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The application of Fick’s law to describe hydrodynamic dispersion in porous
media is based on the assumption of a linear dependance of a solute dispersive
mass flux on its concentration gradient. Both theoretical and experimental studies
have shown that the Fickian description of dispersion is not valid when large
concentration variations in the porous medium are encountered. However, an
appropriate alternative is still lacking. In this work, based on a theoretical
derivation of the Fickian dispersion equation, a non-linear theory of dispersion is
suggested. In the non-linear theory, in addition to the longitudinal and transversal
dispersivities, a new parameter is introduced. Miscible displacement experiments
are carried out in order to investigate the effects of large variations in salt mass
fraction and to assess the validity of the new theory. Low-concentration liquid is
displaced upwards in a vertical column by a high-concentration liquid. Thus, only
hydrodynamically stable flow regimes are considered.

The experiments are simulated by means of both classical Fick’s law and the
new non-linear theory. It is found that low-concentration-gradient experiments
can be simulated satisfactorily using the Fickian-type dispersion equation.
However, calculated breakthrough curves for high-concentration-gradient
experiments deviate substantially from the measured curves. It appears that a
satisfactory fit to high-concentration-gradient data can be obtained only if the
value of longitudinal dispersivity is reduced by a factor of three. Using the non-
linear theory, however, it is possible to simulate both low- and high-
concentration-gradient experiments with a unique set of parameter values.

Key words: dispersion, solute transport, Fick’s law, Darcy’s law, brine transport,

salt transport.

INTRODUCTION

Hydrodynamic dispersion of solutes in porous media is
normally described by a Fickian type equation with a
dispersion tensor replacing the diffusion coefficient!

J=-D.VC (1)

where J is the dispersive mass flux vector, D is the
dispersion tensor, and C is the mass concentration. The
dispersion tensor is assumed to be independent of the
solute mass fraction and is given by'’

D = (nDy + arg)l + (o — ar)qq/q (2)

where n is porosity, D, is the effective molecular
diffusion coefficient, o; and oy are the longitudinal
and transversal dispersivities, q is the apparent mean
velocity of fluid with respect to the rock (also called
Darcian velocity or specific discharge), g is its magnitude
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and I is the unit tensor. Although «; and a7 are usually
assumed to be independent of the fluid properties, it is
known that they are time and scale dependem.15

The Fickian-type eqn (1), according to which the
dispersive mass flux is linear in concentration gradient
and independent of the concentration itself, has been
successfully used in describing the dispersion of low-
concentration solutes in porous media. Indeed in many
cases of ground water pollution, solute transport in
unsaturated media, or tracer experiments, the concen-
tration of dissolved matter is low so that density effects
may be neglected. However, there exist certain situations
of practical interest where high salt concentrations in
groundwater are encountered. An important example is
the presence of concentrated brines in deep aquifers
overlying salt formations. The problem is of utmost
interest in the safety assessment studies of high-level
radioactive waste disposal in salt formations. In Fig. 1
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Fig. 1. Distribution of groundwater mass density in strata

overlying the Gorleben salt dome in Germany (courtesy of

Bundesanstalt fiir Geowissenschaften und Rohstoffe,
Hannover, Germany).

the mass density of groundwater in the strata overlying
the Gorleben salt dome in Germany is given.'® It is
evident that the mass density increases drastically (due
to an increase in salt concentration), from about
1040kgm > to 1180kgm > over a distance of 30m.
The question then arises whether equations such as
Darcy’s law and Fick’s law are still valid under such
large concentration gradients.

In fact, many experiments have shown that the linear
relationship (1) does not hold anymore when there exist
large differences in density and/or viscosity of the

displacing and displaced fluids®>'*!%2 (for a review

see Kempers'®). In general, it appears that dispersivity
coefficients decrease as the density (or concentration)
differences increase. A similar observation has been
made in a recent experimental study by Hassanizadeh et
al."! where low-concentration salt water is displaced by
high-concentration brine in an upward direction.

Traditionally, in an attempt to allow for these effects,
most researchers still employ eqns (1) and (2) but allow
for a dependence of a; and o on density differences,
viscosity ratios and the mean flow velocity. We believe
that this approach is heuristic and a more fundamental
description of dispersion under large concentration
gradients has to be sought. In this work, the experi-
ments of Hassanizadeh er al.'' are briefly described, a
non-linear dispersion theory is presented and theoretical
and experimental evidences supporting the theory are
discussed. Note that this study does not concern
unstable displacements. Thus, situations where a heavy
fluid overlies a lighter fluid, such that fingering occurs,
are not considered here.

EXPERIMENTAL METHODS

The experiments were performed in a two-dimensional
vertical column made of two plexiglass plates separated
by l-cm thick spacers. The inner dimensions of the
column were 60cm wide, 125¢m high, and 1cm thick
(see Fig. 2). The column was packed with glass beads
with diameters ranging from 040 to 0-52mm. The
packing of the column was carried out under wet
conditions. That is, the column was first half filled with
water and then glass beads were placed by means of a
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Fig. 2. Schematic representation of the experimental set-up.
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pipe at the bottom of the column. An electric vibrator
was used to vibrate the column during packing. It
turned out that because of the size and uniformity of
grains and homogeneity of the packing, the dispersivity
of the porous medium was very low.

The fluid used in the experiments was prepared by
dissolving pure NaCl in distilled water. The concentra-
tion of resident salt solution was 1000kgm > or higher.
Flow was always directed upward with the heavier
solution displacing the lighter resident solution. Thus, all
one-dimensional experiments may be considered as being
stable displacements. The fluid was injected through nine
equally-spaced holes at the bottom of the column.
Obviously, both flow and transport near the inlet holes
had a two-dimensional character. However, both
measurements and simulations have shown that when
all holes were open, both flow and transport become one-
dimensional within a distance of 5cm into the column.
More persistent two-dimensional situations were created
by closing some of the inlet holes. The water exited the
column through nine outlet holes at the top of the
column. The upper part of the column was open to the
atmosphere. It must be noted that the experiments were
carried out in a constant-temperature room where the
variations in temperature was about +0:5°C.

Salt mass fraction of the fluid flowing through the
column was measured by means of 16 pairs of electrodes
embedded into the plexiglass plates at 16 different
locations (see Fig. 2). At each location, two electrodes
were embedded into the plexiglass plates facing each
other. The electrodes consisted of thin platinum disks,
with a diameter of 1 cm, mounted on a plexiglass plug
screwed into the column wall. The platinum disks were
in contact with glass beads and water but they did not
protrude into the porous medium; thus they are not
expected to have perturbed flow and transport. An
alternating current of constant amplitude was supplied
to each electrode pair and at the same time the voltage
difference between the two electrodes was measured.
The voltage difference is a function of the porous
medium type and porosity, water composition, tem-
perature, and the measuring circuit. Each and every pair
of electrodes was calibrated in siru. With all other
factors kept constant, the measured voltage difference
could be directly related to the salt mass fraction of the
solution. Individual calibration curves were prepared for
each electrode pair in the range of 0-001 to 0-24kgkg '.
Simultaneous and continuous reading and registration
of all the electrodes was made possibie by a computer-
ized data acquisition system. Note that because of

significant variations in mass density, we worked with
mass fraction, instead of mass concentration, in all
experimental and modelling activities. The total error in
the measurement of mass fraction has been estimated
to be in the range —5-0 to +3-55%. The mass fraction of
the fluid entering and leaving the column was measured
by means of a conductivity meter. This meter was
calibrated, in the same room where experiments were
carried out, for the salt solution used in the experiments.

The volumetric rate of flow of the fluid was measured
before entering the column by means of an in-line flow
meter. The flow meter was also calibrated for the range
of mass fractions indicated above. Two sets of
manometers along the two vertical sides of the column
were used to measure the water head. From the values of
water head and flowrate, the permeability of the
medium for a given salt concentration could be
calculated. In all calculations the effect of salt concen-
tration on mass density and viscosity was taken into
account. The total error associated with the estimation
of average permeability of the column was about £2%.
A peculiar result was that the permeability appeared to
be a linear function of mass fraction of the solution;
decreasing with an increase in mass fraction. The
permeability showed a reduction of about 15% when
mass fraction of the solution increased from 0-001 to
0-24kgkg '. Note that in all flow experiments for
determination of permeability, about 30 in total, the
mass density of the solution was constant for the
duration of the experiment. An explanation for this
decrease will be offered shortly. It is known that clays
show an opposite effect: their permeabilities increase
when fresh water is replaced by salt water. This is
believed to be due to the swelling of clay as a result of
ionic forces.

Prior to a displacement experiment, a solution with a
known density was circulated through the column for a
couple of days until a uniform salt concentration
distribution in the column was reached. Then the flow
was stopped by closing the valves at the bottom of the
column. The reservoir feeding the nine inlet holes was
emptied and filled with the displacing solution (which
had a mass fraction higher than the resident mass
fraction). After flushing the feeding reservoir a few times
and ensuring that the salt concentration of fluid in the
feeding lines was equal to the concentration of fluid in
the high-concentration reservoir, the valves were opened
and the displacement started. In this way, the mass
fraction of the solution entering the column was known
and kept constant during a displacement experiment.

Table 1. Specifications of displacement experiments

Experiment code L1DO01 L1D02 L1D03 L2D01 HI1DO01 H1D02 H2DO01
Resident mass fraction (10 kgkg™ ") 1-37 1-75 2:97 3-84 2:78 3-17 465
Displacing mass fraction (10 > kgkg™!) 2-88 2-78 3-70 4-50 81-03 235-60 176-66
Flowrate range (cm3 s7h 0-40 0-36-0-45 0-20-023 001-0:05 0:04-040 007-0-60 0-17-0-23




206 S. Majid Hassanizadeh, A. Leijnse
measured
— calculated
1 — —r
. P
0.9 ( :

1 :
e 087 |}
L 1 F
© 0.7 4
g .
[} 0.6 -
] F
o
E 054
e b
& 04-
5 b
g 03+
5 )
S 0.2+

0.1
1 / :
0 1000 2000 3000 4000 5000 60'00 7000 8000
time (s)

Fig. 3. Simulation of the LCG-experiment L1DO01, with ¢y = 0-09cm and 5 = 0.

Two types of displacement experiments were carried
out: low concentration gradient (LCG) and high
concentration gradient (HCG). The differences in mass
fractions of the resident and displacing fluids were in the
order of 0-001 kgkg™' for LCG experiments and up to
0-232kgkg ! for HCG experiments. All experiments
and the range of mass fractions and flow rates are listed
in Table 1. Details of the experiments are found in
Hassanizadeh er al.'' Typical measured breakthrough
curves are shown in Fig. 3 for the central column of
electrodes in the L1D01 experiment. The breakthrough
curves for the left and right column of electrodes were
almost identical in the one-dimensional experiments.
However, as one might expect, this was not the case for
the two-dimensional experiments. For example, in the

case of H2DO01 (where only the right half of the inlet
holes were open), the front arrives at the right electrode
earlier than at the central and left electrodes (see Fig. 4).
However, it is apparent that even here, after the third
row a one-dimensional situation prevails.

NON-LINEAR DISPERSION THEORY

It is well known that when large concentration
variations occur in groundwater flow, the fluid density
will also change accordingly. In the absence of density
effects, groundwater flow is independent of the solute
transport. However, when large concentration varia-
tions occur, the two problems are coupled and have to
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Fig. 4. Breakthrough curves for the two-dimensional experiment H2ID01.
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be solved simultaneously. The basic governing equations
for coupled flow and transport are the equations of
conservation of mass for fluid and salt. For non-reacting
solutes, these equations are®

9(np)

NP) | o e —

5 +V-(npv/) =0 (3)
o

np-ai:-f-npvf-Vw%—V‘J:O 4)

where w is the mass fraction of salt (w = C/p) and v/ is
the average velocity of the fluid phase. The Darcy
velocity q is related to v/ by

q= n(vf _ vsalid) (5)

The solid velocity v**® is commonly either neglected or

is related (through its divergence) to the rate of change
of porosity. The former alternative has been selected in
our simulations. The dispersive mass flux, J, is defined

as the mass flux of salt relative to the mean motion of
fluid

J = npw(v —v/) (6)

where v’ denotes the average velocity of salt ‘particles’.
Equations (3) and (4) are coupled through the equation
of state. In our simulations, the following relationship,
which holds for a wide range of pressure and mass
fraction values, has been employed'®

p = poexp(B’ (p - po) + 1) (7)

where 8 is the fluid compressibility, equal to 4-45 x
10°kgm™"' 572 and ~ is the mass fraction coefficient,
equal to 0-69.

Equations (3)—(7) have to be supplemented with
appropriate relationships for q and J. Commonly, the
well-known Darcy and Fickian dispersion equations are
employed, whose origins are in the equations of motion.
For typical conditions encountered in porous media
flow, the equations of motion for fluid and sait, are
respectively given as’

Vp—pg=1' (8)
Vi, =7, (9)

These equations are valid for the case of creeping
isothermal flow and transport, with gravity as the only
external body force acting. The term 7 is a force
accounting for the resistance of the porous medium to
the fluid flow. Similarly, 7, is a force accounting for the
resistance of the porous medium to the salt dispersion;
this resistance is offered by water molecules and solid
grains. Both of these forces are expected to be a function
of the velocities of water and salt components. The term
fi) is the relative chemical potential of salt, which is the
driving potential for the spreading of salt from high
concentration areas to low concentration areas. The
relative chemical potential accounts for the increase in
the macroscopic free energy of the solution as a resuit of

increase in the solute mass fraction;’ it is a function of
salt mass fraction and fluid temperature and pressure

fo = i (p,w, T) (10)

Equation (8) indicates that the fluid tends to move
from areas of high dynamic pressure (i.e. the excess
pressure after accounting for the effect of gravity) to
areas of low dynamic pressure. This force is opposed by
the resistance of the medium to flow, 7/, which is
assumed to depend on q, J, and state variables. For low
concentration situations, and when the flow velocity is
small, one may assume a linear dependence of #/ on q.
The resulting equation is Darcy’s law. However, for high
velocity flow (as a result of a large pressure gradient
and/or high medium permeability), the linear depen-
dance will not be valid any more.!"'” Instead, a second
or higher order relationship for #/ has to be employed.
As a second order approximation, the Forchheimer
equation is obtained’

(1+aq)q=—(k/u) - (Vp— pg) (11)

where p is the dynamic viscosity of the fluid, k is the
permeability tensor, and a is the Forchheimer coefficient.
The viscosity is also known to be a non-linear function of
the salt mass fraction.'® A typical relationship is

= o1+ 185w — 410 + 44-50°) (12)

Now, consider eqn (9). This equation suggests that the
solute tends to spread (in addition to its movement due
to the mean fluid flow) from areas of high chemical
potential (and thus high mass fraction) to areas of low
chemical potential. This force is opposed by the
resistance of the medium to the solute dispersion,7,
which is also assumed to depend on q, J, and state
variables. In principle, 7{ may be represented by a
Taylor series in terms of J. When J is sufficiently
small, such a series may be truncated. If terms higher
than second order in the series are neglected, one will
obtain

7. =-R(1+ BJ)J (13)

where J denotes the magnitude of J, R®is a second-order
tensor accounting for the resistance of the porous
medium to the dispersion of the solute, and 3 is a new
coefficient accounting for the non-linear effects. Both R
and 3 are considered to be independent of J, but they
may still depend on q.

When there exist small concentration gradients, i.e.
for small Vji, the dispersion will not be large and the
second order term in eqn (13) may be neglected.
Substitute the resulting relationship for 4 in eqn (9),
and use eqn (10) to write Vji; in terms of Vw. Then, for
isothermal conditions, and for the range of pressure
variations encountered here, one obtains the following
equation for the dispersion flux
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where D, the dispersivity tensor, is related to R® by

1 Bﬂf sy—1

D= D (R%) (15)
and is a function of flow velocity q. The empirical eqn
(2) is commonly employed to describe this functional
dependence. Note that the Fickian dispersion eqn (14) is
valid even if the fluid mass density is not constant. The
same cannot be said about eqn (1). Obviously, only if
the fluid density is constant, the two formulations are
equivalent.

Now, consider situations where a large concentration
gradient exists (and thus a large V/i}). In such cases the
tendency for dispersion, and therefore the dispersive
mass flux, could be very large. This also means
(intuitively and also as suggested by eqn (9)), that the
resistance of the medium to dispersion will grow. Under
these conditions, the second order term in eqn (13) may
not be neglected any more. Substitution of (13) in (9)
yields a non-linear dispersion equation

(1+B))J = —pD - Vw (16)

where 3 is a new dispersion coefficient and D is still
given by eqn (2) with longitudinal and transversal
dispersivities considered to be (constant) properties of
the porous medium and independent of the fluid
properties and transport processes. It is instructive to
note that eqn (16) is identical in form to the
Forchheimer equation, (11), applicable to high velocity
flow. In fact the two processes are quite similar; the
coefficient 3 is the counterpart of the Forchheimer
coefficient a. In principle, similar to D, the coefficient 3
may still depend on the flow velocity q. In the next
section, both eqns (14) and (16) are employed to model
the displacement experiments reported here.

SIMULATION OF EXPERIMENTS

A numerical model has been constructed to solve the
fluid and salt mass balance equations (3) and (4),
supplemented with state equations (7) and (12), Darcy’s
equation (11), and an appropriate equation for J.
Equations (16) and (2) can be combined. In a one-
dimensional situation, with the z-coordinate taken to be
positive upwards, the following non-Fickian equation is
obtained

O
(1+85)J = —pan—a“{ (17)

Here, the molecular diffusion is neglected and both ¢
and J are assumed to be positive upwards. Initial and
boundary conditions are needed to solve the flow and
transport equations. Initially, the solution is at rest and
has a uniform salt mass fraction. Thus

att=0,¢g=0and w=w; for all z (18a)

where w; and p; are the mass fraction and mass density of
the resident solution. For boundary conditions at the
lower end of the column, because both the flow rate and
the mass fraction are known, flux-type conditions are
chosen

at z =0, pg = poqo(t) and J + pwqg = pewoqo(t)
for all t>0 (18b)

where gq is the measured inflow rate, wp is the salt mass
fraction of the displacing solution, and py = p(wp) is
given by eqn (7). At the outlet, the column is open to the
atmosphere (zero gauge pressure). Moreover, as long as
the displacement front has not reached the end of the
column, there will be no dispersion. Thus, the following
boundary conditions for the upper end are chosen

atz=L,p=0and J=0 for all >0 (18¢)

It is important to note that because the flow is one-
dimensional and the measured flow rate is specified as a
boundary condition, there would be no coupling
between Darcy and Fick equations. That is, in one-
dimensional simulations, the flow velocity is completely
determined by the boundary conditions and, therefore,
the specific form of Darcy’s law will have no influence
on the calculated salt mass fraction distribution.
Therefore, any deviation between measured and calcu-
lated results is bound to stem from the deficiencies in
either the value of model parameters or the dispersion
law being used. Among the model parameters, w;, wo,
and g, are measured with relatively high accuracy. Thus,
for the classical Fickian formulation, only two para-
meters, namely porosity, », and longitudinal dispersiv-
ity, a; need to be determined. These are evaluated on
the basis of LCG-experiments.

Two sets of simulations have been performed. In the
first set, the classical Fickian relation is employed, i.e.
the value of 3 is set to zero. First, with the inflow rate
known and almost constant for the LCG-experiment
L1DO01 (see Table 1), porosity is determined from the
arrival time of the displacement front at different rows
of electrodes. It appears that porosity is slightly variable
in both longitudinal and lateral directions and has an
average value of about 0-4. For dispersivity, an average
value of 0-09cm has been obtained by fitting the
simulation results to experimental data (see Fig. 3).
This value is about two times the mean grain size of the
medium, as one would expect for a homogeneous
porous medium (cf. Scheidegger,'” p. 306). Using these
values of porosity and dispersivity, other low- and high-
concentration-gradient experiments have been simu-
lated. A satisfactory agreement between calculated and
measured breakthrough curves is obtained for other
LCG experiments. Results of simulation of the experi-
ment L1DO02 are given in Fig. 5. The slight deviation in
the arrival times between measured and calculated
breakthrough curves is probably due to errors in flow
measurements, or a result of inaccuracies in the
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Fig. 5. Simulation of the LCG-experiment L1D02, with a; = 0:09cm and 3 = 0.

evaluation of porosity. The agreement in shape of
calculated and measured curves, however, is quite
satisfactory. This confirms the applicability of the
Fickian dispersion equation at low-concentration-gra-
dient situations. Keeping the value of porosity and
dispersivity unchanged, the classical set of equations are
also used to simulate the HCG-experiments. As is
evident in Figs 6 and 7, results of simulations for HCG-
experiments deviate significantly from the measured
breakthrough curves. Interestingly enough, it is possible
to obtain a good fit for HCG experiments if the value of
dispersivity is lowered by a factor of three
(¢=0.03cm). One may be tempted, in an attempt to
salvage the Fickian relationship, to consider the
dispersivity to be a function of mass fraction or mass

measured
calculated

1 .

fraction gradient. This possibility has been investigated
and the answer is found to be negative, as discussed
shortly. Instead, following the line of theoretical
development presented here, the non-linear formulation
of dispersion is considered as the correct alternative.
The non-linear formulation is believed to be applicable
if the magnitude of dispersive mass flux is high. In order
to see if there is actually a difference in the magnitude of
dispersive mass flux for different experiments, the
maximum value of J in the system (which occurs at the
front) is calculated and plotted as a function of time
(Fig. 8). It is evident from Fig. 8 that the dispersive mass
flux for HCG-experiments is about two orders of
magnitude larger than that for LCG-experiments. There-
fore, the non-linear term in (17} is bound to be important.
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Fig. 6. Simulation of the HCG-experiment HIDO01, with a; = 0-09cm and 8 = 0.



210 S. Majid Hassanizadeh, A. Leijnse

measured
calculated

0.9 1
0.8 1
0.7
0.6 -
0.5
0.4 1
0.3 -
0.2 -
0.1 1

normalized mass fraction

L

O T T T
0 2000 4000 6000

8000 10000
time (s)

12000 14000 16000

Fig. 7. Simulation of the HCG-experiment H1D02, with o; = 0-09cm and 3 = 0.

Thus, in the second set of simulations, the non-linear
dispersion equation (17) is employed. Using the values of
porosity and dispersivity obtained from the L1DO01-
experiment, data from H1D02 are employed to determine
the coefficient of the non-linear term. A very good
agreement between measured and calculated break-
through curves has been obtained with a value of 3 =
40 x 10°m?skg ' (Fig. 9). Next, keeping the values of n,
ay, and B unchanged, the other HCG-experiment,
H1DO1 (see Fig. 10) as well as all LCG-experiments
were simulated and once again very good agreement was
obtained. As expected, the addition of the non-linear term
does not affect the results of LCG simulations.

No attempts were made to simulate the two-dimen-
sional experiments. The main reason has been the expense
of computer simulations. Because of the very low

exp. h1do1
----- exp. h1d02
------- exp. 11d01

dispersivity and relatively large velocities, a highly
refined mesh was necessary to minimize numerical
dispersion. Given the size of the domain, this would
have resulted in a large mesh and a high demand on
computer resources. The data sets, however, are available
for release to interested modellers.

SIGNIFICANCE OF THE NON-LINEAR TERM

As mentioned above, when employing the standard
linear theory, it is possible to simulate an HCG-
experiment when employing an apparent dispersivity with
a value lower than the dispersivity obtained for LCG-
experiments. A relation for an apparent dispersivity, app,
can be obtained from the non-linear dispersion theory if

apparent dispersive mass flux (kg/m2 s)

0 1000 2000 3000

4000 5000 6000 7000 8000
time (s)

Fig. 8. Plot of the maximum value of the magnitude of dispersive mass flux, J, as a function of time for different experiments.
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Fig. 9. Simulation of the HCG-experiment H1D02, with a; = 0-09cm and 8 = 4.0 x 10*m?skg ™.

we set, for a one-dimensional situation

Aw
J = paappq'A_z (19>
Substituting this relation in (17) and solving for aypp,
one obtains the following important relation.

Qapp _ 2
a1+ +/1+48pa;q(Aw/Az)

(20)

In Fig. 11, a plot of the relative apparent dispersivity
as a function of the apparent dispersive mass flux
pqo(Aw/Az) and the coefficient of non-linearity 3, is
provided. Indicated in this figure are the ranges of the
apparent dispersive mass flux for field situations and for

measured
calculated

our HCG-experiments. Because no information is
available on the value of @ other than for the
experiments reported here, plots have been provided
for a wide range of values. It is evident that for certain
field situations, the non-linear term can become
important, depending on the value of the non-linear
coefficient. For example, for the aquifers overlying the
Gorleben salt dome, assuming a dispersivity of 10m, a
velocity of Imyear !, and a mean mass fraction
gradient of 0-25/30 m™' (see Fig. 1), the value of mean
apparent dispersive mass flux is estimated to be 3 x 107°
kgm 2s~'. From Fig. 11, it is clear that even for such a
low value of the apparent dispersive mass flux, the
non-linear terms could be important. For example, for a
value of 3= 10°m?skg™!, the apparent dispersivity
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Fig. 10. Simulation of the HCG-experiment HIDOI1, with a; = 0-09cm and 8 = 4-0 x 10*m?s kg
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Fig. 11. Plot of the normalized apparent dispersivity as a function of the apparent dispersive mass flux and the coefficient of non-
linearity 3.

would be approximately 20% smaller than the actual
dispersivity.

In eqn (20), one can identify the dimensioniess group
of parameters 3y, defined by

By = 40parq(Aw/Az) (21)

This dimensionless number is a measure of the signifi-
cance of non-linear effects. It is evident that for large mass
fraction gradients, for high-velocity flow, or for media
with a large dispersivity, the non-linear effects may be
important. For example, for the low concentration-
gradient experiment L1DO0I, a value of 102m™' for
Aw/Az can be estimated based on the breakthrough
curve at electrode 4C. With 3= 4 x 104m25kg 1, the
value of y is approximately 0-1, which has a negligible
effect on the apparent dispersivity: a,,, = 0.98a,. Note
that the effects will be even smaller for the other LCG-
experiments L1D02 and L1D03, for which a lower value
of Ay is calculated. For the HCG-experiment H1D02,
based on the slope of the breakthrough curves, the value
of Aw/Az is estimated to vary between 4-5 and 3-0m "'
during the experiment. Thus, the associated value of 3y
varies between 44 and 16 which corresponds to a value of
the apparent dispersivity, a,pp, varying between 0-26¢;,
and 0-39q; . These values agree very well with the fact, as
reported in the previous section, that the HCG-experi-
ments can be simulated with a dispersivity of 0-03 cm.

DISCUSSION OF RESULTS

Results obtained here clearly demonstrate that the
Fickian dispersion equation is not valid under high-
concentration-gradient  situations. The non-linear
dispersion eqn (16), however, seems to provide a

satisfactory description of dispersion under these
conditions. It should be noted that a number of
heuristic modifications to the linear Fickian equation
were also attempted (see Hassanizadeh® for details of the
models). For exampie, the longitudinal dispersivity was
specified to be a function of mass fraction (linearly or
exponentially) or a function of mass fraction gradient
(linearly, second order, or exponentially). Also an
extended (yet linear) version of Fick’s law proposed by
Hassanizadeh” and Hassanizadeh and Leijnse'® was
attempted. But, an agreement between simulated and
measured breakthrough curves could not be obtained in
any of the cases.

The fact that according to eqn (20) and the graph in
Fig. 11, the ratio a,pp/crz will be equal to or smaller than
one, is in accordance with many experimental observa-
tions reported in the literature.>'?7'%2° Krupp and
Elrick'® and Slobod and Howlett*® have performed both
stable and unstable displacement experiments. They
have found that in the case of stable experiments, the
mixing zone (or the dispersion coefficient) becomes
smaller as the difference in density of the fluid on the
two sides of the front increases. What is interesting in
these studies is that, in contrast to our experiments, the
flow direction is vertically downward. That is to say that
the fresh water displaces salt water. Thus, the non-linear
effects described here exist regardless of the direction of
the displacement (in stable cases).

Kempers'*'® has also performed stable experiments
and has concluded that dispersion is suppressed as a
result of a density difference. Kempers'? provides a
graph, obtained from numerical simulations, which
gives the ratio of apparent dispersivity to the medium
dispersivity as a function of the difference in fluid
densities, the ratio of fluid viscosities at the two sides of
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the front, medium properties, and flow velocity. Note
that this approach does not constitute a dependence of
dispersivity on mass fraction or flow velocity. The value
of apparent dispersivity is determined a priori based on
fluid density differences, viscosity ratios at the two sides
of the front, and flow velocity. Then, the value of
dispersivity is kept constant for a given simulation even
though both mass fraction and velocity vary in time and
space. Also note that determining a single value of
apparent dispersivity may work in one-dimensional
systems where only one front is present. However, if
two fronts with different fluid densities and/or viscosity
contrasts are present, it will not be possible to define an
apparent dispersivity for the whole system uniquely.
This is particularly important in two- or three-dimen-
sional situations where the existence of two or more
fronts is even more plausible. In such situations the role
of transversal dispersivity becomes important too.
Spitz*' has studied transversal dispersion across a
horizontal boundary between two layers of horizontally
moving fluids with different densities and with the
lighter fluid overlying the heavier one. These studies
show that transverse dispersivity also decreases with
increase in concentration difference across a front. The
non-linear dispersion eqn (16) avoids the difficulties and
empiricism associated with estimating an apparent
dispersivity. This equation can be used in a three-
dimensional flow regime and it does not rely on the
existence of a single front in the system.

Note that the decrease of the width of the dispersion
zone (i.e. smaller apparent dispersivity) in high-concen-
tration-gradient experiments does not mean that
dispersive mass flux will be smaller compared to
situations with a low concentration gradient. On the
contrary, due to much higher mass fraction gradients,
dispersive mass flux is high and, as a result, the
resistance of the system to dispersion will be also high.
In other words, the ease with which such a large amount
of mass can be dispersed is decreased (lower apparent
dispersivity). This explains the need for keeping the
second order term in the constitutive eqn (13).

It is worth noting that a numerical experiment was
also performed in which a high-concentration solution
was displaced by a slightly higher concentration solution
and the dipsersive mass flux was calculated. It turned
out that the dispersive mass flux has the same order of
magnitude as that for LCG-experiments. This indicates
that the gradient of concentration (or mass fraction),
and not the value of concentration, causes deviations
from the linear theory.

It is known that dispersion is a scale-dependent
phenomenon and its magnitude depends on the scale
of our models. The non-linear effects described here are
expected to be important at the first macroscopic scale
of a porous medium; that is, one scale above the pore
scale, also called the Darcy scale. Thus, in the cases
where additional mixing as a result of instabilities or

heterogeneities occur, the high-concentration-gradient
effects may or may not be important depending on the
modelling scale. For example, in situations where a
lighter fluid underlies a heavier fluid, instabilities may
develop and fingering may occur. In those cases, two
approaches are possible. One may choose to include the
details of fingering and model the system as two
dimensional. In this approach, dispersion is modelled
at the Darcy scale and the non-linear effects may prove
to be important. Alternatively, one may choose to model
the system at a higher scale. Thus, one may lump the
effects of fingering into an effective dispersion term and
model the system as one-dimensional. In such an
approach, basically an additional averaging is carried
out and the dispersion is modelled at the scale of
instabilities. Thus, the effective dispersion will be large
and the non-linear effects discussed in this manuscript,
will probably be negligible.

We are confident that the deviations from Fick’s law
observed in our study are not due to the presence of
heterogeneities. This can be shown by using the results
of Welty and Gelhar®> who have studied the effects of
density and viscosity variations on macro-dispersivity in
heterogeneous media. They provide an analytical
expression for longitudinal macro-dispersivity, as a
function of mean displacement distance, mean concen-
tration and concentration gradient, density and viscosity
coefficients, mean velocity, gravity, and correlation scale
and variance of the log permeability process. They too
find that for stable cases, the value of macrodispersivity
decreases as the magnitude of concentration gradient
increases. The main dispersion mechanism in the system
they are considering is due to the spatial variability in
flow velocity caused by local heterogeneities in perme-
ability. The system we are considering, however, is
relatively homogeneous and the main dispersion
mechanism is due to variations in interstitial flow
velocity and concentration gradients. Given the very
low value of longitudinal dispersivity we have calcu-
lated, for the formula derived by Weity and Gelhar®* to
be applicable, the porous medium in our study should
have a correlation length as small as 0-1cm and the
permeability must vary by a factor of about 6. These
values are highly irrelevant to the homogeneous system
in our study whose permeability has a very large
correlation length and a small variance. Thus, devia-
tions observed in our studies cannot be due to local
heterogeneities, but are caused by microscale velocity
variations under the influence of density effects.

In this study, only the applicability of the Fickian
equation has been explored and no comment can be
made on the validity of Darcy’s law. For investigating
that question, it would have been necessary to have
pressure measurements inside the column and compare
them with the calculated pressure distribution; these were
unfortunately unavailable for HCG experiments because
the manometer readings were useless for displacement
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experiments, certainly for high-concentration-gradient
experiments. The reason is that during displacement
experiments, the density of the water column in
manometer tubes varies and, thus, the water pressure
cannot be linearly related to the manometer level.
However, in a study by Schincariol and Schwartz,'? it
has been observed that a plume of dense salt solution
moving horizontally in an ambient fresh water has a
velocity much higher than that of a tracer injected with
the salt solution. They have also observed brine move-
ment occurring against the prevailing hydraulic gradient.
These observations suggest that the pressure gradient
may not be the only important term in Darcy’s law, and a
term accounting for the large concentration gradients as
proposed by Hassanizadeh’ may also be needed.

A peculiar result obtained in our experiments has
been the dependence of permeability on the salt mass
fraction. This can bte explained by the fact that the
resistivity of the porous medium is actually a function of
the fluid as well as the matrix properties. Obviously, the
resistance of the medium to the flow of brine is larger
than the resistance to the flow of fresh water.
Traditionally, the resistivity is assumed to be given by
p/k with the additional assumption that % is independent
of fluid properties. Although viscosity increases with an
increase in salt mass fraction, our results show that the
increase of resistance to flow is even larger. Thus, the
assumption that k is independent of fluid properties is
not necessarily valid for a high salt concentration
solution.

Additional laboratory and field experiments are
required to further investigate the issues and questions
raised here. In particular, applicability of the non-linear
dispersion equation under more general conditions and
validity of Darcy’s equation under large concentration
gradient conditions have to be studied. The significance
of non-linear effects in heterogeneous media and under
field conditions needs to be investigated. Additional
experiments are also required to determine the depen-
dence of 3 on flow velocity and the possible dependence
of permeability on solute concentration.

CONCLUSIONS

The Fickian description of dispersion in a porous
medium is based on the assumption that the dispersive
mass flux is small such that the second order term in the
constitutive relation (13) is negligible. Experiments have
shown that this assumption is valid only if small
concentration gradients are present in the system. For
large concentration gradients, large amounts of mass
tend to be dispersed and the above-mentioned assump-
tion breaks down. As a result, the breakthrough curves
calculated based on the Fickian-type dispersion eqn (14)
deviate substantially from the measured curves. It
appears that under high-concentration-gradient condi-

tions, the dispersive mass flux will be large so that the
non-linear dispersion eqn (17) has to be employed. Both
low- and high-concentration-gradient experiments are
simulated successfully with this equation. The model
parameters oy and 3 appear to be independent of the
fluid properties. The coefficient 3 could, however, be a
function of the flow velocity.
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