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Equations which describe single phase fluid flow and transport through an elastic porous media
are obtained by applying constitutive theory to a set of general multiphase mass, momentum,
energy, and entropy equations. Linearization of these equations yields a set of equations solvable
upon specification of the material coefficients which arise. Further restriction of the flow to small
velocities proves that Darcy's law is a special case of the general momentum balance.

INTRODUCTION

The description of the physical processes which occur in
multi-phase systems has been a topic of practical as well as
theoretical interest for many years. The early description
of the behaviour of these systems was based on empirical
equations and experimental observations. Typical of
relationships developed in this manner is Darcy’s law for
flow of fluid in a porous medium which was proposed in
1856. This formula has been employed for a wide range of
problems in groundwater hydrology, sanitary engineering
and petroleum engineering.

The original form of Darcy’s law was obtained experim-
entally by examining the one-dimensional flow of a single
fluid through a porous column. The volumetric flow rate
was found to be proportional to the head difference across
the sample according to the relation:

Ah
0=KA— M

where K is a proportionality constant, A is the cross-
sectional area of flow, Ah is the head difference, L is the
thickness of the sample, and @ is the volumetric flow rate.
This basic empirical relation has been arbitrarily genera-
lized and used to describe the three-dimensional saturated
and unsaturated non-isothermal flow of a compressible
fluid through a deformable, moving anisotropic solid:

=-K-(Vp/-p’p) )

where v¢ is the velocity of fluid with respect to the solid, K
is the hydraulic conductivity tensor (assumed to be
symmetric), p/ is the pore fluid pressure, p7 is the mass of
fluid per unit volume of fluid, and g is the gravity field
vector.

Although the empirical extensions of Darcy’s law to
govern a myriad of problems have proven useful, a
theoretical investigation into the thermodynamic basis
for this equation will provide guidance in determining the
limitations and assumptions implicit in equation (2).
Additionally a general framework within which more
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complex and higher order theories may be obtained will
be provided. Reports presently available in the engineer-
ing literature which deal with the theoretical foundation
of Darcy’s law! ~* typically consider specialized cases and
have not provided a systematic and general methodology
for obtaining higher order theories. Authors using the
continuum theories of mixtures have modelled a porous
medium as a fluid-solid mixture. Some have obtained
expressions which reduce to Darcy’s law under certain
restrictive assumptions® ™13,

The derivation of Darcy’s law as will be presented here
differs from others in the continuum mechanics literature
in two fundamental ways. First, unnecessary assumptions
such as fluid-phase incompressibility, constant porosity,
rigid solid, constant temperature, etc., have been avoided.
Second, the steps to arrive at Darcy’s law starting from a
general theory are carefully laid down and thus governing
equations of mass, momentum, and energy for fluid—solid
systems in which the Darcian constraints are too severe
are obtained. These differences will be highlighted in the
brief review of continuum models of porous media which
follows.

The first group of continuum models of porous media
developed from fundamental principles can be arbitrarily
categorized as those in which the volume fraction, ¢, is
not explicitly considered. Some authors who use this
model type® 891415 include the gradient of bulk density
athong the independent variables. However, when this
approach is followed, Darcy’s law can be obtained only if
the fluid phase is microscopically incompressible. When
even the gradient of bulk density is not included as an
independent variable (e.g. as in the constitutive equations
of Bedford and Ingram!®) a derivation of Darcy’s law will
result in the following form

v=K-[V(e, p/)—¢,p'g] 3)

where, to highlight the difficulty with this procedure, bulk
quantities have been related to intrinsic quantities
through the volume fraction. Note that equation (3)
incorrectly predicts the occurrence of flow due to
nonuniformity of porosity.
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A second category of models includes those in which
the fluid volume is recognized as an important variable.
Two subsets of this general class can be distinguished: one
which assumes porosity is constant and one which does
not. In the constant porosity case*'!*!2:'¢ with V¢ .~ O no
inconsistencies are obtained. In some derivations where
porosity is not assumed 1o be constant®'2 the final Darcy
type equations have the same form as equation (3), which
is incorrect as discussed earlier. Fulks et al.!? propose that
e,%c,(pf) and then using the chain rule of differentiation
write: )

Vp, =Ve, p/)=(e,Vp/ +p’Ve,)

de I de
=(c,Vp-'+pf‘;;fo>=c,(l+’;—jap—’})fo @)

Fulks et al. next propose that in some instances:

p’ de,
7 ap 7 <1 (5)
and the usual form of Darcy’s law may be recovered. This
result is not general because even for cases where equation
(5)does not hold, Darcy’s law will be given by equation (2).

In the work of Garg'” and Garg et al.!® a ‘momentum
equation for fluid flow through variable cross-section’ is
postulated such that by comparison with the usual fluid-
phase momentum balance the constitutive equation nee-
ded to obtain Darcy’s law may be discerned. However,
such an approach is artificial because the field equations
should be obtained only after the constitutive relations
are found.

Some authors have employed an averaging approach
to derive appropriate expressions for fluid flow in a solid
matrix''!°. By postulating linear constitutive equations
Saffman?®, Kenyon’, and Gray and O'Neill' have ob-
tained Darcy’s law. Bedford and Drumheller?! have
derived a general momentum equation without the
viscous stress term through application of Hamilton’s
extended variational principle. In all of these works the
question which remains unanswered is how to obtain
higher order theories. Also many of the procedures
adopted do not apply when more than one fluid is present.

In providing a systematic procedure for deriving mul-
tiphase field equations, Hassanizadeh and Gray?** have
applied the technique of local averaging to the micro-
scopic equations which govern the flow and transport
processes occurring in each phase. This procedure con-
ceptually changes the description of a multiphase system
from a number of juxtaposed phases to a system of
overlapping continua existing simultaneously everywhere
with each phase occupying only a fraction of each element
of volume. To be truly useful for the description of
multiphase systems, the multiphase equations of
Hassanizadeh and Gray must be supplemented by some
constitutive relations.

In the present work, a general set of constitutive
equations is postulated and the Coleman and Noll**
method of exploitation of the entropy inequality is
employed to obtain proper forms of the constitutive
equations which do not violate the second law of thermo-
dynamics. The constitutive equations are then linearized
and the conditions under which the linearized equations

of motion for the fluid phase reduce to Darcy’s law are
exposed. '

KINEMATIC EQUATIONS AND BALANCE LAWS

Kinematics

As discussed earlier, a porous medium can be viewed as
a body which, in the case of single-phase flow, consists of
two coexistent continua, one solid and one fluid. Each
continuum possesses a reference configuration at time ¢
=0 which will be altered by its motion. The two motions
are independent. In particular, a typical particle of the
solid phase occupying a reference position X at time ¢
=0, is carried to the spatial point x, by the motion. The
solid phase motion is defined by a function Fi(Xk, 1) such
that:

x,=Fy(X% 1) k, K=1,2,3 6)

Throughout the text capital indices are used to refer to
material coordinates while lower case indices refer to
spatial coordinates.

According to the axiom of continuity of matter** there
should exist a single-valued inverse of (6) such that:

-1
X5=F(x, 1) kK, K=1,2,3 ¥))
-1 -1
where F,* defines the solid phase inverse motion. For F *
to be single-valued, the Jacobian of the motion must be
positive in the neighbourhood of X s 2% i,

Ji=det F} >0 8)
where
Fi,= x, /e X5 )

is the solid phase deformation gradient. The measure of
solid deformation employed herein will be the Lagrangian
strain tensor given as:

Ech:é(FixF:,_“st) (10)

where 8, is the Kronecker delta.
The material time rate of change, with respect to the
solid phase, of a tensorial quantity f=1(X*, 1) is defined as:

. Df X} 1)
Dt a X% an

X indicates that X% is held constant. The solid
K .
phase velocity is the material time rate of change of its
motion, i.e.

where

D ¢F;
=2 Fuxs =S54 1
vi= g FilXs D=5 (12)

where 1§ =rj(x, 1) is the solid phase velocity field. By use of
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equations (8), (9), (12) and the chain rule of differentiation
it can be proven that:

DJ*
Dt

=Jvi, (13)

If the tensorial quantity f is a function of the spatial
position x, and time rather than X% and time, then, by use
of the chain rule of differentiation, one finds that

D o of
Ef(x,‘, I)=E+L"GTR (143)

A similar relation will give the material time rate of change
of f, with respect to the fluid phase:

J

D of of

— = 4.1

th(x,‘, )= & +f & (14b)

where vf(xy, ?) is the fluid velocity field.
Subtraction of equation (14a) from (14b) yields the
following relation: :

s s
D Df ,of
D_tf(xk’ ’)-b‘,'{'lxg’x‘; (15)
where
vi=vf—u : (16)

called the diffusion velocity, is the velocity of the fluid with
respect to the solid. Also the mixture velocity denoted by
v, may be'defined as:

pu=p,v{+pu; (17)

where p  is the mass of fluid per unit volume of mixture, p,
is the mass of solid per unit volume of mixture,and p=p,
+ p, is the mass density of the mixture. Thus a material
time derivative with respect to the mixture velocity can be
defined as:

Df of of

It can be easily proven that:

Df_Df of

E=ITI_V‘57,, a=f s (19a)

where v{ is the velocity of the a-phase with respect to the
velocity of the mixture, i.e.

vi=vi—r, (19b)

The material time derivative of E,, which will be needed
later, is found to be?*®
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DE:
# =d:IF(leF;)L (203)

where equations (9)}12) have been used and
dy=4v}  + 1)) a=f,s (20b)

is the deformation rate tensor of the a-phase, and F F3,
denotes the symmetric part of F}, F3, i.e.

(skxFiL':%(FiKFfL""FfKFw (20c)

Balance laws

Developing and utilizing a systematic averaging tech-
nique, Hassanizadeh and Gray?2'23 derived the equations
of balance for a multi-phase system from the classical
equations of continuum mechanics. Their results for the
ath phase are

Conservation of mass

D o= o) @la)

Conservation of momentum

Di; .
$Prapys =t 0D — (DT~ (p)£%p3) =0
(21b)

Angular momentum balance
ta=1th (21¢)

Conservation of energy

DE A -
Py — i G <PDeh = <P3.0" — (Dl ) -

ep)E") =0 1d)
« Entropy balance
DS K .
PPy = Pha—<PDu g = <P2ad" — <P e%(pS) -
—ep)87)=<p) I a=fs (2le)
subject to
Y {p.£(p)=0 (222)

a=f,5

Y (PPt +epi)+ TH=0  (22b)

a=f.5
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T (o)l (p)ET; +e(pD)T +

a=f
e(pE)+ Tiv7+07)=0 (22¢)
}_"7 (p)dle(pS)+97)=0 (22d)

where {p), is the density of the a-phase, the mass of a per
total volume of the system, e*(p) is the exchange of mass
between the a-phase and all other phases, 7 is the intrinsic
a-phase mass average velocity, 1%, is the a-phase stress
tensor, g2 is the a-phase external supply of momentum, T}
is the exchange of momentum between the a-phase and all
other phases, due to mechanical interaction, e*(pf) is the
exchange of momentum between the a-phase and all other
phases due to exchange of mass, E* is the a-phase
macroscopic internal energy density function, g} is the a-
phase heat flux, h? is the a-phase external supply of energy,
07 is the exchange of internal energy between the a-phase
and all other phases, due to mechanical interactions,
e*(pE) is the exchange of energy between the a-phase and
all other phases,due to exchange of mass, $%is the a-phase
internal entropy density function, @i is the o-phase
entropy flux, 6 is the a-phase absolute temperature
function, &* is the exchange of entropy between the a-
phase and all other phases, due to mechanical in-
teractions, e%(pS)is the exchange of entropy between the a-
phase and all other phases, due to exchange of mass, I'" is

the a-phase net production of entropy, and Y indicates

a=J.5
summation over the fluid and solid phases. 'l!he angular
brackets and overbars are included in these equations to
enable the reader to establish contact with the previous
work of Hassanizadeh and Gray. However, in the interest
of simplicity, these averaging symbols will be omitted in
the remainder of the present work.

The scope of problems to be considered is restricted to
the type of porous media in which no mass exchange
phenomena (e.g. phase change, adsorption) is occurring
between the fluid and solid phases. Thus the following
quantities will be identically zero.

e(p)=e(pD) =c(pE)=e(pS)=0 a=fs (23a)

Furthermore, the entropy flux is assumed proportional to
the heat flux such that:

. Ok

Obviously, equation (23b) serves as a constitutive assum-
ption for the entropy flux. Alternatively, one may leave @i
unspecified and later postulate a constitutive equation for
it26. For a discussion of these two alternatives sec Green
and Naghdi®’.

Finally, the mass density functions, p,, are replaced by:

Pa=tP" (24a)

where p® and ¢, are respectively the intrinsic mass density
and the volume fraction of the ath phase. For the fluid-
solid system considered here, one has

& +e,=1 (24b)

Thus, substitution of equations (23) and (24) into (21) and
(22) yields the following balance equations.

138.9'
Dt

+ Eap.v:.l =0 (253)

Dv} ~
&P, — tha— ap"gi " T =0 (25b)
h=1tu (25¢)

ﬂD 0
&P pr ~ (5, — qhx— EP" N — £,0"0*=0 (25d)

DS
eﬂp‘ra‘:t:lpa D'

— (q2/6%) s — £,p°H" 6" — £.0°®" (25¢)

a=f,s
subject to:
e’ T{ +ep T =0 (26a)
e, p!(Tfvf + Q) +&,0(Tiv}+Q9=0  (26Y)

e, p’ @7 +e,p° % =0 (26¢)

Second law of thermodynamics

The second law of thermodynamics dictates the sign of
net entropy production. According to this law, the net
entropy production rate of the system is always positive.
Hassanizadeh and Gray?® have derived the following
form of the second law:

I= T epT">0 @7

a=xf.s

Elimination of h* between (25d) and (25¢), and sub-
stitution of the result into (27) yields:

. 1 [(DA*  _DF
r=2 ?{“"’(m +S E)+

a=f.5

1
tidh +§ ‘I:a?k} -

1 -
'é;‘sfP!T{v:—

1

W(G’—O’)&,p’@’>0 (28)

where equations (20b), (25¢), (1 6), and (26) have been used,
and A® is the Helmholtz free energy of the a-phase defined
as:

A=E*—0°S° 29)
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Finally, attention will be confined to the case where
both solid and fluid have the same temperature 6, i.e.

0/=6°=0 (30)

As a result, energy equations for each phase need not be
considered. Rather a total energy equation obtained as
the sum of fluid- and solid-phase energy equations will be
used:

DE .
p = Y [tia+ = (€p EVD) ) —ph+egp T{ri=0

Dt %
(31

where equations (26a) and (26b) have been used to express
07 in terms of T{v{, and E and h are the internal energy
and external supply of energy for the whole body,
respectively, such that:

pE= Y pE'= ) ep'E 32)
a=f,s a=f.s
and
ph= 3 phr= ) ep*h’ (33)
a=f.s asT.s

Also, equation (28) will become:

DA* D6
or= 3 {—%Pz( +S’—)+t:,d,",+

a=s.f D: Dt
(% - sap'S’v"k)g-*} —&,p'Tr{>0 (34

where equations (19a) and (30} have been invoked.
Multiplication of equation (29) by ¢,p* and summation
over the fluid and solid phases yield:

A=E-06S (35)

where A and S are the Helmholtz free energy and the
intrinsic entropy of the whole body, defined respectively
by:

pA= Y pAi= T 04 (36a)
a=f.s a=f.s
and
pS= Y p.S*= 3} &S (36b)
a=f.s a=f.s

CONSTITUTIVE EQUATIONS

The balance laws given as equations (25a), (25b), and (31),
and inequality (34) constitute nine equations in 35 un-
knowns, namely:

ny pfv p‘v t’:v 6’ t:h 7‘{’ E: (Or Aa)y q:, S,

a=f, 5k, 1=1,2,3 37

34

(Because restrictions (24b) and (26a) may be used to deter-
mine €, and T§ in terms of the corresponding fluid-phase
properties, these quantities need not be treated as un-
knowns.) Hence 26 additional equations are needed in
order to have a determinate system. Therefore constitutive
equations must be proposed which account for the material
properties of the system under consideration, expose the
inter-relation of field properties, and remove the deficit in
the number of equations. These equations will be obtained
by selecting 25 dependent variables and imposing a con-
strain on the type of solid phase considered.
The 25 dependent variables are chosen to be:

0, Tf, A% q..5* a=fs5kl=123 (38)
These variables are not directly measurable but will be
determined as functions of directly measurable (inde-
pendent) variables. The choice of independent variables
depends on the types of solids and fluids, as well as the
types of phenomena, to be encountered. In this work
an elastic, microscopically incompressible solid and a
viscous fluid capable of heat conduction and diffusion are
considered. A practical case for which the solid phase may
be considered microscopically compressible is when the
solid phase is composed of rigid or incompressible grains.
In such a case, p* will remain constant. Note that although
the solid grains may be incompressible, the porous matrix
itself may deform and compress. Therefore the inde-
pendent variables chosen are: p’, the fluid density, E} . he
solid phase strain tensor, which accounts for the elastléity
of the solid, ¢, £,,, the porosity and porosity gradient,
which account for local volume changes and buoyancy
effects, d{,, the fluid-phase deformation rate tensor, which
accounts for the fluid viscosity, 6, 8 ,, the temperature and
temperature gradient, so that heat conduction may be
included, 4, the relative velocity of the fluid with respect
to the solid. Because the solid is considered to be
microscopically incompressible, the solid phase mass
density must satisfy the restriction that

5p‘
D =0 (39a)
or upon integration
pPr=pX) (39b)

where pj is the initial mass density of the solid phase.
Substitution of equations (39a) and (13) into the solid-
phase continuity equation (25a) and rearrangement yield:

D‘a,.l s
D =0 (40a)
or upon integration:
£, =£,o(X*)J° (40b)

where ¢, is the initial value of the solid-phase volume
fraction. Because J* can be expressed in terms of the
invariants of the strain tensor E,2°, knowledge of Ex,
determines ¢, through the continuity equation (40). Thus,
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one need not explicitly include £ in the list of independent
variables. Later, however, when the constitutive equa-
tions are approximated by linear expressions, the explicit
dependence on ¢, will be resumed.

Now, the constitutive equations may be postulated in
the following form:

A.=Aa(p!9 Ef ks Exs d{h 6, o,ts V:) (41a)

§*=5%p’, ¢4 Exo df1, 6, 60 1) (41b)
fi.=ti:(p’, Ef Exp d{l, 6,0, U:) 41¢)
q:=q:(p!’ Ef.b E‘;(b d{h 0’ e,h U:) (41d)

T{= T{(Pf’ Er ks Ex, d {1’ 0, B,b ”:) (41e)

These equations are restricted by principles of objec-
tivity and admissibility. ‘According to the principle of
objectivity, the constitutive equations shall remain un-
changed under an orthonormal transformation of the
spatial frame of reference. The principle of admissibility
states that the constitutive equations shall not violate the
balance laws and the second law of thermodynamics. The
last requirement reveals much information on the con-
stitutive functions and will be fully studied.

The Coleman and Noli?* method for exploitation of the
entropy inequality is used to obtain the restrictions
imposed on the constitutive equations by the second law
of thermodynamics. The details of this procedure are
presented in Appendix A and lead to the following

simplifications of the constitutive equations (41):

47=A(p", 6) @2)
A*=A%E%;, 6) 43)

A=A(p’, Exp, 6) (44)

S=5(/. By, =35 @5)
E=E(p’, Ex, 0)=A+0S (46)

i =07 g b g FacF 47

The quantities S° tf), i, and T{ retain the complete
dependence on the independent variables given by equa-
tions (41b){41e) but this dependence is subjected to the
residual entropy inequality,

oA’ 1
or = [s,-/,(,of)2 a—pT‘su“{r]"{'* [5(4{+q:)—

A7
s,pf(Sf+———ao )v,“:lﬂ'k—
J 26'4! ST
—(p?) 6pfcf"‘+cfp T i =20 (48)

This residual inequality can be used to extract additional
information by examining the behaviour of the porous
medium system at equilibrium.

Equilibrium properties

The state of thermodynamic equilibrium is defined to
be the state at which the following independent variables
are all zero:

{Zs A=}, 12} =.{d{,, 6, U:} 49)

From equation (48) it is readily verified that I vanishes at
equilibrium, and hence, it is a minimum at Z =0,A=1,
12. The necessary and sufficient conditions for T to be
minimum at equilibrium are:

or

7z ~° A=1,12 (50a)

e

&rr

m is positive definite 4, B=1, 12 (50b)

|

where |, indicates that the function preceding the bar is
evaluated at equilibrium. These conditions place re-
strictions on the constitutive functions. In particular
imposition of equation (50a) on (48) yields:

e

(g +adl.=0 51
tfl.= —&;p 0u (52)
oo Tlle=p7sn (53)
where
p’=p’(p’, O)=(p') %ﬁ—; (54)

is the equilibrium value of the fluid-pressure stress tensor
and is called ‘thermodynamic pressure’. The appearance
ofe,in equation (52) multiplying p” is reasonable because
t{, 1s the force exerted on the fluid-phase per unit area of
the mixture.

General equations

Exploitation of the entropy inequality and considera-
tion of the equilibrium characteristics of the liquid—
solid system has led to considerable simplification of the
constitutive equations (41). Additional manipulation in
Appendix B aimed towards representing DE/Dt in terms
of D/Dt of independent variables also reveals that S* is
equal to the negative of the derivative of A* with respect to
6. Thus the constitutive equations are of the form

Af=47(p’, 0) (55a)
| A*= A%(EX,, 6) (55b)
sf=8’(p’, 6)= _a_;(; (56a)
§*=S{E}s 0)= —‘3‘% (56b)
Ef=E’(p’, 0)=Af—0?§0i (57a)
oA’

E*=EXE5, 0)=A°*—0 (57b)

00
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th= —SJPI o+ T{I(P‘r, & Ex;, d {6, 0, vf)

(58a)
6= —¢&,p’ 8, +¢,p; A'F‘ F: 58b
u= &P Oy E.Po(ﬁ- axt ne (58b)
ai=qip’, €1k E;, df. 6, 0, ) (59)

5_{ pIT{=pI8f.k+f{(pf! ef,b E'Kb d{b 0» o_h U:) (60)

where 1{,and t{ are the dissipative parts of the fluid-phase
stress tensor and momentum exchange term, respectively,
and because of equations (51}H53):

t{l(pfv Ef,b E;(b 07 o, 0’ 0)=0 (61)

q{(p!’ sf,b E;b Ov 0, 01 0)+q:(pfv E[,b E‘Kb 01 o, 09 0)=0
(62)

t{(o’, &r4 Ex, 0,6,0,0)=0 (63)

Substitution of these constitutive forms into equation
(48) and use of the identities (54), and (B24) yields the
entropy inequality in the form:

1
0T =<fdii+glal +all0,~H{>0 (64

Combination of these constitutive forms with the
general balance equations (25) yields the following field
equations for the fluid as well as the solid phase.

Conservation of fluid mass

0 i Sof

E(Ejp )+ (e, p/v8) =0 (65)
Conservation of fluid momentum

s Ovi fofpd 1
P’ o e pIOI= —eph+tl,+
eoplgl+1] (66)

Conservation of solid mass

o
— L4 (-0, =0 (67)

Conservation of solid momentum

2 s
(—e))ps 57 =

oA®
(e, —ph+ [(1 —&,)ph e F(kKFI)L]'l+
KL _

(1 =& )pogi— i (68)

The energy equation for the whole body is also
obtained by substitution of the constitutive forms of this
section into equation (31). The term DE/Dt has been
expanded in Appendix B. Hence:

36

e Po pr_ r_goP Y |Pe!
pf[(] &) p (E E)+(p 060 Dt+

S pt 5 s
e P PO rsr  raps _ , OE* |DE};
[(1 CI)_p (E/ — E*)By, +(1 —€4)pp a“—E;L] Dt

Do '
pC,,-—t= —P’(le’:),k"P‘rU:.h"'T{:d{l*'

o0A* '
a _ef)p:)gE_;;F:kKF;)Ldil+(q{+qi).h"

er—e)P P Iyt | —ifdtph (69
3 7 R P )

where the term
e "E;
has been rearranged to the form

LYy Y
p

and B}, is defined in equation (B15). The first term in the
Lhs. of this equation is non-zero when the fluid is
compressible. It consists of two contributions to the
energy balance. The first part is the dispersion of internal
energy when the fluid compresses and the fluid and solid
internal energies are not equal. The second part is the
change of internal energy due to the work of pressure on
the fluid-phase volume change. The next term in the Lhs.
of equation (69) represents the change of energy due to the
deformability of the solid matrix. Similar to the first term,
it also consists of two parts. The last term on the Lh.s. of
equation (69) represents the internal energy change due to
change in temperature and C, is the heat capacity. The
first four terms on the r.h.s. of equation (69) account for
the work of the fluid-phase pressure and viscous stress and
the solid-phase stress due to the fluid- and solid-phase
motions. The fifth term represents the heat flux, and the
sixth term accounts for the dispersion of energy due to the
relative motion of the fluid with respect to the solid. The
seventh term is the energy dissipation term due to
intgrfacial drag between the fluid- and solid-phases.
Finally, the last term is the external supply of energy to the
system (e.g. radiation).

The constitutive functions 1, 1{, 47, 4%, q{ and g (or in
fact g/ + g}) which appear in the field equations (65)69),
must be determined experimentally. Therefore, the field
equations provide nine equations in terms of nine un-
knowns, which are p’, &, v{, F}, and 6. Note that, through
kinematic relations, quantities such as v}, E}, and d;, are
expressible in terms of these unknowns. Because de-
termination of the constitutive functions purely by experi-
ment is a formidable task, polynomial expansions are
often employed up to the desired degree of approxi-
mation. In the next section a linear theory will be
developed.
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LINEAR THEORY

In many engineering problems, attainment of a high
degree of generality is not helpful and, very often, not
practical. In fact, linear theories are the ones most widely

employed, and, for a large class of problems, yield.

satisfactory results. Hence in this section a theory that will
be linear in the following variables is developed:

{Zm A=1, 21} = {sj,b eih d{h e,kv U:} (70)

where ¢}, is the infinitesimal strain tensor approximating
E%, in the linear theory?5.

The constitutive functions (55)-60), restricted by equa-
tions (61)64), are linearized by expanding them in a
Taylor series around Z,=0, A=1, 21. Then quadratic
and higher order terms are neglected except in the case of

the solid-phase free energy function where quadratic -

terms are also kept since it serves as a potential function
for the stress tensor. The coefficients of these series, which
account for the material properties, are called material
coeflicients.

The linearization procedure, including the investi-
gation of the consequences of isotropy requirements and
restrictions imposed by the second law, is lengthy and is
given in Appendix C. The final forms of the linearized
conservation equations after substitution of the linearized
constitutive relations are given below where the material
coefficients which appear have been defined in Appendix
C.

Conservation of fluid mass

)
gt{e;p’)+(e,p’v{)‘.=0 an

Conservation of fluid momentum

'

Dv{
£p I—DTK = —eph+ (A dl) .+ 2 d]),+ ep'gl +

7‘{19.1'*' R{lvf (72)

Conservation of solid mass

0
— L+ [ - t)a=0 (73)

Conservation of solid momentum

s azu: I
(1—¢,)po 737--:(8!_ 1)ph+[Thimnrnda +

(1—-¢ I)PBQ: - 7‘{10.1 - R,{,v‘,’ (74)

where equation (C2) has been used to replace F; by uj.

Energy equation for the system

£ p’ P} . op’ s
p—’, [(1 —c,)_l,—°(5f-so)+(pf—95§)]‘_’g_l

D6
+ pC, —5;

= —pf(c,v:)..-pfv:..+lfdl.dﬂ+2ufd{,d{.+

O tmn€itlmn + (Dbl st [/ b+ k3001 +

T A
(67 6+ otila— Lo, —) 2 p" O (ES — Ep)ila—
”{10,11’:’ R{vivi+ph (75)

Note that the material coefficients in these equations are
macroscopic properties and are different from their
microscopic counter parts. For example, the fluid vis-
cosity coefficient p/ might be zero even if the fluid is
microscopically viscous.

Thus far, the balance equations, combined with the
constitutive equations, have been reduced to nine equa-
tions to be solved for nine unknowns p’, e, v, u3, and 0.
These equations involve the following functions and
material coefficients which must be determined
experimentally:

A!(.pjv 0)’ ‘0(9), dibmu(e)’ Af’ ”I’ K]’ K;h Aimm af’ 0':,, 7[{,,
R{ (76)

Other functions and coefficients such as C,. E}, Eijmn aT€
already defined in terms of functions (76). Except for 4,
A$ and 03y, Which depend on &, and 6, these coefficients
are functions of p/ and ¢, as well as 6. They are subject to
the restrictions (C25).

SIMPLIFIED FIELD EQUATIONS — DARCY’S
LAW

In the previous section a linear theory was developed
which still has retained some degree of generality. It
accounts for all inertial, viscous, diffusive, thermal, com-
pressibility and deformability effects. Rarely, however, is
one interested in all of these phenomena at the same time.
In this section some simplifying assumptions will be made
which make the equations more amenable to a practical
application of importance.

Firét, consider the fluid-phase field equations (71) and
(72). Assume that the temperature gradient 8, will have a
significant effect only in heat conduction phenomena,
hence

=0 77

Then, if the inertial and (macroscopic) viscous effects

are neglected, the fluid-phase momentum equation
becomes:

v =Kipl-r'0) (18)

where it has been assumed that — R, is invertible and
according to (C25d), the following restriction holds:
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Kf=—€,(RI)-l=K‘r(P,; 81-, 0)>0 (79)

The condition for — R{; to be invertible is that whenever
t!=0 the pore pressure will be hydrostatic and wvice
versa®8. This condition is a well known experimental fact.

Thus, equation (78), known as Darcy’s law, is shown to
be valid as a first approximation for the slow flow of a
macroscopically inviscid fluid through a non-uniform
anisotropic elastic solid composed of incompressible
grains. Equation (78) must be supplemented by the
continuity equation (71) as well as the solid phase
equations (73) and (74) and the energy equation (75).

Next consider the solid-phase momentum equation
(74). If the solid phase is assumed to be isotropic it can be
shown?? that t, will be given by an equation, similar in
form to the Hooke—Cauchy law of the classical linear
theory of an isotropic solid, i.e.

15 =~ &P 81y + Nepumbiy + 2i’ely (80)
Substitution of this result into (74), taking into account

the assumptions made earlier for the fluid-phase, yields
the final form of the solid-phase momentum equation as:

,Zus
(1~ep)ps 5z == P+ (e 2Auel), +
(1—¢,)pog+ e (KL) ™'} (81)

Finally, the energy equation for the system is con-
sidered. The following assumptions and observations are
made:

(i) Since the solid is assumed to be isotropic A;,,, must
vanish,

Af,,=0 (82)

(ii) Neglect the work of fluid as well as solid phase
stress tensors.

(iii) Neglect the heat conduction due to the motion of
fluid with respect to solid, thus

6/ 6y+03,=0 (83)

(iv) Denote the difference in energy of solid and fluid
by AE, ie.

AE=¢[1-¢.)p’ py(E/ — E3)/p? (84)

(v) Let x denote the heat conductivity coefficient for

the system; since the solid is isotropic kj, is replaced by
K0y

k=K +x (85)

Hence equation (75) becomes:

1 e\ 1Dp’ D8
—,;—Il:pAE+ (pf—ﬂ—a%—)]—Dp—t+pC,E= —p (e vl —

P via+ (6, — pAEW)) , +e,(K{) ™ vivi +ph  (86)

CONCLUSION

Constitutive theory has been applied to develop general
equations for flow of a fluid in an elastic solid. The use of ¢,

38

and £;, as independent parameters has proven to be
important in the development of a general theory of flow
through porous media. Exploitation of the entropy
inequality and imposition of objectivity requirements has
led to general equations (64){69). Linearization of these
equations resulted in equations (71)«(75). Finally the
specific assumptions necessary to reduce the linearized
fluid-phase momentum balance to Darcy’s law are
revealed.

APPENDIX A

Exploitation of the entropy inequality
According to the principle of admissibility, the second
law shall hold for any set of constitutive equations. Hence,
substitution of equations (41)into (34) shall not violate the
inequality. This requirement will place some restrictions
on the constitutive equations as investigated below.
The following relations will prove useful in the for-
thcoming manipulations:
J
De

= e+ l’:sf.k (A1)

@) Dt

which follows from the solid phase mass balance and
equations (15), (20b), (24b) and (39)

J
; Dp’ 4
(i) 5= ’;—I(e,dz. +ole )-pldl,  (A2)

which is obtained from equation (A1) and the fluid phase
mass balance:

(iii) via=dy+ o (A3)
where w, is the rotation tensor defined as:

(iv) W= —WR=Uj = %(U:.l — i) (Ad)
v) v:,i='7{,!“”:.z=d{l-d:1+w{l"wil (AS)

Because A® in equation (41a) does not depend explicitly
on time, the chain rule of differentiation is employed to

evaluate DA?/Dt which appears in entropy inequality (34):

pA* _aA’D'pf+ oA D's,_,‘ 04" 5E;L
Dt 9p’ Dt 0, Dt GEy, Dt

04 Ddf,  34*DO  24*DB,  oA* D]
3, D: YegDitae, Dt o Dt
(A6)

By use of equations (15), (19a), (20a), (A1)}+(AS5), and
(A6), this equation can be further expanded for each of the
phases:

S
DAl e, 047 A4’ oA’
—p! 2 b+ —— FixFiy |45, —p -
[ P ¢ op’ “+EE},_ kK nL] kP "—fap di;

Dt
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p’ oA’ oAch,. 247 D]

A T ass gy ‘Exuw 57 Dt

J
oATDO, 2470 24’ Dt
+35, D1t o0, M Tl Dt

(A7)

pa [ & o oA,
o= P R F«ufmm? =

I eA® 0A° 0A® 0A®
s—f‘apf'/':ffk [P p ;‘sn'*'a,ibf) —]’pklk

A’ DO 6Af

i J
56 D90

J
caDdly oA, 4 :_’_
Zdl, Dt édf "

S
2AD!
ol Dt

cA*DO A

D oA 0A* D8, oA’
O Dt 06 T

26"+ 35, Dt T 20,

0t =g

o0A°

ari, =4 "u(wu — o) (A8)

Substitution of equations (A7) and (A8) into equation 34)
followed by rearrangement yields:

0A°
0r= [ESPB 5’7‘? l’:]p"rk— [Efp .\Es U‘]

[s (' ) ék,

8A
CjP BE‘ F(n )L+ P Pog—“su EsPan, FuxFi—

oA’ oA®
S;Po Fy Uf)‘*"kl]d“ (ef(l’f)z 5;f5uz+5m30’5575x1+

[

sp0'7‘l)+’u>d [SJP —-'+ spOac

aAf
C;Po—'—l’d Erm— efP 2l +£‘p°6d
oA ‘ oA®
[sspf)gd—{;lfn]dfl.m—[EJPI('EG-‘FSI)“"S.PB(—&?
=)o+
6Af
Yoyl
+5 A _g‘_k._
Lo30., | Dt

1
(@(q{ +@)- 2 c,p'(s’

oAl o JOA7
egp” a0, v +e‘p°60 v 10— &P T

Dv‘
+“”°av‘ Dt
A aAI Py QA
i otmotrs (S
[ oévf,‘ I il ki (p op7 1k EIP Poopfx
Era— s,pff{)u: >0 (A9)

Now, according to the constitutive equations (41), none of

the constitutive functions depend on o Ekxuo div
s

Ds, ./Dt, &, DO/D1, D’dl/D18 4, Dui/Dt, wf; and Wi
Therefore equation (A9) mdlcates that 6T is a linear
function of these quantities. The necessary and sufficient
condition for T to be non- -negative for all independent
thermodynamic states is that the coefficients of the above-
mentioned quammes must vanish. Hence all the brac-
keted terms in equation (A9) must be equal to zero.
Therefore

z = (A10)

=0 (All1)

and
oA®
t ——S(P | ——-6,‘,+£,p0 3E, FaxFit

JCA®

P 0—7"1) (A12)

where equation (A11) has been employed to simplify the
form of equation (A12). Furthermore,

oA®

0A
I —— —— =
& p 58;,k+8‘p° T 0 (A13a)
and
oA’
— =0 (A13b)
. Oe;

where the fact that &,y is symmetric has been used. °
Additionally:

[0A7 oA*

Esp _dT+£’p°adf =0 (A14a)
and
0A®
a—ﬁuf,,=0 (A14b)

which, when combined, indicate that:
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0A"

6_:1{,:0 a=/f,s (Al4c)
Also,
047 oA*
e,p/Sf+e,p:,S‘=—8,pf-é—é-—c,pf,ﬁ- (A15)
oA’ 0A°
J $ =
£ p 30, +&,0p 3, 0 (Al6a)
and
oA’ s
S W s 77 s
£sp 60_(k"’+6‘p° 2, vy=0 (A16b)

where the fact that 8, is symmetric has been accounted
for. Finally

! 0A*
s,p’a—v;‘,+s,p:,a—v:=0 (A17)
and
CA® 0A*
(G- 11)=0 8

The residual inequality, composed of the surviving terms
in equation (A9) will be:

oA’ OA°®
or= (t:‘,(pf)2 ap_jé,‘,+s,pf,a—v& vh+ t{,)d{, +

1 oA~ oAf
(5(‘1{+‘I:)—51PI(S!+ 0 )":)0.1"'((/7!)2 5—‘)751.1‘—

e,pr{)v:>0 (A19)

Equations (A10){(A18) may be further investigated to
extract more information. Consider equation (A18) which
may be rearranged as:

HA'Y])  AA')
~od ~ o =0 (A20)

A particular solution for this equation is:

A=A+ 4 (A2la)
with
AL =Aj (A21b)

where A}, and 4§ are not functions of vZ. Because the right
hand side is linear in 1{, the left hand side must also be
linear. Therefore, A* must not depend on 1f. From
equation (A17) one can also show that 4/ does not
depend on tf so that:

247 oA°

40

From this last equation and the fact that v} and ¢, , are
independent variables, equations (A13) yield:

0A* oA’
s—=z——=0 (A23)
Oepy Ocpy

Similarly using equation (A22) in conjunction with equa-
tion (A16), one finds that:

a4* oA/

Equations (A10), (A11), (A14c), (A22), (A23), and (A24)
demonstrate that A” and 4*do not depend on some of the
independent variables. Hence equation (41a) is simplified
to the form:

A=A (p’, ) (A25a)

and

A= AYE%, 6) (A25b)

because of the dependence of 4 on A7 and 4° given by
equation (36), it is also clear that:
A=A(p’, Ey, 0) (A25¢c)

From the definitions of 4 and S given in equation (36), it
can be seen that equation (A15) may be written as:

A

S=— 6 (A26a)
Then from equation (A25c):
S=S8(p’, E},, 6) (A26b)

The internal energy function E has been defined in
equation (35) to be equal to 4+ 6S. Thus from equations
(A25¢) and (A26b):

E=E(p’, E, 6) (A27)

Because 4° does not depend on 1f, equation (A12) reduces
to:

cA’ cA
fh=—¢lp’) zp7 Out BP0 3E, FuxFne  (A28)

These results, (A25){(A28), are useful simplifications of
constitutive equations (41) obtained from the second law
of thermodynamics which has been reduced to the form
given in equation (A19).

APPENDIX B
Expansion of DE/Dt
Consider the following relations obtained and/or de-
fined previously:
Al=A4'(p’, 0) (B1)

A*=AXE}, 6) (B2)
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1
A=—le;p? 41 +0p A= AT, Ex 6) (B

0A
§=-— 20 = S(P!a Eis 0) (B4)

E=A+0$=A—9‘;—’;=E(pf, Ek, 0) (BS)
Also on the basis of equations (29), (30) and (41a, b) one
may write:
E*=E%p’, ;40 Exp, df, 6, 0,,)  a=f,s (B6)
and
1
=— Y ¢pE (B7)
P axf.5

From equation (B5)and the chain rule of differentiation, it
follows that:

= S ——dE% +—

The task here is to find

E O0E OE
3p’’ OEy, 00

However, in thermodynamics, 6E/¢6 is known as the heat
capacity and is denoted by C,. According to equation (B7),
this can also be written as:

o0E JoE*

Cv = Cm(p Ia E; 0) == supa n (B9)
Kb 60 .zz!" ae
hence
1
Cv=— Z eup.C: (B]O)
Paxss

where C%a =f, 5) is the heat capacity for the ath phase. So,
only 8E/ép’ and CE/CE%, need to be determined. From
equation (BS), since p’ and Ej, are independent of 6,

CE_0A 0 (04
ap? 8p?  00\dp’
oE 0A 0 (cA
é‘rfa—sz“’%(a’s;) BID

Now, dA/ép’ and 8A/0Ek, are needed to determine
&E/3p’ and OE/0Ej, From equation (B3),

dA =% [d(pA)— Adp] =% [d(e, p” A7 +£,054%)

—Ad(e j‘pf +2,05)]
(B12)

which, after rearrangement, becomes:

pdA=[p’(Af — A)+ piA— ANde, +e,(47 — AMp’ +
e,p’dAS + e ptd A’ (B13)

From equations (B1), (B2), and (54) it is found that:

J

dar=r 0A
de’+—aﬁd() (B14a)

oA, oA
dA —a—E-;"‘—LdEKL'F‘a—o—dB (B14b)

Then, from equations (8) and (40b), and after some
manipulation, it can be proven that:
de, =¢,BydEk, (B15a)

where B3, is the Piola—Kirchhofl deformation tensor
defined as?®

By1= X% X1k (B15b)
Also from equation (B3) it is found that:
AI—A=i;32(Af—A=) (B162)
e p’
A—A’=—;—(AI—A’) (B16b)

Substitution of equations (B14)(B16) into equation (B13),
after rearrangement, yields:

e[ p” 0A*
dA=2"}1— S — AH\B* - s
i 4/-4 )B"’-+6E;,_ IdE,(,_+

%[5? (A7 —AY+p’ /p’]dp’ -sd6  (B17)

where the relationship between S and 6A4°/06, equations
(B3) and (B4), has been exploited. Now from equations
(B11) and (B17), it readily follows that:

8E e[ epb s a4\ _( oot
ap,_;[ ; ((A 0%2) (402 ) )+
1 opf
.
(v -%)]

0E  epb[ o’ (( ;A o4°
= —_— A "0—-— - A°—0 — B
8y, P [ p o0 % ) )

0A* 0 o[ 0A*
O0Ey, O06\OEx,
On the other hand, from equations (B6) and (B7), and

the relation Oe,/0Ey;=¢,Bk. obtained from equation
(B15a), it can be proven that:

(B18a)

(B18b)

¢E c,p{,[p’ e pl Ef OFE*
=22 S (Ef BBt L et o
oEx, p L P B epy OEy, OEj

(B19)

41



General conservation equations for multiphase systems (3): M. Hassanizadeh and W G. Gray

Additionally, from equations (B3), (B5), and (B7) one finds
that:

J s
e,pr’+c,p{)E’=c,p’(Af—9§§0—) +€.P3(A"o%')

(B20)
Combination of equations (B18b), (B19), and (B20) results

n:
&p’ OE' ) oA®
By, -P 02 o B _( s %4 \p: _
" o OB, ~aE, ~\ 4 0% )P

o (. .04

A particular solution to this equation is:

0ES
6—15;2: (B22)
and
s 45 o0A°
E=4-6 20 (B23a)

which upon substitution into equation (B20) yields:

éA’

Iy Y Y : hkell
El=4 060 (B23b)

Combination of equations (B23) and (29) (with 6% = 6)
yields:

" oA®
§'=— 30 a=fs i (B24)

Hence, equations (B18) may be put in the following form:

OE _elepy oy o V([ . dp’

ap{_;[ PO B+ (07 -0 ) | B25w)
s OE* 7]

[”F(Ef—E')B;L+—~

OE _&pp
- ¢E}, |

LS B25b
CEx. »p ( )

Finally substitution of equation (B25) into (B8) yields:

DE_ lehb s cn. V(. I\Dp’
PE“![T‘E BV o\r %% ) o *

DE},
Dt

dP7 rr onps . OE° Do
8;l’o[ P (E'-E )BKL+6E;L +pC, Dr (B26)
The physical significance of different terms in equation
(B26)is discussed in the section on constitutive equations.

Note that relations (B22) and (B23) are not, by any
means essential to the developments of this paper and
have been adopted only for the sake of simplicity.

APPENDIX C
Linearization of the constitutive equations

As explained earlier, the constitutive equations will be
expanded in a linear Taylor series around Z,=0 where:

42

{ZA, A=1, 21}= {cj,b € d{h g.ka U:}

The solid-phase infinitesimal strain tensor, €, is given
below in terms of the solid-phase displacement vector, u;.

e =é(ui.. +uf,) (C1)
up=x,— Xdx (C2)

where 8, is the shifter (for its definition and properties see
Eringen?®).

Consider the solid-phase free energy A° and stress
tensor 1, given by equations (55b) and (58b), respectively.
The procedure of obtaining a linear expression for £, is
exactly analogous to that given in Eringen?* for a single-
phase solid continuum and will not be repeated here. The
results are:

1
A’:AB(SI, 0)+‘2—8? 0:,,""(8!, O)e,",ef,,,, (C3)
[

t:l == 8.tpf(p f’ 0)6H + o-:lmn(sf’ e)e:nn (C4)

where

24t
—— t ]

a-;lmn _2Esp0(6ei’e;" )0 (CS)
is equivalent to the elasticity coefficient in Hooke’s law.
The subscript O in equation (C5) and hereafter indicates
that the parenthesized function is being evaluated atZ, =0,
A =1, 21. In arriving at equation (C4), it has been assumed
that the natural state of the solid phase, in the absence of
fluid-phase pore pressure, is stress free.

Note that linearization in terms of E%, removes the
implicit dependence of the constitutive functions on ¢,.
This dependence must be resumed by replacing e -, back in
the list of independent variables. Now consider the non-
equilibrium part of the fluid-phase stress tensor 1. It can
be approximated by the following expression:

’ ot L
Tkl=(rﬁ)0+ aeg e;'nn+ 68 e[.m+
mn /0 fm /O

61,{,) (61:—' orf,
a7 | At 552 ) O+ | 2 ) ot C6
(adf 0 90, /)0 0y, Jo (c6)

This expression is subject to the equilibrium restriction

(61), ie.
orf, o]
r{,|,=(r{.>o+(a:—:'> e‘.ﬁ(%)) &m=0 (C7)
mn /O f.m /O

which must hold for all values of ¢, and ¢ .- 1t follows

that:
otf atf
' = ——' = &l =
(z{o ( e )o ( 58,,,,. )0 0 (C8)

Therefore equation (C6) becomes:

=0 L+ K {0+ K fymth, (€9)
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where

o1, otf,
olmlp’, ¢4, )= (5d;’ ) s i’ g, 0)= (60"> '
mn /O (1]

and

T{l
Kklm(p ’ cjv 0)_ CL
1]

are material coeflicients.

The objectivity requirements, when applied to the
constitutive equations for a fluid, will be met only if the
constitutive functions are isotropic. In other words, if
there exists no preferred direction in the fluid, it shall be
considered as an isotropic material. For isotropic ma-
terials the material coefficients must be isotropic.
Therefore 6{,m Xfm K. must be isotropic tensors
whose most general forms can be proven to be?®:

O Limn =27 6310 pin + 117 (B b1+ 81,01) (C10)
Kfim=K{m=0 (C1)
Equation (C9) reduces to the familiar form:
tfy=27d% 5, +2u' df, (C12)
where 27 and p/, called viscosity coefficients, are functions
of p/, ¢, and 6.

Next consider the non-equilibrium part of momentum
exchange term 1.

orf otf otf
J
O A e T
otf ot
(ae,)o" *(—)

This expression must be subject to the equilibrium
restriction (64). In a similar manner as in the case of 1{,
the following result will be obtained:

o (C13)

t{=nf0,+ R} (C14)

ot ot
nf= (——'i) and Rf= (—")
kl ao'l o ki avf o

are functions of p’, ¢/, and 6.

The third order tensor (61{/éd1,), has been set equal to
zero on the grounds that there exists no isotropic third
order tensor.

Next consider the solid-phase internal energy function,
E* Combination of equations (57b) and (C3) yields:

where

1
=Eg+ E;lmn (or read E;Imn(ef» ) (C15)
2e400

where

Eic,. 6)=A3—6°30

% (Cl6a)

a s
Eium(e . 6) = 0} — 6=

(C16b)

Substitution of equation (C15) into (B26) and neglect of all
second order terms yields:

J
e e e (o) [

Dt pp?
Do
C,,(PI, €, 0, e:')ﬁ (C17)

The coefficient C,, has been left as a function of e, and has
not been ]meanzed at this point.
Now consider the Taylor’s expansions for gf and ;.

(o Oq; Oq; oqc \ s
qk—(qk)0+<af'>ojl+(ae," oe:nn+ ad,", Od

og; 2R _
(ao,)o"' (m)ov‘,’ a=fs  (CI8)

These equations must satisfy the equilibrium condition
equation (62). By similar arguments as in the case of 1} it
will be concluded that:

(gl)o+(g})o=0 (C19)

' ) ( dq; )
— ] + =0 C19b
(asf.l o \%1/o ( )
oqi oqy \ _
('a?;)o'f((ﬁ 0—0 (C19¢)

Furthermore, due to isotropy requirements for the fluid
phase, the following restrictions will apply:

@{)o=0 (C20a)
oqf \ _
<5{-1—£)o_0 (C20b)
f L]
9\ _ss, =t (o, £, 00,  (C200)
00, Jo
ogi =a/8,=0(p’, ¢, 6) (C20d)
WI' o ] sty ki
Also the following notation is employed:
' s O \ _ s (of
Akmn W‘ _Akmn(p y Ej, 0) (C218)
mn /0
x’-—-(aq") =xi o, &, 6) (C21b)
1 1] aa k s Cfs
0':,= (%) =0:l(p,v Efv 0) (CZIC)
1/0

Substitution of equations (C19){C21) back into equation
(C18) results in:

K30, + (078, + o)t
(C22)

9i +qk_Alsmm n+(Kf‘skl+
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The linearized equations developed in this Appendix
must not violate the second law of thermodynamics.
Hence, substitution of equations (C12), (C14) and (C22)
into (64) and rearrangement yields:

OF =27 + 4 My + 201G+ G, 04+

1 1
B{Kfé,‘, +x3)0,0,+ I:'é(af‘su +oy)—

n,‘,]v‘ﬂ —RIiri=0 (C23)

where d;‘{ is the deviatoric part of d{,, ie.

dl{ = dl{l - %d -{-m‘su (C249)

The mequahty (C23)shall hold for all values of ¢ 4, d{,. 6.,
and vf. Because none of the material coefficients depend
on these quantities, the following results will be obtained:

2u' 20 (C25a)
u’=0 (C25b)

K1 8,4 K320 (C25¢)
—R{>0 (C25d)

Addmonally the matrix of coefficients of the terms
involving d{,,d}, 8 ;,and t{ must be posmve definite. This
condition will yield a complicated expression and will not
be explored here. The results of this Appendix may be
summarized as follows:

A=A’ 6) (C26a)

E/=E’(p’, 6) (C26b)

=Ages. O)+ 55 Oiz,,(e 12 0)eiehn  (C272)
1

(C27b)

E*=E3+ 5— EjjpniCon
] zp:) ki kl

where E: and Ej,,, are given by equations (Cl6a, b),
respectively.

Ti, = - pf(pf, 0)5,(’ + ailmn(cjy e)ne:m (C28)
tfy=27dL,8,+2u’ df, (C29)
#{=nl0,+R{r! (C30)

‘I{""Ii hmnd£n+(hlakl+hkl)o +(‘715u+°'il)bl
(C31)
where the material coefficients are all functions of p/, ¢ I

and 6, unless otherwise indicated. They are also subject to
restrictions (C25).
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NOMENCLATURE

A free energy density function for the porous
medium,

A* a-phase free energy density function,

A residual free energy of the solid phase; see
equation (C3),

By, Piola—Kirchoff deformation tensor defined in
equation (B15b),

C. heat capacity of the system,

C: a-phase heat capacity,

d:, a-phase strain rate tensor; defined in equation

' (20b),

d] deviatoric part of d{,, defined in equation (C24),

e infinitesimal strain tensor; defined in equation
(C1),

E internal energy density function of the system;
see equation (32),

E3, residual energy of the solid phase; see equation
(C16a),

E* a-phase internal energy density function,

E3, solid-phase strain tensor; see equation (10),

Eimn material coefficient; see equation (C16b),

f.f tensorial quality,

Fs, F;  a function defining the motion of solid phase,

Fix deformation gradient of solid phase: see equa-
tion (9),

g gravity vector,

gk a-phase external supply of momentum,

h external supply of energy to the system; defined
in equations (33),

r a-phase external supply of energy,

J* Jacobian of the solid-phase motion; defined in
equation (8),

K, K/  permeability tensor,

K{m material coefficient; see equation (C9),

p’ fluid-phase thermodynamic pressure,

q a-phase heat flux vector,

o exchange of energy due to mechanical
interactions,

R/, R{, resistivity tensor,

S internal entropy density function of the system;
equation (36b),

s* a-phase internal entropy density function,

t time,

L a-phase stress tensor,

: exchange of momentum due to mechanical

interactions,

uj solid-phase displacement vector; defined in
equation (C2),

V. velocity field of the system,

v relative velocity of the fluid with respect to the
solid,

X, X; position vector in the spatial frame,

X%, X; position vector in the solid-phase material
frame, and

zZ, elements of a set of variables.

Greek

r net rate of production of entropy of the system,

re net rate of production of entropy of ath phase,

oy, Kronecker delta in the spatial frame,

kL Kronecker delta in the material frame,

Oxx shifter,

AE defined in equation (84),

A; material coefficient in equation (C21a),
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a-phase volume fraction,
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