman, 1963; Visser, 1974; Sander and Herbert, 1985].
High salt concentrations are not limited only to the proximity
of salt domes. Also, in aquifers overlying salt formations the
salt content varies from that of fresh water to that of saturated
brine [cf. Giesel and Fielitz, 1983, Boehme et al., 1985]. Also,
brine and very saline water may be found in some crystalline
rocks. Brine with density of 1204 kg/m® is encountered at a
depth of 1500 m in the crystalline rocks of the Canadian
Shield formation [Frape et ¢l., 1984]. High salt concentrations
are also encountered in extensive aquifers in The Netherlands
with a potential for the exploitation of geothermal energy
[Glashergen, 1981; DGV-TNQO, 1983, Mot, 1984]. In these
cases, salt concentrations as high as 1150 kg/m® have been
observed. It must be noted that in such natural systems, the
existence of high salt concentration gives rise to large con-
centration gradients as well. Therefore throughout this work it
is assumed that in high-concentration situations, large con-
centration gradients also prevail.

There exist numerous models for the study of groundwater
flow and solute transport problems, but they are mostly devel-
oped for situations where the solute concentration is equal to
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or less than seawater concentration These models employ as-
sumptions and approximations which are not admissible at
high concentrations. Recent theorﬁ:.;tical studies indicate that
for high-concentration situations one might need to modify
the basic equations of flow and: transport [Hassanizadeh,
19865]. Also, recent studies have shown that some numerical
schemes which work satisfactorily J; low concentrations, need
to be modified for high-concentyation situations [Leijnse,
1985 Herbert and Jackson, 1986].

The purposc of this work is to illustrate and stress the need
for more careful examination of ideas, equations, and meth-
odologies employed for modeling of high-concentration trans-
port problems. We consider threg important aspects of a
mathematical model: basic cquatii:ms, boundary conditions,
and numerical techniques. In the next section, based on the
works of Huassanizadeh [1986a, b).ja modified formulation of
basic equations is presented and lhq: effect of proposed modifi-
cations is illustrated by means of numerical experiments. In
the third section, we discuss somg possible boundary con-
ditions which are applicable in high-concentration situations.
Certain boundary conditions whiich are not admissible in
these situations are indicated. Fina'ly, a number of numerical
schemes involving sequential solvin and/or simultaneous iter-
alive solution of nonlinear equations are discussed and their
advantages and disadvantages are ijlustrated.

O THE Basic EQUATIONS

In the modeling of transport of [N species by groundwater
flow, generally, N + 1 sets of equatjons are employed: one set
for each species and a final set for ghe flowing fluid. The set of
equations for species constitutes the balance of mass of the
species and a reduced equation of njlotion in the form of Fick’s
first law. Similarly, the set of equations for the flowing fluid
constitutes the balance of mass of the whole fluid (consisting
of the host liquid and species) and a reduced equation of
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motion in the form of Darcy’s law. If temperature changes are
also of interest, an appropriate form of the energy equation
should be added to the set of equations for the fluid. Also, il
deformation of the porous medium and porosity changes are
important, an additional set of equations for the solid phase of
the porous medium has to be provided. In this study, however,
we do not consider temperature or deformation effects.

In present practices of modeling of transport of low-
concentration species in porous media, at least one of the
following two restrictions are imposed: (1) all material proper-
ties such as mass density and viscosity of the flowing fluid and
the dispersion coefficient are independent of species con-
centrations and/or (2) motion of the flowing fluid is indepen-
dent of the motion of individual species. In any case, regard-
less of concentration values, normally the following formu-
lation of Darcy’s law and Fick’s law are employed [Bear,
1979]:

k
q=——-(Vp—pg) (1)
u

J=-D.Vp o))

where q is the mean velocity of brine relative to the rock
matrix, k is permeability tensor, p and u are mass density and
dynamic viscosity of brine, p is the pressure, g is the gravity
vector, J is the dispersive mass flux of salt, D is the dispersion
tensor, and p® is the salt concentration. Note that although the
term “Fick’s law”™ commonly applies to molecular diffusion,
we employ it in a wider sense to apply to (2) where D is a
function of velocity.

The assumptions mentioned above simplify the problem
drastically. So that often one is able to solve the set of flow
equations first and obtain fields of density, pressure, and ve-
locity and then substitute these results in the set of equations
for species which are solved subsequently to obtain species
mass concentrations. Both of these assumptions, however,
have to be reconsidered in high-concentration situations. Ob-
viously, when the concentration of one or more of the species
is high, the mass density and viscosity ol the flowing fluid will
be influenced by changes in concentration of these species. The
main question, however, concerns the validity of Darcy’s law
and Fick’s law at high salt concentrations. Darcy’s law is
shown, both experimentally and theoretically, to describe sat-
isfactorily the flow of a single-phase low-concentration fluid
under isothermal conditions. However, the authors have been
unable to find in the literature experimental evidence of the
applicability of Darcy's law and/or Fick’s law to situations
where high salt concentrations (and large concentration gradi-
ents) exist. On the contrary, recent theoretical studies have
shown that both relations need to be modified for high-
concentration situations. Hassanizadeh [1986b] has derived
Darcy’s and Fick’s laws for a multicomponent fluid from fun-
damental principles of continuum mechanics. Following a rig-
orous thermodynamic approach, he has demonstrated that
equations of motion of the fluid as a whole and its high-
concentration components should contain cross-coupling
terms. The general form of Darcy’s law and Fick’s law sug-
gested by Hassanizadeh {1986h] for a two-component fluid
are

k
q=—=-(Vp—pg/) - D' - Vo - M'
I

g g -T VT (3

J= —pD-Vco—wKs'(VP—pgf]—Ms
g —gn—T-VT (@)

where  is the salt mass fraction; g” is the external body force
(such as gravity and forces of glectromagnetic fields) on the
brine (superscript ) or its compbnents (superscripts s and w);
and T is the temperature. Noté that in equations given by
Hassanizadeh [1986b] there is also a Vp term. However, be-
cause this can be converted to tkrms containing Vp, Ve, and
VT, we do not include it here. ;

Equations (3) and (4) contaip all possible cross-coupling
effects. Analogous equations to these have also been proposed
by other authors in different ﬁelhs. An equation similar to (4)
has been suggested by Bird et al. 5[1960] for solute transport in
fluids. In a recent article, Carnghan [1987] has suggested a
similar set of equations to describe coupled processes in soils.
Also, very closely related equations are employed to describe
chemico-osmosis phenomena in lﬁne—grained soils (see, for ex-
ample, Mitchel [1976]). In the: work of de Marsilly er al
[1987], if the chain rule of diitferentiation is employed to
expand the term Vu(p, w, T) (where g is chemical potential),
their equation for dispersive mas$ flux reduces to (4) above.

In the sequel, attention is confined to situations where tem-
perature effects are negligible and no external body forces
except gravity cxist. Therefore o describe the flow of brine
and transport of salt in porous media under isothermal con-
ditions and assuming that the bfine components do not react
or adsorb, the following set of equations are employed.

Equations for the fluid i

dp

HE+V.[pq)=0 (3
k ! r

q=-;-(Vp—pg}—D - Vo ()

Equations for salt |

Ceo !
an+pq-Vd)+V-J:0 (7

i [
J= —pD . Vo — pK* - (Vp — pg) (8)

Equations of state
p = po exp (yo !+ lp — po)) 9}
1= pok1 + mie)) (10)

where m(0) = 0. Parameters f0r5(9) and (10) have been esti-
mated using data from Weast [1982]. The folowing values are
obtained at 20°C:

Po = 998.23 kg/m?® B=45%10"1m¥N
mw) = 1.85w — 4.,\00)2 + 44.500°

The formulation for m{w) is dueito Lever and Jackson [1985],
who have presented it in terms of a normalized mass fraction.
In this formulation, both restrictive assumptions mentioned
earlier are avoided. First, p and| g are allowed to depend on
the salt mass fraction «, and thé dispersive flux is formulated
in terms of V. This is superiot to the conventional formu-
lation in terms of Vg* which is:applicable only to situations
where the fluid mass density i§ constant [Bird et al, 1960,
chapter 16]. Second, the motion; of the fluid phase is coupled
with that of the brine through imclusion of Vw and (Vp — pg)

7 = 0.6923
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terms in (6) and (%), respectively. Hassanizadeh [1986b] has
shown that these additional terms become negligible at low
concentrations.

In order to investigate the effects of the additional terms
suggested here, a number of numerical experiments have been
carried out. The results are presented in Figures 1-5. Figures
1-3 give breakthrough curves for the salt components at the
point z = 0.25L along a vertical column of length L. In these
calculations, first-type boundary conditions are employed at
both cnds of the column. Note that in all graphs given here,
mass fraction values are normalized with respect to the mass
fraction of the inflow.

In Figure 1, classical equations (i.e., D/ = 0 and K* = 0) are
solved for different salt mass fractions of the inflow fluid. It
appears that when the salt concentration increases, the flow
velocity decreases but at the same time the salt experiences
more dispersion.

In Figures 2 and 3, the modified formulation is employed
and breakthrough curves for various values of dimensionless
numbers D/ = D wgp /pok and K* = Kuy/pyk are plotted. It
is evident that depending on values assigned to these coef-
ficients, very large differences in results may be obtained. Fig-
ures 4 and 5 give the peak value of (normalized) salt mass
fraction at a given point in time and space plotted in terms of
D/ and K*, respectively, These figures illustrate that beyond
certain critical values of these numbers the additional terms
become important. From Figures 4 and 5 we obtain

D =3x10"% K,'=2x1072 (11

Therefore if in an actual situation the measured values of D/
and/or K* exceed these values, one must use modified Darcy’s
and Fick’s equations. In order to illustrate the hydrological
significance of these critical values for [/ and K*, we have
studied the results of experiments on chemical osmosis in clay
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Fig. 2.

where equations similar to (6) and; (8) are employed for de-
scribing the process. From definitions of 5/ and K&, it is evi-
dent that these numbers increase whenever the solute’s mass
fraction is high and/or the medium permeability is low. The
latter sitvation is normally encpuntered in clay where
chemico-osmotic effects are importgnt. From results reported
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Fig. 4. Eflect of coefficient D/ on the calcutated value of salt mass
fraction at point z = 0.25L and al time ¢ = 2400 s.

by Olsen [1972], DY was calculated for kaolinite to be 3
x 1072 Also based on results reported by Mitchel er al
[1973], B and K* were calculated for bentonite to be 1.5
x 107* and 1.1, respectively. Obviously, these values are
greater than the critical values given above and in fact
chemico-osmotic effects have been quite noticeable in experi-
ments of Olsen [1972] and Mitchel et al. [1973]. Laboratory
experiments have to be conducted for evaluating the practical
significance of these modifications in other soil types and for
situations where high salt concentrations exist.

ON THE BOUNDARY CONDITIONS

One would expect the coupling which is inherent to the
equations to affect the boundary conditions as well. In this
section we demonstrate that this is in fact the case and often
boundary conditions for flow and solute transport equations
may not be chosen independently.

The key principle which must be observed in imposing
boundary conditions is the continuity of total mass flux for
any individual component as well as the net mass flux of the
fluid across the boundary. Neglecting the velocity of rock
matrix, the following relation for the net mass flux of brine at
any given point may be written:

£q = nptu® + npv* (12}

where p* and p* denote mass concentration of (pure) water
and (pure) salt components of the brine (p = p* + p%) and ¥*
and v* denote their respective velocities. From the definitions
of the dispersive mass flux of salt J and the salt mass fraction
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|
|
i
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Fig. 5. Effect of coefficient K* on the calculated value of salt mass

fraction at point = = 0.25L and at time ¢ = 2400 s.

o one has [ Hassanizadeh, 1986bj|

np*v = plog + J (13)

such that (12) becomes

ol — whq =§np“’v“’ +J (14)

When the salt component is ai)sent or exists at a very low
concentration (such that & « | And J « np™¥*) one can write

0q = np*v* (15)

which emphasizes the fact that a.|t low concentrations, the fluid
motion is identified with the mqtion of (pure} water. Also, the
latter relation illustrates why at low concentrations the flow
and the transport boundary coniditions may be specified inde-
pendently. !

To study the boundary conditions for high-concentration
situations, two different physical boundaries are considered
here: (1} an outflow boundary arld (2) a rock salt boundary.

In what follows, each case is discussed separately. For the
sake of simplicity, the boundarief are considered to be fixed. A
numerical study of the boundary conditions here is not pro-
vided, because the one-dimensional models used in this work
are not able to illustrate the differences between various for-
mulations. Only a two- or thrcei—dimcnsional model would be
able to depict the actual effect of different boundary con-
ditions. :

An OQutflow Boundary

This type of boundary is fairly well studied both for flow
and transport problems. In gederal, one may assign a fixed
pressure or a flux-type boundayy condition for the flow. In
any case, the continuity of the hct mass flux for brine holds
and one can write i

pql,_ - N=wpgql,, -N (16)

where minus and plus signs designate the interior and exterior
side of the boundary.

The most general boundary condition for the salt is the
continuity of total salt mass fluk across the boundary [Bear,
1979]:

(pqw + Dly_ - N =ipges + I}, « N (17

In using this boundary condition, however, one has to
madel the outside reservoir as wiell. In that case, one needs an
extra condition which is often obtained by assuming the conti-
nuity of concentration across the boundary. Modeling the ex-
terior domain, however, is often not desirable. To avoid that
situation, one may assume that:the outside reservoir is well-
mixed and the diffusion-dispersion phenomena there are negli-
gible. Then, in the light of (16), we get

J.-N=0 (18)

This boundary condition commeénly used in transport models
[cf. van Genuchten and Parker, 1?84] is not admissible in high-
concentration situations because diffusive-dispersive mass
fluxes at the boundary cannot be neglected. Therefore it can
be used only far from the salt dome. In the domains of high
concentration, however, (17} is the only feasible boundary con-
dition for the salt transport equation.

If one is able to measure the salt mass fraction in the ex-
terior reservoir as a function of !timc, a simple boundary con-

dition would be to assume that
|

al, = o™ (19)
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This boundary condition, hawever, although can be used for
laboratory experiments, is often not suitable for actual field
situations. Often in a column experiment, w®" can be mea-
sured and is known as a function of time. Then a more realis-
tic boundary condition, which also allows for the disconti-
nuity of concentration, would be

out

(i
pq{(U — (Uoul) |b — nnmpoul dt (V/A)ou!

20

where V' is the volume of the outside reservoir and A4 is its
cross-sectional area assumed to be equal to that of the
column. This equation is obtained by combining integrai
equations of mass balance for the salt and for the whole fluid
in the well-mixed outside reservoir.

A Rock Salt Boundary

Salt formations may appear in the form of a salt dome, a
pillow salt, or a bedded salt formation [Harsveldt, 1980]. The
physicochemical processes which take place at a rock salt
boundary are quite difficult to model. However, because the
time scale of thermodynamic changes at the boundary is much
larger than that of the main flow domain, various degrees of
simplification are possible. Note that boundary conditions dis-
cussed here are primarily considered for situations that as a
result of certain phenomena, the present stable geo-
hydrological conditions become disturbed. First, consider the
case of a salt dome.

Geological investigations have shown that as the ground-
water comes into contact with a salt dome and dissolves the
salt away, a cap (residue) rock is formed at the salt dome
surface; this is, of course, a very slow process. Based on geo-
logical studies in one specific site, a rate of growth of (.04
mm;/year for the cap rock thickness has been estimated [ Borne-
mann and Fischbeck, 1986]. Although the cap rock has a low
permeability, it is highly fractured and underneath it, the sur-
face erosion of the salt dome proceeds. Thus the cap rock acts
as a kind of resistance to the tramsfer of salt from the salt
dome to the main flow domain. The salt concentration of
brine at the salt dome side of the cap rock is equal to the
saturation value at prevailing conditions [Boehme et al.,
19857, and at the other side it is not known and is determined
by the flow and transport processes in the main flow domain.
Based on this picture, a boundary layer-type boundary con-
dition is developed in Appendix B. Designating the cap rock
thickness and its rate of growth by { and [, respectively, and its
porosity by n_, we obtain the following boundary conditions.

For flow
1 3 1 a
pql, - N =[p,la—znlp,"+p |anl —znl E el 21)
For salt
(pwg + M, - N = [p,/a — tnlpowe® + po |
—lnli(wl) (22)
EA PN Py
Combining the two, we get
3, - N = [(I — olp/a— im0 — wl)
a
- 2” Ip |b ﬂ)|b) (23}

where |, indicates evaluation at the boundary of the main

domain, p,® is the mass density of shturated brine, and ;" is
its salt mass fraction, p,, is the mass: of salt per unit volume of
the salt dome, a is the thickness iof the layer of cap rock
produced from a layer of the salt dome with unit thickness
(see Appendix B). The ratio a is assumed (o be known for a
specific site. ;

As was mentioned earlier, one can specily typical values for
[ and, knowing its initial value, calculate [ at a given time.
Then, (21} and (23), supplemented with Darcy’s and Fick’s
equations and the equation of state,;provide a set of boundary
conditions for @ and p. These equations, however, are perhaps
too general and rather difficult for practical applications. But
they may serve as a basis for developing simpler boundary
conditions and/or analyzing the bloundary conditions com-
monly employed in mass transport‘ problems; an example is
given below.

Often, specific sites allow for certain simplifications of the
general boundary conditions (21) apd (23). For example, one
feasible situation is where the brine!contained in the cap rock
remains always saturated. Therefore the saturation con-
centration is always situated at the entrance to the main
domain. Thus for the transport equzition, the following bound-
ary conditions may be adopted:

@, = w,®> and theref(ire Ply = pof (24)
For the flow boundary condition, arguing that the rock salt is
a solid boundary and thus “imperimeable to flow,” some re-
searchers employ pql, - N = 0 [cf. $wedish Nuclear Inspector-
ate, 1986]. However, this boundary condition is not compat-
ible with (24) because specifying ihe concentration implies
(and in fact requires) a flow of salt jacross the boundary (thus
np*v* is nonzero). Then, in the light of (12), ¢ - N = 0 can not
be admitted at rock salt boundaries| An appropriate boundary
condition for the flow may be ddrived from (21} and (23}
Substitution of (24) in these equatiohs yields

|

(25)

Pos‘l |b -N= psslllali - ncposi

Jp - N = (1 — ex9pJa (26)
In (25), the first term on the right—h-land side is the mass dis-
solved from the salt dome, and the pecond term is the mass of
the brine [ormed within the new layer of cap rock; the differ-
ence between the two is the mass ﬂ{x of brine which enters the
main domain. Typically, the second term is two orders of
magnitude smaller than the first and it can be neglected. Then,
combination of (25) and (26) ylel({s the following boundary
condition for flow:

Po’(l — ., - N Jl,-N 27)
This equation simply states the conltmuxty of total mass flux at
the boundary provided that we assliame the salt dome is imper-
meable to (pure) water. It can be ﬁirectly obtained from (14)
by setting @ = @," and p*v* - N = 0 (because of the assump-
tion that no water leaves or entcrs the salt dome). Note that
after solving the problem with bmlmdary conditions (24) and
(27), (25) (or equally well (26)) can! be used to estimate [ We
suggest (24) and (27} as feasible and compatible boundary
conditions at a salt dome.

Equations (21)}+23) may be used to study the applicability
of other commonly used inlet bodndary conditions to a salt
dome boundary. An example is the following boundary con-
dition often used in low-concentration transport models [cf.
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van Genuchten and Parker, 1984]:

(o — g + I),-N=0 (28)

This equation assumes that the inlet reservoir is well-mixed
and the transition zone (the cap rock in our case} has a negli-
gible storage. It can be shown that this boundary condition is
not generally admissible in the case of a salt dome. Neglecting
the storage terms in (21) and (22), multiplying the former with
w,* and subtracting from the latter equation one obtains

(pleo — w,a + D1y - N = [(1 — 0gp,fa

+inplog' — o)l (29)

The right-hand side is always positive and wiil be zero only if
the dissolution of the rock salt may be neglected. This may be
a good approximation for the presently stable geohydrological
situations. But, in general, (27) together with condition {24}
should be preferred.

At the boundary of a bedded salt or a pillow salt formation,
where a well-defined cap rock does not exist, the salt con-
centration adjacent to the formation is equal to the saturation
value. Also, in such cases, (24} and (27) may serve as feasible
boundary conditions.

ON THE NUMERICAL SOLUTIONS

In principle, (510} supplemented with appropriate bound-
ary and initial conditions must be solved simultaneously to
obtain p, @, p, 4, and q. As is illustrated in Appendix A, by
combining these equations, one obtains two equations for the
unknowns p and w. In general, it will not be possible to obtain
closed-form analytical solutions and one has to resort to nu-
merical techniques. Even then, strong nonlinearities of these
equations will be challenging to any numerical scheme. In an
attempt to obviate some of the nonlinearities, a transforma-
tion of the dependent variables w and p is employed. Details
of quasi-linearizations as well as nondimensionalization of
equations are also given in Appendix A,

In this section, results of a series of one-dimensional simula-
tions carried out for a vertical column containing a homoge-
ncous porous medium are given. The governing equations,
based on the classical forms of Darcy’s law and Fick’s law,
were written in difference form by using either a backward
difference scheme or a central difference scheme for the space
derivative and a fully implicit formulation for the time deriva-
tive. The resulting nonlinear equations were solved either
simultaneously by Newton-Raphson iteration, or sequentially
by successive substitution. Basically, the following three
schemes are considered: (1) using a backward difference
scheme and sequential solution of (nonlinearized) (A3} and
(A4} by successive substitution; (2} using a backward differ-
ence scheme and simultaneous solution of (nonlinearized) (A3)
and (A4) by Newton-Raphson method; and (3} using a cen-
tered difference scheme and sequential solution of (quasi-
linearized) (A8) and {A9) by successive substitution.

In this study the three following aspects of a numerical
method are considered: (1) the efficiency of the method in
terms of computer time, (2) differences between results ob-
tained with different schemes, and (3) the convergence behav-
ior of different schemes.

In alt simulations the same values for physical parameters
of the system were used. The dispersion coefficient was as-
sumed to be linearly dependent on the velocity and molecular
diffusion was neglected.
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The initial condition for the falt mass fraction was w =0
everywhere. Boundary conditiohs were specified pressure at
both ends, w = 0.26 (saturated btine) at the bottom and » = 0
at the top. The boundary pressure values are such that an
upward flow will develop, thiys introducing salt into the
system. As the amount of salt fin the column increases, the
velocity will decrease as a result .of the increase in density and
visScosity. |

In the first series of simulations, the pressure difference
across the system was high enough to maintain a flow upward
at all rimes. In this case, the| centered difference scheme
{method 3) was not sensitive to the grid size when the number
of grid blocks exceeded 40. Whereas the backward difference
scheme (methods | and 2} still showed some changes in the
results up to 160 grid blocks. As expected, increasing the
number of grid blocks decreased the effect of numerical disper-
sion. With 160 grid blocks, the chkward and the central finite
difference schemes gave practicaply the same resuit, while for
80 grid blocks there were still sorhe small differences.

Using 80 grid blocks, a comﬁarison of the required CPU
time for the three different schemes was made. To make the
comparison meaningful, the samé time step control (and hence
the same number of time steps) \?as used and the same degree
of accuracy in all simulations was required. Using the quasi-
linearization and solving the diﬁlbrence equations sequentially
by successive substitution (method 3) turned out to be the
most efficient scheme. Solving the original equations sequen-
tially with successive substitution {method 1) required on the
average 20% more computer tinje. The simultancous scheme,
using Newton-Raphson method, (method 2), required 160%
more CPLU time. Note that for these simulations, the time step
was chosen small enough to jensure convergence for all
schemes. Therefore it appeared that method 3 would converge
{aster than the other two methods.

In the second series of simulafions, the pressure difference
across the column was specified :po that it was not ¢nough to
maintain an upward flow at all times. For such a boundary
condition, the velocity will decrefse until the transport of salt
into the system stops altogether.; This is because we have ne-
glected molecular diffusion and aiﬁ zero velocity, the dispersion
coefficient will become zero.

Figures 6 and 7 show salt concentration profiles obtained
with the backward and central fihite difference schemes for 40
and 80 grid blocks. The profiles a{'re given for very late times in
the simulation when the velocities are very small. As one
would expect, the curves for 80 *rid blocks show smaller dif-
ferences than the ones for 40 blocks. However, note that the
differences for 80 grid blocks bétween the two methods are
still much bigger than the ones which occurred in the “high
pressure drop” situation. ’

Figure 8 shows the velocitieg that have been calculated
using methods 2 and 3. The velogities for the backward finite
difference scheme are in the order of 107'? m/s, while the
central difference scheme still shows velocities of 2 x 10°°
m/s. Although these differences are not significant, they may
becomc important if one has to carry out simulations for a
very long period of time, as is the case for the transport of
radionuclides released from a replository in a rock salt forma-
tion. Further simulations are ne¢ded to find out how an in-
crease in the number of grid blacks will change the velocity
profiles and what the eflect of molecular diffusion will be.

Also, the convergence behavier of different schemes has
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Fig. 6. Salt mass fraction profiles at time r = 7080 s calculated
with the backward difference scheme and sequential solution of equa-
tions for the high pressure drop case.

been investigated. For both the high pressure drop and the
“low pressure drop” systems, simulations have been carried
out with increasingly relaxed restrictions on the time step con-
trol. For the ranges investigated, both methods broke down
but only in the low pressure drop situations and at later times
where the velocities become very small. Unexpectedly, the
sequential methods performed even better than the Newton-
Raphson method.

Finally, it must be noted that results presented in this sec-
tion provide only some indications of the behavior of various
numerical schemes at high-concentration situations. Because
they are all based on one-dimensional simulations, they
cannot be considered as completely conclusive. Two- and
three-dimensional models will have to be employed to provide
more definite results in this regard.

CONCLUSION

A new formulation of the equations describing brine flow
and salt transport is provided. The equations are applicable to
other mass transport problems involving high-concentration
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Fig. 7. Salt mass fraction profiles at time ¢ = 277,800 s calculated
with centered and backward difference schemes [or the low pressure
drop case.
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Fig. 8. Salt mass fraction profiles at time ¢ = 277,800 s calculated

with centered and backward difference schemes for the low pressure
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solutes. In this formulation a modified version of Darcy’s and
Fick's laws derived by Hassanizadeh [1986k] are employed.
These equations contain terms whi¢h account for the effect of
high salt concentrations. By means: of numerical experiments,
the potential significance of proppsed modifications in the
basic equations are illustrated. It isi found out that above cer-
tain critical values of the dimehsionless numbers D/ =
D' py/kp, and K* = K*n,/p,k these modifications become
important. This conclusion is sdpported by results from
chemical osmosis experiments. .

It is illustrated that at high congentrations, boundary con-
ditions for flow and transport equiations may not be chosen
independently. Appropriate boundary conditions for an out-
flow boundary and a rock salt boundary are developed. It is
shown that certain boundary conjitions while acceptable at
low concentrations, are not admissible at high-concentration
situations. For example, it is showil that a no-flow boundary
condition (¢ N =0) and a ﬁrst-tyﬁ)e boundary condition for
salt (@ = w,) are not acceptable far a solid rock salt bound-
ary. The set of boundary conditions given by (21) and {23) are
the most general for a salt dome Boundary, but simpler and
yet feasible conditions are provided by (24) and (27).

Finally, advantages and disadvantages of certain numerical
schemes in high-concentration sitwations are discussed. It is
found out that sequential sclution of quasi-lincarized equa-
tions by successive substitution reguires less CPU time and
accepts bigger time steps.

APPENDIX A: NONDIMENSIONALIZATION AND
QUuUASI-LINEARIZATION [OF EQUATIONS

First, substitute p, q and J from K9), (6), and (8} into (5) and
{7). The chain rule of differentiatipn should be employed to
write derivatives of p in terms of tl}osc of w and p. To nondi-
mensionalize the equations, the fol]owing set of dimensionless
variables and parameters are empldyed; the barred characters
stand for dimensionless variables: !

F=plpy G=ojw, p= P/I';’a D’ = DY wouy/pok

A=pluy 4=4q/q, = it D = D/q,L "

B=Bp, 7T=y0, k=kk K =Kp/pk
V=LV  g=poglip,=Ge, G=pulip,

| .
where @, is a reference value for the salt mass fraction, L is
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the macroscopic characteristic length of the medium, & is a
characteristic value for permeability of the medium, g is the
magnitude of gravity vector, and e, is its unit direction vector,
and

4, = kpo/ugl. 1, = L/g, (A2)

The nondimensionalized equations read as follows. Note that
in the interest of lucidity, the overbar notation is suppressed.
However, all variables and parameters are understood to be
dimensionless:

do 1 _ k
n— = = V+{pD - Vw)—Vw-D/ - Vi — —- (Vp—pGe )} - Vo
ot p I

1
= V. (@K (Vp—pGe))  (A3)

2 fo 1 1 _
Ll Cv (fk.vp) V. (pD -V
Ot o p “ P

G G
+2k—-eg-Vp+pV-(—k-eg)=0 (Ad)
# K

p=exp (fp ~ 1)+ ym) (A35)

It is apparent that the two important terms, (1/p)V - (pD - V)
and (1/mV - ((p/wk - Vp) are strongly nonlinear in p and w. In
order to obviate part of such nonlinearities, the following
transformations of dependent variables p and w are employed:

Y=e"—1 (A6}
p=efr"1_1 (A7)
Note that at low concentrations and at low pressures we will
have ¥ — yw and ¢ — S{p — 1). The quasi-linearized equations
will read as foilows, Note that in order not to make the equa-
tions too crowded, only the classical form of Darcy’s and

Fick’s equations are used here and terms containing D' and
K* have been neglected:

n%—V-(D-V\[;)—((E—ﬁD)-Vp—pGE-eg)-V\[/:O
ot “ t

(A8)

o

ér

i — V. (5 -v¢) — (Voo — 2f3pGe,) - k, Vo
u I

fwr k k
+ n,‘)‘yE+ﬁpG(2Vw~;oeg+V- ; ce, llp+1)=0 (A9)

Although these equations look just as nonlinear as the set of
equations (A3} and (A4), in practice, they proved to give less
numerical problems. This is partly because most nonlinear
terms here are multiplied by § which has a very small value
and partly because the important terms V-(D-Vy) and
V - (k/i - Vo) are now linearized. It should be pointed out that
the transformations also alfect boundary conditions favorably.
That, however, depends on the specific boundary condition
being considered.

APPENDIX B: DERIVATION OF A SALT DOME BOUNDARY
CONDITION

We shall develop a boundary layer-type boundary con-
dition whose main feature is to take into account the existence
of the cap rock. It is shown that the cap rock is formed out of
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the nonsoluable materials of thei salt dome; this may amount
to only 3-10% of the salt donl'lc [Commission of European
Communities, 1984]. When a layer of the dome is dissolved
away, the residues, under the aiction of tectonic forces and
overburden pressure, compress jnto a fractured rock. There-
fore when a unit thickness of the salt dome is dissolved, the
thickness of the cap rock grows dnly by a fraction a.

Assume that the fiow and transport in the cap rock is one-
dimensional and in the directionh transverse to the extent of
the cap rock and that the salt concentration within the cap
rock varies linearly from m,* at the salt dome side to w at the
main domain side. Denote the thickness of the cap rock at
time ¢t by / and assume that after a period of At, the cap rock
thickness grows to ({ + Af). This means that a layer of the salt
dome with the thickness of Al/u has to be dissolved. Now,
consider a control volume with the initial thickness of / + Alla
which evolves into ! + Al after a:period of At (see Figure B1).
We can write the [ollowing equations of balance of total mass
and balance of salt contained within the control volume.

For salt

pw + poiwy’ [— n' pw + pylwy’
- ™
2

2

{{ + Al)

1+ AL

Pss Alfa + 1,

+ (pgw + By, - NAt {BI1)

For total mass

+ 5 + 5
.. Alfa + n, P T Po I=n, [t {t + AD
2 H 2 t+ A2
+ pql, - NAr - (B2)

In these equations, the first tcrdl is the total mass dissolved
from the rock salt, the second term is the mass {of brine and
salt in equations (B1) and (B2), respectively) present within the
cap rock at time ¢, the third tefm is the total mass present
within the cap rock at time t + At, and the fourth term is the
flux of mass out of the cap rock and into the main domain.
Rearrange (B1) and (B2), divide Ithrough by At, and take the
limit as At — 0 to obtain the following equations:

1 | 3 kS 1 (391.'.)
(pgqer + Iy, + N = [pfa — Indpow + py'w, — ind =
(B3)
1 & 1 5p
pqly - N = [o,/a — 3ndp + po U — in.l ‘é‘t‘ (B4)
MAIN DOMAIN
cv.@t +at

Fig. Bl. Velocity profiles at time ¢ & 277.800 s calculated with cen-
tered and backward difference schemas for the low pressure drop case.
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NOTATION

@ thickness of the cap rock produced from dissolution
of a layer of the salt dome with unit thickness (L/L).
D the dispersion tensor of salt (I}/T).
D’ coefficient of density flow in the modificd Darcy’s
equation, (I3/T).
¢ pravity vector (L/T?).
g* external body force exerted on the brine and its
components (L/T?).
J diffusive-dispersive mass flux vector of the solute
(M/ET).
k permeability tensor of the porous medium (I2).
K° pressure diffusion { —dispersion) coeelficient in the
modified Fick’s equation (T
I thickness of the cap rock of the salt dome (T).
L length of the column (L).
M’ (also M) coefficients in the generalized Darcy’s
and Fick’s equations (3) and (4).
n  porosity of the porous medium.
n_ porosity of the cap rock.
N unit vector normal to a boundary.
p thermodynamic pressure of the fluid (M/LT?).
p, reference pressure (M/LT?).
q TDarcy velocity (or specific discharge) vector of the
fluid (L/T).
t time (T).
v*  velocity of the salt component of the brine (L./T).
v*  velocity of the water component of the brine (L/T).
2 vertical coordinate along the colurnn (positive
upward) (L).
B compressibility coefficient of brine (LT7?/M).
v coefficient of salt mass fraction in the brine
density formula.
V the gradient (or divergence) operator (1/L).
1 dynamic viscosity of the fluid (M/LT).
ity dynamic viscosity of water at reference
conditions (M/LT).
p fluid (intrinsic average) mass density (M/E).
p, mass density of freshwater at reference conditions
(M/I3).
p* mass concentration of (pure} salt component of the
brine (M/;I).
p* mass concentration of {pure) water component of the
brine (M/I3).
p,° mass density of saturated brine (M/L).
p,, mass of sait per unit volume of the salt dome (M/E).
¢ salt mass fraction {=p*/pXM/M).
w,®  salt mass fraction of saturated brine (M/M).
|, denotes evaluation at the boundary; plus indicates
the exterior side and minus indicates the interior side
of the boundary.
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