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INTRODUCTION

iIn the past two decades considerable progress has occurred

in the construction of a sound theoretical basis for description
of transport phenomena in general multiphase systems and
particularly in porous media. Investigators from different dis-
ciplines have employed various methods to expose physical
principles as well as assumptions underlying these theories. As
a result, equations such as Darcy’s law and Fick’s law have
been shown to be constitutive relations valid under certain
restrictive conditions rather than heuristic empirical assump-
tions. Variables such as pressure, velocity, temperature,
energy, stress, etc. appear as thermodynamic variables inti-
mately related to each other through derived thermodynamic
E relationships.
L Despite these advances in the proper description of differ-
ential equations for transport in multiphase systems, ad-
ditional study is required to produce a careful and systematic
formulation of conditions at discontinuities and across regions
of reduced dynamics {i.e., regions where simplified equations
may be applied). These conditions, referred to collectively as
F interface conditions, are necessary to complete the mathemat-
| ical description of a well-posed problem. In fact, at dis-
continuities the interface conditions replace the differential
equations.

In the derivation of interface conditions for mass, momen-
tum, and energy conservation in multiphase systems, the inter-
face is often assumed to be a narrow region devoid of thermo-
dynamic properties. Under this assumption, the following
jump or interface condition for a general macroscopic thermo-
dynamic property §* is typically obtained [e.g., Raats, 1972a;
Bowen and Doria, 1973; Bachmat and Bear, 1972; Hassaniza-
deh and Gray, 1979a, b; Bear, 1979, Appendix A]:
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Equations for describing flow and transport in multiphase systems can be derived within the context of
averaging theory. In some subsurface systems, the balance equations must be three dimensional in onc
portion of a domain of interest but need be only one or two dimensional in other regidns (c.g. ACross
clay lenses or within fractures). Conditions linking the dynamic processes among the different regions are
typically obtained heuristically. Here a general framework is presented within which the necded con-
ditions may be derived systematically. Particular conditions for mass, momentum, chemical species, and
heat transfer are illustrated between main porous media domains and both a prrneable fracture and a

¢p>, is the phase average density for phase a, ¥ is the mass-
averaged velocity of phase o, W is the velocity of the surface of
discontinuity, i* is the macroscopic nonadvective flux of the «
phase, and N, and N, are the unit normals to the interface of
the main domains 1 and 2 peinting outwards from the main
domains, respectively (N, = —N;). Although (1a) has wide
applicability for some multiphase flow situations, the assump-
tion that the interface possesses no thermodynamic properties
lacks gencrality. Even for the simple case of two porous media
with different porosities, the interface condition above for mo-
mentum will give incorrect results. In general situations, the
right-hand side of (la) must be nonzero. That i5, one must
obtain

Kod ¥ - Wy—i1-N=f* @

where f,* accounts for the contribution of the interface to
thermodynamic propertics of the o phase. Equations similar to
(2) have been suggested by Raats [1972b], Bedford [1973], and
Bear and Verruijt {1987).

In some cases, the zone between two media may actually be
a volume as opposed to an idealized surface. This region will
naturally be able to store and transport mass and other ther-
modynamic properties. For such cases, even (2) may be inad-
equate and a more general formulation of conservation laws is
required. For example, when a permeable fracture scparates
two porous media, the transport of thermodynamic properties
within the fracture may play an essential role in the overall
behavior of the system. Alternatively, a clay lens separating
two aquifers will dramatically affect the flow and transport in
the ground water system, although the lens itself may be treat-
cd simply as an interface or intermedia zone.

In the current presentation, the intermedia zonc between

K> (w — W) —i1-N=0 {la) two multiphase media is considered to have a finite thickness
. attaining mass as well as gll other usual thermodynamic

where properties. This zone need not be narrow. However, it will be

| Ml-N=(, —f)-N,=(f, —1,}- N, (1b) modelefi as a two-dxmcnsnonal.dommn separating the main
| ) three-dimensional domains. This type of zone is referred to
| Copyright 1989 by the American Geophysical Union. here as a general interface. Transport and storage of mass and
| Paper number 88WR03973. other thermodynamic properties within and across the inter-
| 0043-1397/89/88WR0-3973505.00 face (i.c. in the tangential as welt as the normal direction to
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the interface) is accounted for. Such types of interfaces will be
called nonsimple ‘nterfaces. The nensimple interface condition
is shown to be a generalized form of (2). It is a differential
equation relating transport and storage of the interfacial ther-
modynamic properties to normal fluxes into and out of the
two neighboring main domains. The special case of an inter-
media zone of negligible thickness but of thermodynamic im-
portance will be called a simple interface.

The derivation of jump conditions for a general interface
does not completely characterize the flow and transport. Con-
stitutive postulates, similar to those needed to completely
define 2 multiphase body, are needed to fully describe interface
behavior. The postulates supplement the jump conditions. Al-
though the general jump conditions are universal, the consti-
tutive postulates vary depending on the system under study.

In this paper, the above-mentioned general interface con-
dition is derived and its application to some cases of practical
interest involving nonsimple interfaces will be illustrated. In
these applications, the rationale for obtaining supplementary
constitutive postulates will also be provided. Interface con-
ditions for simple interfaces will be presented in a subsequent
work where a number of commonly encountered situations
are considered.

THE NATURE OF MACROSCOPIC DISCONTINUITIES
IN MULTIPHASE SYSTEMS

At the microscopic scale, a multiphase system is composed
of two or more phases separated by surfaces or interfaces at
which the material propertics and thermodynamic quantities
may undergo discontinuities. Use of volume-averaging tech-
niques allows a macroscopic description of a multiphase
system to be constructed where the aforementioned dis-
continuities are incorporated into the governing equations.
This averaging process is a transformation from the micro-
scale to the macroscale. At the macroscopic scale, a multi-
phase system is composed of two or more continua superim-
posed on each other. Therefore initially, the consideration of
surfaces of discontinuity at the macroscopic scale may seem to
be unnecessary. The averaging process might be expected to
remove all discontinuities, even those between two distinctly
different neighboring media. For example, consider the hypo-
thetical situation depicted in Figure 1. In Figure la, the phase
average mass density of the fluid is plotted as a function of
space. It appears that as the averaging volume is moved from
the single-phase fluid region I to the single-phase solid region
HI, a continuous variation in the average mass density is ob-
tained. In other words, when considered at the IMaCToscopic
scale, no definite surface of discontinuity which marks the
boundary of two different media scems to exist, This observa-
tion, however, is not valid. In fact, the averaging procedure
may not be carried out in regions R, and R;. When applying
the averaging technique to a particular domain, the center of
the averaging volume may not get closer than D to the bound-
ary of that domain, where D is the characteristic size of the
averaging volume [Hassarizadeh and Gray, 1979a, Appendix
A]. Moreover, a major restriction in the macroscopization
process is that the characteristic size of the averaging volume
must be much smaller than the length over which gross inho-
mogencities in macroscopic propertics arc encountered [ Hassa-
nizadeh and Gray, 19794]. Clearly, this restriction is not satis-
fied in regions R, and R, where the macroscopic characteristic

length of the region is of the same order of magnitude as the -

characteristic size of the averaging volume.
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In light of these considerations, a proper application of the
averaging procedure to the hypothetical situation discussed
here should give the plot depicted in Figure 1b instead of that
in Figure 1a. From this figure, it is evident that at the macro-
scopic scale, narrow regions (such as R, and R,) where rapid
changes in material properties occur are not discernable and
must be treated as singular surfaces. Additionally, interface
conditions must be provided which establish relationships be-
tween material properties at the bounding sides of regions R,
and R,. Thermodynamic processes in regions I to III are de-
scribed by localized macroscopic differential equations of bal-
ance. The situation depicted in Figure 1b shows a “simple
interface™ where the discontinuity persists despite the mac-
roscopization process.

In addition to the simple interface discussed above, situ-
ations may exist where the intermedia zone has a considerable
thickness; but, for practical reasons, a three-dimensional mod-
eling of macroscopic processes within the zone may not be of
interest. Examples of such zones include a permeable fracture
wilhin a porous medium, or a thick Iayer with low horizontal
permeability separating two aquifers. These zones may be de-
scribed mathematically as two-dimensional domains separ-
ating the two main media. They are accounted for as inter-
faces and will be referred to here as nonsimple interfaces. Ad-
ditional constitutive conditions must be provided which relate
material propertics of the main domains to those of the inter-
face.

In the idealized situation depicted in Figure 1, the interfaces
are stationary. However, other situations exist where the dis-
continuity surface or zone may be moving. An example is the
formation of filter cake in filtration problems. Also, an impor-
tant class of moving discontinuity surfaces involves rapid vari-
ations in properties of fluids flowing through a porous
medium. Examples are interfaces between two miscible fluids
with different densities such as a salt water-freshwater inter-
face, interfaces between immiscible fluids (such as the interface
between saturated and unsaturated regions or an interface
between water and organic phases), a reaction front in a react-
ing porous medium, a wave front, etc. A final special type of a
discontinuity surface is the external boundary of a domain of
interest.

DERIVATION OF GENERAL INTERFACE CONDITIONS

Consider a domain between two different multiphase media
as depicted in Figure 2 which is not to be fully modeled in
three dimensions. This domain exists cither by virtue of its
own thermodynamic properties (¢.g., a thin clay lens between
two sandy media) and/or as a comsequence of applying a mac-
roscopization procedure to the two neighboring domains.
From a microscopic point of view, the interface region may be
considered as a domain in its own right. That is to say, it is a
medium composed of two or more phases separated from each
other by singular surfaces at which the material properties
undergo jump discontinuitics.

The actual boundaries of the interface zone with main do-
mains I and II are denoted by B, and B, in Figure 2, Macro-
scopic properties for these main domains are defined no closer
to the transition zone than A, and A,, respectively. Thus for
example, the centroids of the last row of averaging volumes
which lie totally within domain I will fall on the mathematical
surface A,. The shaded region between A, and A, forms the
interface zone, V. Denote the thickness of the interface by b,
This thickness is assumed to be much smaller than the lateral
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Fig. 1. Variation of average water density with position in the domain.

extent of the domain. Also, based on the discussion presented
in the previous section, the restriction

bzD +D, 3)
must be satisfied. For a simple interface the equality sign

holds; that is, boundaries B, and B, coincide.
In this development it is assumed that the interface curva-

ture is very small so that the averaging volume remains inde-
pendent of space as well as time. However, spatial and tempo-
ral variations of b are admissible as long as the above assump-
tion (3) is not compromised.

With these considerations in mind, macroscopic conser-
vation laws are sought which relate macroscopic properties of
the interface zone to those of the main domains. A mac-

tfain Domain |

) 3 .
mz&%%l%//////////////// L

V7
on
774 B
PN Iy ryy, 2

A ™ o s "IIIIIIIIIIIIIIIIII 2
{_J

Interface Regi

D,

D,

Main Domain 1!

Fig 2 Nonsimple interface between two main domains.




532

roscopization or averaging process is conveniently advanced
within the framework of the approach adopted by Gray
[1982] for transforming three-dimensional point equations to
two-dimensional averaged equations.

For microscopic processes in a multiphase system, the gov-
erning equations in each phase are the classical balance laws
of continuum mechanics. They may be represented by the
general form

;‘(gT‘”+v-<pv¢)-V-i—pf=pG @

where

mass density;
thermodynamic property;
nonadvective flux vector;
velocity vector;

external supply;

net rate of production.

D, ¢ m S

Individual balance laws are obtained by substituting appro-
priate quantities from Table | into (4). Variables of Table 1
are defined in the notation.

For averaging this equation, a representative elementary
volume (REV) is defined which is essentially constant in time
and space. This REV is depicted in Figure 3. Note that in the
direction (approximately) normal to the interface, the length
scale of the REV is greater than b while in the Jateral direc-
tions, the length scale is smaller than or the same as b. The
volume of the REV is denoted as ¥, and its cross section by
6S. The area of intersections of A; and A, in §¥, are denoted
as 84, and 84, respectively. Additionally, the portion of the
boundary surface of &V, which is in the intermedia zone, not
including A4, and dA4,, is indicated as 54. The interfacial area
of the a phase with another phase # within the REV and
within the intermedia zone is §A,,° Finally, a distribution
function y_b(x, t) is defined such that

7%, t)=1 for x in the « phase within the interface zone
7.b(x, }=0 otherwise

Throughout this work, superscript b is employed to label vari-
ables associated with the interface. Application of the averag-
ing procedure of Gray [1982] to (4} yields

£ 6o+ 9+ b)) (6= bo).
t

1
—Kp>* G- ¥ oo

Fra

{oy(w—v)+i] - 0% da
LY

v, oYy —w) —i] -nda

T 8S Jya,
+o | nlLowty —w—i1-nda ®
38 Jsas
TABLE 1. Corresponding Variables for Specific Balance Laws
Based on Generat Equation (4)

Property ¢ i f G
Mass 1 ] 0 0
Species w i 0 r
Momentum v t £ 0
Energy E+iRv.v t-v+g g-v+h 0
Entropy ” ¢ b r
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where w is the velocity of the area of integration, the prime
denotes a two-dimensional spatial vector, and m on 44, and
0.4, points out of domains I and I, respectively. Furthermore,

@3 = | ot (6a)

g = m J; e (6b)
i~ = | @ - o do (6
G = g o

Also, ¥ F* and G~% are defined analogously to y*. All
microscopic quantities are functions of time and three spatial
dimensions, whereas the averaged quantities depend on time
and only the two spatial dimensions tangent to the interface.
Note that in these definitions the integral is divided by b6S
because bdS is the actual volume of the transition zone within
the REV.

When developed in the work by Gray [1982], (5) was used
as a two-dimensional balance law for a region of primary
interest with thickness b. The terms on the right side were
sources for that region. Here the application is different. Equa-
tion (5) serves as a link between two domains where dynamic
processes are occurring. The subsequent derivation is designed
to illustrate how this linkage can be properly accounted for
when the dynamics of the regions neighboring the intermedia
zone is of paramount interest. Therefore the source terms must
be formulated in terms of the properties of domains I and I at
the boundaries of the interface zone. Equation (A4) of Appen-
dix A relates the integral over an area to volume-averaged
quantities and may be invoked to express the right-hand side
of (5) in terms of volume-averaged quantities. Thus (5) be-
comes

é -
é;(b<9>,°'il"')+ V- (5o, V)~V - () — bCpd,

1

— by G* -} Lod(w—v)+i] - n** da
poa 05 L
= [Kpo (¥ — W) —i-N 7

where the notation of (1) is employed. In this equation, <p},,
¥*, i, and i are macroscopic properties of phase a obtained
by averaging over REV’s associated with domains I and II.
Equation (7) is the general form of the jump condition for a
macroscopic interface. It relates the properties of the two main
domains to each other through the properties of the inter-
media zone. The last term in the left side of (7) accounts for
the exchange of thermodynamic properties between the a
phase and all other phases present within the intermedia zone.
This exchange may be brought about by chemical and me-
chanical interactions. The exchange term is subject to the fol-
lowing restriction:

X

a f¥a

:;E,[ o¥(w —v}+i}-0¥ da=0 8]
Aog

and plays an cssential role in the development of correct inter-
face conditions for multiphase systems.

Any additional information on i* and the exchange term
must be based on the constitution of the intermedia zone and
obtained using a constitutive theory. Such an approach is in
line with the macroscopic description of multiphase systems in
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Fig. 3. Avcraging volume for a nonsimple interface.

three dimensions. An example of application of constitutive
theory to equations of balance similar to {7) is the work by
Gray [1983] on derivation of constitutive relations for verti-
cally averaged equations of steam water flow in porous media.
The coefficients and functional forms obtained through consti-
tutive analysis must be subjected to experimental verification.
Fully general macroscopic equations of balance of mass,
momentum, energy, and entropy are obtained from (7) by se-
lecting appropriate quantities from Table 1. In order to dem-
onstrate the significance of transport terms in the left side of
(7) for muitiphase systems as well as some simplifications that
can be obtained, two special cases of practical importance in
porous media flow modeling are considered here. These cases
involve nonsimple interfaces separating two main domains.

CONDITIONS FOR A PERMEABLE FRACTURE
WiTHIN A POROUS MEDIUM

Consider a fracture which is filled with crushed materials
within a porous medium such that the fracture has a higher
permeability than the surrounding media. Flow is saturated
but the fluid is multicomponent. Essentially, the flow within
the fracture is two dimensional. However, there is exchange of
mass and other thermodynamic properties with the neighbor-
ing porous media. It is, of course, possible to model the whole
domain as an inhomogencous system, but then the fracture
flow must be considered as three dimensional. However, in
situations where the fracture is essentially homogeneous, this
approach will result in excessive computational effort. Instead,
the porous medium can be conveniently modeled as two
three-dimensional systems separated by a two-dimensional
fracture interface. Equation (7) then serves as the appropriate
differential equation for the fracture zone.

As a special case, the following assumptions wili be applied.

. The deformation of the solid phase in the fracture is
such that at the interface between the main domains and the
fracture (i.e., at the boundaries of the fracture):

V-N=W:-N

2. Phase change within the fracture between solid and
fiuid is negligible such that

ppiw —v)-n? =0 for all ¢

3. The dependence of fluid mass density on composition is
negligible such that it depends only on pressure and temper-
ature.

The saturation of the « phase within the fracture is denoted
by s> such that {p),* = e’**{p)*, where {p>* is the intrinsic
average mass density of the « phase within the fracture and &
is the potosity of the fracture. If notation is now simplified by
omitting averaging overbars and brackets, (7) becomes

~

bebshe gy
RETEND | v pespry= — V- B

_ b b _ Y — | i-u¥ da
s oS Aur®
= [pu* —1]-N (8)
subject to
ZZ% ira¥da=0 (3]
a fves Agg*
where o* is the Darcian velocity defined by
u = es(v — v) 8"
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The definitions of Table 1 will be used along with (8) to obtain
the particular balance equations.

Mass LEA] '
#
a(b&:’s”p") +V. (bsjsupkv'k) = [p‘n‘l N (9)

ot

This equation relates the storage and flux of mass of the fluid
in the plane of the fracture to the mass entering (leaving) the
fracture from (into) the main domains. Additional relations for
™, 5%, and v* must be provided by constitutive equations of
state and by the momentum balance. The fracture orientation,
thickness, and porosity are assumed to be known lunctions of
position and time or known functions of the thermodynamic
variables of the flow system.

Momentum

Hbebs> phayhn) +

. V' (bePspteying — V. (bt

1
—be*stptog— ¥ —J. t-a¥da=pvur—-t1-N (10
85 Jyaum

fda

Multiply (9) by ¥** and subtract from (10) to obtain

av
bebshpte R el A I
1
— bets™ptg — Y — t-n" da
gez 08 A
= lp*(v — v — 1} - N (1

This equation requires constitutive assumptions in order to
be easily applied. First, based on the work of Hassanizadeh
and Gray [1980] and of Gray [1983], the fluid phase stress may
be approximated as

1 o ghgbepial (12)
= = —es?p?l a3

Appendix B motivates the relation

T o5 | ten?da=peVibe's™)— [pesIN + PN
B#a S LY

— bR™ . w™ — bR,y - NIN  (14)

where p is the thermodynamic pressure, R™ is the medium
resistance to the flow within the fracture, R,® accounts for
resistance to the flow from domain 1 and II across the frac-
ture, u™* is the two-dimensional Darcy velocity vector tangent
to the fracture, and x,* and y,* apportion the resistance to the
flow entering the fracture from domains I and I1, respectively.
Equations (12} through (14) make use of the fact that porous
media flow is macroscopically inviscid. Additionally, equa-
tions of state for the « phase relate the mass density to pres-
sure and temperature;

(152)
(15b)

pr=pp, T
P = php™, T
Substitution of (12) through (14) into (11) results in

vbﬂ
bebsbaphs _63[_ + be's™pbey™ . Wiy 4 V(bebstph)

— bebstphog — pMV'(be’s™) + fes"p IN — ™ p"IN
+ bR™ - w™ + bR, “Iyv* - N]N
= [p¥" — ¥ " + es*p"l] - N (16)

The term involving pressure on the right side of (16) cancels
with the same term on the left side. When the flow in the
porous medium is slow such that inertial terms are negligible,
{16) reduces further to

be®s™(V'p™ — p*g) — e's™[p IN
+ BR™ .u™ 4 bRy -NIN=0 (17)

This equation has components in directions normal and
tangential to the interface zone. The tangential components of
this equation, after rearrangement, yield an equivalent form of
Darcy’s law within the fracture:

W = R (VP — o) (18)

Equations (9), (15), and {18) provide four equations in terms of
five unknowns p%, 5™, p*, and u™ when the flow is iso-
thermal. An additional needed equation for multiphase flow is
normally provided by a relationship between s> and the capil-
lary pressure.

The mass and momentum equations for the fractures can be
solved only in conjunction with the equations of mass and
momentum of the two main domains. Additional equations
which link the interface zone process to u,*+ N, and uv,* - N,
can be obtained from the normal component of (17):

—bets™ptg « N, — ’s"(p," — p,")
+ bR, " - Ny — x,"u,"-Ny) =0 (19}
Equation (19) may be rearranged to the form
{bR,*x,"n," - N, + e’shl(l’h -p" - x:'bﬂ'"‘g M Nll}
— {bRy" 1%, Ny + £57(p™ — p,") — 2,°bp™g - N,I} =0
{20)
because 0 <y, *< land y,* + x,° = 1.

Equation (20) describes the transfer of momentum in the
normal direction between the main domains and the fracture.
This equation may be split into two parts by selecting x,* (and
thereby x,%) such that each of the braced quantities is individ-
ually zero. This allows two equations to be written, one ac-
counting for momentum transfer between domain I and the

fracture and another accounting for transfer between domain
IT and the fracture. Thus from (209 it follows that

_Ebsba pbl__Pla ]
et N, =— ] —1 _ k. N 21
uy 1 R, [ b, F 2. 4 1 (21a)
_gbgh ph_.pz‘
N, = | 2 e N 21b
u, 2 R,* [ br,® L 4 2 (21b)

The constitutive parameter x, (= 1 — x,%) may be specified
based on the system under consideration, The following select-
ed cases are examples: (1) when the interface zone is per-
meable but the flow normatl to the zone is ncgligible such that
the pressure is hydrostatic, y,* = 0.5; (2) when the main
domain I is impermeable to the o phase, y," = 0.0 and p,* =
P™; (3) when R,* is infinite such that the interface zone is
impermeable, (21) reduce to w,** N, = u,*- N, = 0; and (4)
when main domains I and II have the same propertics (poros-
ity, permeability, temperature, density), x,* = y,* = 0.5. Other
cases which may exist may be modeled by appropriate selec-
tion of a value of x,* between 0.0 and 1.0.

- Mass Balance for Species P :
The balance of mass for a spocics cxisting in the a phase

reads
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boba ba, ba
A be?s pP )+

Py V' o (betstrphpbeyte) — W7t

1
= bsbsb‘phrb’ + Z _—
LY} é

+ |t — - N

j-n* da
A

(22)

The first term on the right side accounts for homogencous
reactions and/or decay, and the sccond term denotes the het-
erogeneous mass exchange of the species between the x phase
and all other phases as a result of adsorption and interphase
diffusion process.

Constitutive equations have to be provided for j** and 3 5.,
(1/88) f44,0 i - 0% da. In particular, a Fickian type relation
may be employed for j™:
srba _

]

where D is the dispersion tensor for the fracture zone.

To complete the description of the mass transfer problem,
constitutive relations for j,*+ N, and j,;*+ N, must be pro-
posed in terms of (w,% w™) and (w," @) respectively. A
reasonable proposition may be obtained by analogy with (21)
using a mass transfer resistance coefficient R, and weighting
parameter y,“® and y,* such that

i°-N, = (™ — @ ), Ry™
J Ny = (0™ — @, W Ry*)

thh . v.-wb:

@3

(24a)
(24b)

The resistance coefficients must be obtained empirically de-
pending on the system under study. Note that x,* and x,"
sum to 1.0 and are related to the resistance to the nonadvec-
tive fluxes. For example, when there is no resistance to a
dispersive flux from domain I into the fracture zone, x,™ =
0.0 and therefore for a finite flux, ™ = w,* When the resist-
ance to dispersive flux into the fracture is the same for both
bounding domains, z,“® = x,* = 0.5. Other cases may also
be considered in the context of the relations given in {24).
Equations (22) through (24} together with the transport equa-
tion for domains I and II comprise a set of equations to be
solved for @® and the mass fraction in I and IL.

Energy Balance
8
= {bebstapbe(ED + 4v* - v
+ V. [bebsPa g (EP + dvhe . vy
— V' (bt . v b —besP (kg - V)

1
=ZE

A+

(f-v+q -0 da
5 Aug

+pE +iv -V~ v — g N (25)

Multiply (9) with (E* + 1v®* . v™), take the inner product of
(10) with v*, and subtract the results from (25) to obtain the
internal energy equation

dE®s
be”s"“p"‘(-a—' + v V'E"‘)
_ bt.ba . vr‘,h -V (bqlbc) —- bcbsuphhh

1
=ZE_E

*a

[t-(v—v*)+q] 0% da
S A

+ [{(E* + $v* + v9) — (E™ + 3v™ . v™)}e°

—tr.(v—v) —¢q]-N (26)
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Some of the quantities in this equation, such as s, p, v,
and t**, have been introduced in the equations of mass and
momentum balance discussed earlier. Here, additional consti-
tutive equations are needed for E* and ™ in terms of temper-
ature and temperature gradient. The following linear rclations
are employed (where the dependence of E™ on pressure has
been neglected for simplicity):

dE» = C b dT™ an
g = VT (28)
ZEIE t-(v—v*)+ql-n% da
f L7 A
=Y A= (Tt — T (29a)
’
subject to
(2%b)

T 5 i(T™ — T = 0
x #

where T is the temperature of the o phase within the frac-
ture. Substitution of (12)16) and (27}-29) into (26) yields

aT™
bs"s”p"’C,,"(-? + v V’T")

+ betstephV Ly VL (b VT
_ betsepheme = —F AH(T™ — T*)
]

+ [pTUE* + 1v* - v — (E”;‘ + vt vt
+es°p (v = V) — ¢ N (30)

Often, in heat transport problems in porous media, the effects
of potential forces and kinetic energy and radiation are ne-
glected. For that case (30) reduces to

ba

bebstrpheC b a
' ét

= Y (T - T*)+[pYE —E*W ~q]- N
F

4wt V'T"')—V' - (bx" ¥ TH)
(31)
The first term on the right-hand side of this equation ac-

counts for the exchange of heat between the « phase and all
other phases within the transition zone as the fluid phase

‘passes through this zone. This equation can be employed to

solve for the temperature of the « phase in the fracture zone.
However, this equation must be solved in conjunction with
equations of balance for the two main domains as well as the
balance equations for the other phases in the system. Consti-
tutive functions are also needed which describe the nonadvec-
tive heat transfer between the main domains and the fracture,
These can be expressed, for example, by analogy with mass
transfer hypotheses (24) as

(32a)
(32b)

q,* - N, = (T — T,/ ™Ry™)
a," - Ny = (T* = T, "Ry ™)

The heat transfer resistance coefficients, R,™ and x,"(=1
— %,™), must be obtained empirically depending on the
characteristics of the system under study.

The solution of the energy balance simplifies significantly
when all phases at a point may be considered to be at local
thermal equilibrium, i.e., at the same temperaturc. In this case,
(31) may be summed over all @ phases and the resultant equa-
tion may be solved in conjunction with the balance equation
for the main domain to obtain the temperature distribution T

e p—
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within the fracture and the temperature distribution in do-
mains [ and 11

CONDITIONS FOR A SEMIPERMEABLE LAYER
WITHIN A Porous MEDIUM

Consider a thin layer within a2 porous medium which has a
much lower permeability than the surrounding domains. In
this case the transport of matter within the layer in the
tangential direction will not be significant and storage within
the layer is also considered unimportant. However, the role of
the layer in the exchange of thermodynamic properties be-
tween the porous media on the two sides of the layer is impor-
tant. In developing balance equations for this case, assump-
tions 1-4 described in the previous section are adopted. Fur-
thermore, because storage and transport of thermodynamic
properties in the plane of the layer are negligible, the time and
spatial derivatives in the equations of balance for the layer
may be neglected. The following equations are obtained as
simplifications of balances derived in the preceeding section.

Mass Balance (from Equation (9))
Neglect the left hand side of (9) to obtain

[P"w-N=0

which is simply a statement of continuity of normal flux. Note
that if storage, but not transport, were important, the time
derivative term could be retained. However, that case is not
being considered here.

(33)

Momentum Balance {from Equation (17))

With the tangential flow in the layer assumed to be negligi-
ble, the tangential components of (17) reduce to the statement
of hydrostatic equilibrium. However, the normal components,
equations (21), will remain as they account for flow across the
layer. When storage is negligible, p* may be climinated from
consideration and (33) indicates that the low entering one side
of the layer is equal to the flow leaving the other side.

Elimination of p* between (21a) and (21b) yields

"% Ny = p,"u," - N,
plupzﬂsbsbc

Ry %™ + 22027
where use has been made of the fact that x,* + x,*= 1 and
N, = —N,. This equation is of the same form as is commonly
used in describing flow across a semipermeable layer, where
Ry" is the resistance of the medium to the flow. Note that
when p,* = p,* the constitutive parameters y, " and x,* disap-
pear from (34). When p,* # p,% sclection of x,* = x,* =05 is
appropriate.

- [”’ £ —p”‘g-N,] (34)

2-
Mass Balance for Species (from Eguation ( Zf) )
When the rate of accumulation of a chemical species within
the o phase of a layer as well as the lateral transport are
negligible, the species mass balance equation (22) becomes

P

j-n? da
‘ﬂl‘s

[T

+lpw e —§F-N=0 (35

If the homogencous reaction within the a phase in the layer is
tegligible, the first term in (35) drops out. If adsorp-

tion/desorption processes are neglible, the second term in (35)

may also be eliminated. Finally, (33) may be applied such that

HASSANIZADEH AND GRAY: TRANSPORT WITHIN MULTIPHASE SYSTEMS

{35) reduces to

prtw,® Ny(@,* — 0,9 —[[1-N=0 (36)

The interface zone equation must be solved in conjunction
with two constitutive equations such as (24a) and (245). How-
ever, under conditions where the reactions and storage are
unimportant such that " is not needed and (36) applies, w™
may be climinated between (24a) and (24b). Combination of
this result with (36} yiclds

"Ny = oy Ny ™ — (RN.‘)‘I'K“’;- — w9
j2* - N; = lp3"0," - Nox, ™ — (Ry™) ™ 'New,* — w,®)

Equation (37) in conjunction with the equations for the main
domains arc sufficient conditions for obtaining solutions for
mass fractions in the main domain.

(37

Energy Balance (from Equation (31))

When time and space variation in the layer can be neglect-
ed, the energy balance in (31) reduces to the form

les"pE* — Em® — q1- N =T 1(T™ - T*)  (3§)
[

This equation must be solved in conjunction with constitutive

equation (32a) and (326) along with balance equation for the

main domains. When local thermal equilibrium is achieved,

the right-hand side of (38) is zero. If storage is negligible such

that (33) also applies then

piu - Ny(E* ~E,)—lg1-N=0 (39)

For this case, T* is not needed and the conditions (32) can
be combined with (39) by a procedure analogous to that used
to obtain (37) for species transport. In the current case the
result is

q,% N, =p,%,* - Ny, ™(E, "= E, )~ (R, ™) (T, * = T,%)
(40a)

4" Ny =p,%0,% - Noy, THE,°— E, )~ (R, T {T* = T,%)
(40b)

Because local thermal equilibrium has been assumed, (40) may
be summed over all o phases to obtain expressions for the
total nonadvective energy transport across the layer. Solution
of these equations in conjunction with the energy balances for
domains 1 and I yicids the complete temperature profile for
the systems of interest,

CONCLUSION

The framework presented here allows for conditions at
large-scale interfaces between porous media zones to be
derived from fundamental principles. An interface may be
cither a surface of discontinuity at the microscale or a zone in
which transport normal to the boundary surfaces may be ac-
counted for on a global average. The general interface con-
dition, (7), relates the properties at the boundaries of the
media to the transport occurring within the interface. The
interface condition for a general property has been applied to
the specific cases of mass, momentum, chemical species, and
encrgy transport into a fracture of high permeability and
across a clay lens of limited permeability. The general tech-
niques presented allow for a complete and rigorous analysis of
multiphase systems which undergo jump changes in properties
such as temperature, porosity, saturation, permeability.
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APPENDIX A: EQUIVALENCE OF AREA- AND VOLUME-A VERAGED
FLUXES

Consider an arbitrary surface, A, lying within a multiphase
domain, and an REV whose cross section intersecting A is A4
with a normal unit vector n. If A4 is a plane, » is constant
within the REV. The characteristic length of A4 will also be
the same as that of the REV. One may define average quan-
tities based on this REV in the usual fashion. Additionally, the
volume-averaged flux of a given quantity ¥ will be

S Y
Kpop v — 1) NFAV (Lv}"(pdlv i) dv) n {Al)

where N is the unit vector normal to A at the centroid of AA.
The vector N is identical to n. However, 10 be systematic in
notation, here m is used in the microscopic domain, and N is
employed in the macroscopic domain. The integral on the
right side of (A1} may be written as

1 D2 .
v o (‘[Mmy'(p\llv —i)-n da) di (A2)

where AA,, are other cross sections of the REV having the
same unit normal vector n. Now using the mean value theo-
rem, one may replace the line integral in (A2) to obtain

D
ey Mv‘(pwv —i)-mda {A3)
Finally, with A4 = AV/D, (A3) may be substituted for the
right side of (Al) to obtain

Tag® __ 3%Y . __L ¥ .
{({p> v — 1) N—ML}"(WV ij-nda (Ad)

which is the desired relation of equality of volume- and area-
averaged fluxes.

An alternative derivation of this relation follows from using
theorem 1V of Hassanizadeh and Gray [1979a]:

1
V. (D d -"—*.[—J‘ 7 .nda dA AS)
L Drdo= | 2k " ‘

where V is any volume with the boundary A. Applying the
divergence theorem to the left-hand side, one obtains

1
0H*-Ndd= -—J fy" - n da d4 A6
.[1< J:!AA AAV ? ( )

Because A is an arbitrary surface, one may localize this rela-
tion to obtain

1
<0.N=K;1-J‘Mf7..da (A7)

This relation is a more general equivalent of (Ad). Equations
similar to (A4) have also been obtained by Bear and Bachmat
[1983] using a diflerent approach.

APPENDIX B: CONSTITUTIVE EQUATION FOR
Ypea (1/85) foapt-n da= ™
This term actually denotes the forces on the fluid flowing
through an interface Zzone exerted by other phases. These
forces are known to consist of an equilibrium part and a
nonequilibrium or dissipative part. These two parts arise from
the corresponding parts of the microscopic stress tensor t:

t=—pl+t (B1)

where p is the microscopic pressure {equilibrium part of t) and
¢ is the dissipative part of the stress.
As a first step, evaluate T at equilibrium:

i
el = — j o 4 2
L ’%l 68 JA.‘*P‘ ¢ (B }

From (16) of Gray [1982] onc obtains (with f set to 1 in that
equation):

1 1
— | wfda=_; ‘s, da
L 55 » S L," 1
1

B*a

+—| viw,da—Vibe) (B3
68 AP

Now, consider {B2). Recall that 8S,," is the union of all aff
interfaces within the domain lying between A, and A4, in
Figure 2. Therefore (B2) may be written as

1«! L LY
. o8 AgP1 -1

a8 Aaphl — M
1

- EE A gV~ A2

pn? da  (B4)

Assuming that the porous materials in each of regions A,
—B,, B, — By, and B, — A, are homogeneous and that the
pressure p varies linearly in each of these respective regions,
one may reduce (B4) to

1 1
=—pd= w da)—p, — s d
T..L B 45 .LMAI—'I ) P2 &8 y[bl.,ll-ﬂ a)
1
—_p— o B
63 J;Mll—lzl da) ( 5)

Now, use (B3} to obtain

1 1
- a)___ b, —— b, . v
T"'L P {65 J.le. m, da—25 '[m?. n, da [D.s,']}

1 1
_pl i | yte,da——| v.'nda—VIDae"
3 {63 J:sza 2, 38 ‘.371 o, da [ 282 ]}

o A v daet)| v.tw,da—v16-D,—
pk{+5s,[,ly‘ n, da 53_[,,,7' n, da—V[(b — D, Dz)a"‘}}

(B6)

Terms such as [,, v,* da are equal to the arcal fraction of
phase o. Assuming that areal and volume fractions are equal,
and also assuming that the fracture is filled with a homoge-
neous material, onc has

1

1
— bdg =— ¥ da =™ B
'35 “‘7. Vo da=E¢ (B7

S 482

Because n, and m, are constant and terms containing D, and
D, are small, (B6) becomes

T-L = —p,"e," — £IN,
— pa(e,* — "IN, + PV (be™) (B8)

with £ = &5* and £ = ¢*s*, and by the convention of (1b),
equation (BS) may be written as

19|, = —[presIN + 2P PIN+ Vb)) (B9)

Now, for the dissipative part of 7%, by analogy with consti-
tutive equations for a multiphase body, a relation proportion-
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al to the velocity may be proposed. Because T has compo-
nents both in the tangential and norma! directions of the
interface, the following relation is employed:

Too— P, = —bR™ . v® — bR ™y, %v,* - NN,

— BRMp,%v,% - NN,  (B10)

where R™ is the resistance of the material of the interface zone
to the flow in the tangential direction, R,* is the total resist-
ance of the interface zone to normal fow, and x," and x,*
distribute this resistance between the flows crossing the
boundaries at positions 1 and 2 such that x,* + y," = 1. Note
that R,® in general depends on the resistance of the main
domains as well as the resistance of the interface to normal
flow. Thus the constitutive equation used is

L ten* da = —[p%esIN + &N
88 Joap

+ PRV(bes™) — BR™ . v — bR, Ty*v* - N]N  (B11)

NOQTATION

macroscopic boundary of domain 1 (or II).
b thickness of the interface zone between two media.
b external supply of entropy introduced in Table 1.
Actual boundary of domain 1 {or II).
specific heat capacity at a constant volume of «
phase within the interface.
da infinitesimal element of area.
dr infinitesimal element of volume.
D characteristic size of the representative element
of volume.
D" dispersion tensor for phase x in the interface.
E internal energy per unit mass.
[/ external supply in the general balance equation (4).
Ji* contribution of interface to thermodynamic
properties of x phase in (2).
g gravity vector.
G net rate of production in the general balance
equation (4),
I external supply of energy per unit mass.
i nonadvective flux vector.
| unit tensor in three dimensions.
I”  unit tensor in two dimensions.
j dispersion flux vector.

n normal unit vector in the microscopic domain.
n* normal unit vector to a microscopic af interface.
N normal unit vector in the macroscopic domain.
normal unit vector to the interface at side 1 (or 2)

pointing into the interface.
p fluid pressure.
q heat flux vector.
r rate of mass production (or decay) as a result of
homogeneous reactions.
R, transition region between two multiphase media
(also R} (Figure 1).
R” two-dimensional resistance tensor for the flux in
the “plane” of the interface.
resistance of the interface to the normal fiow of
phase a. ’
transfer resistance coefficient of the interface for
heat transport in the normal direction.
transfer resistance coefficient of the interface for
species mass transport in the normal direction.
rate of species mass exchange as a result of hetero-

geneous reaction between phase « and all other
phases in the interfaces.

Darcy velocity of phase o defined in (8¢).

u Darcy velocity of phase a in the interface
{two-dimensional vector).

region of space occupied by the interface {Figure 2).
velocity vector,

velocity of microscopic interfaces.

velocity of macroscopic interfaces.

s* saturation of phase a.

s saturation of phase a in the interface.
t time.
t stress tensor.

T temperature.

ul

rhe

il-!ﬁ

Greek Letters
y," distribution function defined before (5).
I" rate of net production of entropy in Table 1.
A surface area of the averaging volume lying totally
within the interface.

dA4,(64,) cross section of the averaging volume with
boundary A, (or A,) of the interface (Figure 3).
4A,,"> union of all af interfaces within the averaging

volume.
05 cross-sectional area of the averaging volume.
4V, volume of the averaging volume within the
interface 8V, = bSS.
¢ porosity of the porous medium.
£  volume fraction of phase 2.
n internal entropy per unit mass.
x heat conductivity tensor.
¥ coefficient of local heat transfer between phases
x and §.
p mass density.
%¥* coefficient related to the interface resistance to
flow defined used in (B10).
#™*  coefficient reiated to the interface resistance to
heat transfer used in (32).
¥“* coefficient related to the interface resistance to
species mass transfer used in (24).
¥ typical thermodynamic quantity.
w mass fraction of species.

Special Notation

—x mass average of an a phase property of main
domains.

mass average of an « phase property of the
interface.

volume average of an x phase property of main
domains.

volume average of an a phase property of the
interface.

deviation of a property from its average value
defined in (6d).

V gradient operator in three dimensions.

V' gradient operator in two dimensions (in the
directions tangential to the interface).

jump of a property defined in (15).

3 summation over all phases except phase o
A+

—bx

Subscripts
1(or 2) thermodynamic property evaluated at side 1 (or 2)

of the interface.
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Superscripts

f

denotes the tangential components of a vector in

the interface.

denotes the tangential components of a tensor in

the interface.

properties associated with the interface.

properties associated with the solid phase ofa

porous medium.

f properties associated with the fluid phase ofa
porous medivm.

« properties associated with the phase .
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