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This is the second part of a series of two papers on the development of a general thermodynamic
basis for the study of transport phenomena in porous media. The porous medium is modelled as a
superposition of one solid continuum coexiting and interacting with an N-component fluid-phase
continuum. Macroscopic balance laws derived in Part 1 provide the equations of mass and
momentum for the mean motion of the fluid phase and diffusive motions of individual
components. The Coleman and Noll’s method of exploitation of the entropy inequality is applied
to restrict a rather general set of constitutive equations. Gradients of the fluid-phase density and
concentrations of N-1 components are included among independent variables to account for
buoyancy and cross-coupling effects properly. Extensions of certain classical relations for fluid-
phase pressure, solid stress tensor, and components’ chemical potentials are obtained as results of
the constitutive theory. Further simplifications and linearizations of constitutive equations and
balance laws yield a general extension of Darcy’s and Fick’s laws, applicable to cases where the
fluid has more than one main component. It is found out that both relations have to be modified to
account for the effect of high concentrations. It is shown that classical forms of those laws are valid
only if fluid components exists at low concentrations. All assumptions are carefully and explicitly
stated during the course of development. As an illustration of the theory, proper forms of Darcy’s
and Fick’s laws for the flow and transport of concentrated brine in porous media are given. The
development here also provides a fundamental basis to equations used in the description of
chemico-osmosis effects.

Key Words: species transport, dispersion, Fick’s law, Darcy’s law, mixtures, multi-component
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INTRODUCTION which, at best, are valid at low solute concentrations and
isothermal conditions. Although more research needs to
be conducted, there are some experimental evidence that
movement of high-concentration chloride cannot be
properly explained by classical Fick’s and Darcy’s laws.
In the measurements of breakthrough curves, it is noticed
that the centre of mass of chloride travels more than two
times faster than that of a lithium tracer®. Another
example is the use of certain boundary conditions which
are commonly employed in species transport problems
(as well as in heat problems), but are not admissible in the
cases that high concentrations are involved. Also, it has
been shown that some numerical schemes which work
satisfactorily at low solute concentrations, yield
unacceptable results for high-concentration situations®.

These considerations indicate that equations, ideas,
and methodologies currently employed in the study of
low-concentration transport phenomena, may lead to
incorrect results if they are simply assumed to be equally
applicable to high-concentration situations. Instead, one
has to start from basic principles and develop a general

In recent years, there has been growing interest in the
modelling of mass transport processes which take place
during the flow of contaminated concentrated brine in
soil formations. An important case of practical interest
arises in the study of transport or radionuclides released
from a repository in a rock-salt formation. In most
scenarios about the potential pathways of release of
radionuclides to the biosphere, transport of species via
the groundwater plays an important role’. In such cases,
the polluted water always contains a high salt
concentration. Another example is the exploitation of
geothermal reservoirs which in some situations involves
the flow of groundwater with a high salt concentration?.
Note that in the latter case, high temperatures are also
encountered.

Despite the complex nature of such problems, current
approaches adopted for their solution often employ the
same approximations and assumptions that have been
adopted in less extreme situations. For instance, almost

all existing models employ Darcy’s law and Fick’s law framework which avoids undesirable restrictive
assumptions. The present work, prepared in two parts, is
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In Part 1°, using the averaging technique, we developed
a macroscopic description of a porous medium composed
of a rock skeleton and a multi-component fluid.
Macroscopic balance laws for fluid components and rock
aggregates were developed and a general formulation of
the second law of thermodynamic was provided. In this
Part, we develop a constitutive theory which takes the
material properties of rock and fluid into considerations.
The main objective is to construct a framework within
which theories of mass, momentum, and energy transport
in porous media can be advanced.

First, we review macroscopic balance equations and
some of the definitions provided in Part 1 and supplement
them by kinematic relations for the rock. Next, starting
with a general set of constitutive postulates, the Coleman
and Noll method of exploitation of entropy inequality is
employed to arrive at a number of relations for
thermodynamic properties. Those equations are then
linearized and combined with mass and momentum
balance laws to arrive at generalized Fick’s and Darcy’s
laws applicable to mass transport in a deforming porous
medium under nonisothermal conditions. Finally, several
cases of practical interest are considered and various
assumptions needed to arrive at classical forms of Darcy’s
law and Fick’s law are discussed.

KINEMATICS

Consider a porous medium composed of a deformable
rock skeleton and a compressible fluid. The fluid phase
consists of N miscible components which may interact
with each other (in the molecular level) and with the rock
(through solid-fluid interfaces) to exchange mass,
momentum, and energy. A macroscopic description of the
system was developed in Part 1. Here, we simply employ
the macroscopic quantities and balance laws which were
defined and/or derived in Part 1. Because all quantities
used in this part pertain to the macroscopic situation, we
will drop all the averaging signs such as overbar and
angular brackets, unless confusion with microscopic
variables may arise. Thus, for example {p*>’ becomes p*
and E° becomes E* In this section, we reintroduce
some of the basic variables and provide kinematics
relations for the rock phase.

The (macroscopic) mass density function for a fluid
component, p*, is defined as the mass of component &
present in a unit volume of the fluid phase. Then, the total
mass of fluid phase per its unit volume, p’, is given by:

pl =3 p" (1)

The mass fraction of a component o is denoted by C* and
defined by

C*=p*/p’ (2a)

subject to 2 Cr =1 (2b)

Throughout this work, Y, denotes a summation from
a=1to N (ie. Y~.,), and a (or other Greek indices)
always ranges from 1 to N, unless therwise specified. Note
that repetition of Greek indices does not imply a
summation. A rather comprehensive list of symbols is

given at the end of paper. The mass density function of
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rock phase, p", is defined as the mass of solid per unit
volume of aggregates. Porosity of the porous medium, n,
is defined to be that fraction of a unit volume of porous
medium that is occupied by the fluid phase. Because fluid
components are miscible, they all have the same volume
fraction n. Then, the volume fraction of solid phase will be
simply 1—n. Note that p/ and p" are equivalents to true
densities of the fluid and the solid, respectively, when they
exist separately. In particular, p” may be approximated by
the average density of rock grains. The bulk density of
porous medium, denoted by p™, is defined as

p"=np’ +(1—-n)p" 3)

As a result of thermodynamic processes, the rock phase
as well as each of the fluid components undergo an
independent motion. In particular, one could assign a
reference configuration to the rock phase which will be
altered by its motion. Thus, a typical particle of the solid
phase occupying the position X at time t =0, is carried to
anew position x, at time t. Then, the solid phase motion is
given by a function Fj (Xg,t) such that

X, =FI(Xg,t) 4)

Throughout this Part, standard indicial notation will
be used. Upper case Latin indices refer to the reference
position (i.e., material coordinates), while lower case
Latin indices refer to the deformed position (i.e., spatial
coordinates). Greek indices are used to indicate a
component of the fluid phase. Superscripts f, r, and m will
be used to designate the fluid phase, the solid phase (the
rock), and the porous medium, respectively.

A measure of deformation of the solid is the Langrangian
strain tensor E,, defined by

1
5 FixFie—dxa) 5)

L pp—
EKL“

where Ok, is the Kronecker delta, and Fix is the
displacement gradient tensor:

OF;

=gy ©)

The velocity and acceleration of the solid are defined,
respectively, as

OF}
w= ], =D )
ol 0*F;,
r— = =a’ ,t 8
a4 ot |y, o . @, (X, 1) ®)

In writing v} and aj, as functions of x, rather than X, it is
assumed that the functional relationship of (4) is
invertible. This will be true if the jacobian of motion,
defined by J"=det FJi, will be nonzero; which is a
common assumption in continuum mechanics®’.

The material derivative of a function following the
motion of the solid (i.e., with fixed X ) will be denoted by
D"/Dt and defined as follows:

D" (x,, 1)  0¥(x,1)
Dt Ot

oy

X O

oY Ox,
x 0% Ot

Xk

(9a)
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which, by using the definition of v} becomes,

DY oY
D =E+‘I’,kvi (9b)

Similarly, denoting the velocity of component a of the
fluid phase by v2, the derivative of a function following the
motion of that component is given by:

DY 0¥

+
Dt ot

¥k (10)

A useful relation between D*¥/Dt and D"V/Dt is easily
obtained from (9) and (10):

D*¥ DY
SIS O 1
Di — Dr T (1)

where v is the velocity of component « relative to the
solid phase:

o =vi—1j (12)

The average velocity of the fluid phase as a whole is
related to those of its components by:

of =Y C*v} (13)

Then, the diffusion-dispersion velocity of a component «,
denoted by uf, is defined to be:

”k:’ﬁc_ka (14)

subject to
Y C*uz=0 15)
The time rate of change of a quantity following the

motion of fluid phase is defined analogous to equation
(10). Thus, the following relations will hold.

DY DY
D =E—+ui‘l"k (16a)
and
D'¥ DY
- = +o"P 16b
Di  Di KTk (16)
where
of" =v{ — v}, (17a)
Also, we have:
v =up + oy (17b)

Finally, let the deformation rate tensor dy; (a= ffor the
fluid and r for the rock) be defined by:

1
diy= Ufk,,) =5 (v + Ufl,k) (18)

where parenthesis in the subscript of v, denote the
symmetric part of vf , as defined in equation (18). Then,

the following relation may be established for the
derivative of E%, (Ref. 7):

D'Ey,

=dl:lF(rkKFzr)L (19)

where parenthesis in the subscripts of FiF, denote its
symmetric part with respect to indices k and I:

1
FicFin =2 (FucFi+ FixFi) (20)

BALANCE LAWS

Equations of balance of mass, momentum, energy, and
entropy for individual fluid components and the solid
phase were derived in Part 1. In practical problems of
species transport in porous media, one is interested in the
mean motion of fluid phase and the diffusive motion of
N —1 components. Also, equations of state are always
given in terms of fluid pressure, fluid density, and
concentrations of N—1 components. Therefore, we
choose to employ balance laws for N—1 of the
components, for the fluid phase, and for the rock. In
writing the balance equations for fluid components, we
recast them in a form that ensures the redundancy of
equations for the Nth component. Thus, with the help of
equation (2a), balance of mass for components is written
in terms of C° Balance of linear momentum for
components is obtained by subtracting the momentum
balance of the Nth component from those of the
remaining N — 1 components; so that N — 1 independent
equations are obtained.

As explained in Part 1, because we assume that fluid
components always attain a state of thermal equilibrium,
balance of energy is given only for the fluid phase and the
rock. Further note that using definitions (9) and (10), the
time derivative terms and convective flux terms can be
written in terms of the total derivative D/Dt. Equations of
balance will read as follows:

Mass:
D no’ N
o npldf=np R (21a)
D(1-n)p" 5
D/C# ~ .
np/ =5 —+J{=np’CYRP=RY)  f=1to N1
(21c)

where equations (1), (2), (10), (16a), and (21a) have been
used in obtaining (21c), and J is the diffusive-dispersive
mass flux of component f, defined by:

JE=np/CPul B=1to N (22)

and subject to:

Y Jf=0 (23)
B
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Momentum:

D7
Dt

— ol —np’gl =np’ T} (24a)

np’

¥, r

Dy -
(1=mp— =0, —(L=m)p'gi=(1-mp'T; (24b)

Dfvf  DNoY
nPfCﬂ<D—tk— D[k>_(0'£1,1_(cﬂ/CN)0£Jl,l)

—npCPgf - g)=np  CHT{—TY) (24c)

Energy:

DJ/E’ ~
- 01{11’1 k ‘Ik k npfhf= nPfo

np’

rpr

D'E
1_ r
(I—n)p Dt

— OV — e — (1 —m)p"h" = (1—n)p" Q"
(25b)

where o, 6}, and ¥, are symmetric second order tensors.
All the variables are defined in the Nomenclature. Once
again note that in using equations of balance derived in
Part 1, we have dropped all averaging signs. Quantities
R?, and T¢ account for the exchange of mass and
momentum between the component « and all other
components and the solid phase as defined in Part 1. It is
possible to partition them into separate terms, each
accounting for one of the effects such as chemical
reaction and mutual drag between components, chemical
reaction and viscous drag between components and solid
grains, sorption of components on solid grains and
solution/dissolution processes. As a case of practical
interest, such a partitioning is given for the mass exchange
term in the Appendix B. Above-mentioned exchange
terms are subject to the following restrictions derived in
Part 1.

(1—n)p'R"=—nY p*R*= —np/R’ (26a)

(L Ty 0 (T3 Rt = (P + R
(26b)
(1—np'Q'=—n) p“(Q“ + Ty + R*
1 - . .
(2 ViU + E*— E’)) — npf<Qf+ T{vf"+R’/

1
<2 viv{"+E/— E'>> (26¢)

Further, we recall from Part 1 that fluid bulk properties
are related to those of its components by the following
equations.

gi=>.C4; 27
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o= (% —np uzu;) (28)
1
E/=Y C“<E°‘ +3 u;u;> (29)

1
al=). [qi + i — np“<E“ +3 u‘i‘tt‘?)bti} (30)

a

§/=Y C2s (31)

SECOND LAW OF THERMODYNAMICS

According to the second law, the rate of net entropy
production of the system must be nonnegative. This
requirement may be expressed in the following form?:

"=nY pT*+(1—n)p'T">0 (32)

In part 1, using the balance equations, this relation was
put in the following expanded form.
+35*

1
m=—yJ_
Bfg{ "\ "Dt Dt

+9f< ¢k> +nPaQa}

1 TAT Dg"
0’{ (I—n)p” ( +S >+a;,v,’c',

DaAa Dazef a
a( >+Uilvi,l+%9f,k

Dt Dt
0,0'+9 <§— ;) +(1—n)p'Q'}20 (33)

where A is the Helmholtz free energy function defined by:
A=E-—0S (34)

and 07 and 0', defined in Part 1, are identified as the
absolute temperature functions of fluid and rock,
respectively.

At this point, cerain simplifying assumptions are made.
In continuum mechanics, it is normally assumed that the
entropy flux, ¢,, is proportional to the heat flux, g,, such
that:

Assumption 1:

bi=q; /07 (35a)
dr=qr/0" (35b)

In the remainder of this work, attention will be
confined to cases where local thermal equilibrium exists
between the fluid phase and rock aggregates so that a
common function 6(x, t) gives the temperature of the fluid
or the solid phase at a given point and time. Therefore,

Assumption 2:

07 (x,1)=0"(x,t) = 0(x, 1) (36)

Now, by the aid of relations (35) and (36), it is possible to
further simplify the entropy inequality (33). However,
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first we like to recast it in terms of the fluid phase bulk
properties. To do so, the following identity is needed. It
can be deduced from equations (1), (2), (10), (16), (21a),
(21c¢), and (26a).

D*A* DA’ A
Y0t =P T L (P CH AN = C AR = RY))
’ D’A’

=p! =5+ L (7 CH A= AV

¥ p/C*A*R*—RY) (37

where A7 is the inner part of Helmholtz free energy of the
fluid phase defined by:

AT=Y Cr A (38)

Then, by the aid of relations (37), (14), (17), (26), (28), (30),
and (31), and after some tedious algebraic manipulations,
the entropy inequality (33) is transformed into the
following form.

D A’ N
Or™= —np’ i +<a,{,+npfz C"uiu?)d,{,

r r

—(I—n)p" +‘7;ld;1_”/)ffl{vkr

Dt
- npf<(Af —A)+ 121),{'v{’>ﬁf
B Cﬂ SOB( 4B N B
+Z Ukl—ﬁo'};:]t —np! CP(AP — A™)oy |ug,
—Z{npr”(Tf—Tﬁ)+npr"(A”—A”),k
B
N Cﬂ
+(4 -4 )(nPfCﬂ),k+sz<cN> }uf
J

Do
Dt

1 A

-3 np’ > CPufufR® — pms™
B

—(qg— o’ S casau;'>0,k >0 (39)

where S™ and ¢ are the internal entropy and the inner
part of heat vector of the porous medium, respectively.
They are defined by:

p"S™ = (np’S’ +(1—n)p’S") (40a)
@ =ail +di (40b)

It is noticed that in equation (39), terms related to the
motion of components have the same form as they appear
in the equation of momentum conservation (24c).
Before closing this section, it must be noted that,
because fluid and solid are assumed to attain a common
temperature at all times, it suffices to solve only one of the
two energy equations (25). The other equation simply
prescribes certain interdependance between thermal
properties of the two coexisting continua. In practice,
usually the energy equation for the porous medium, as a
whole, is employed. We will follow the same formulation.
The energy equation for the porous medium is obtained
by summation of equations (25a) and (25b), and repeated

use of equations of mass conservation, relations (14)-(17),
and restrictions (26). After a lengthy manipulation, we
arrive at the following:

Dr 'm
" Dt +(np ETv]")  — ol — oLVl — ik
—nphf —(1—n)p"h"
N 1 . 2
+npf<T,{v,{'+§Rfvf’)=0 (41)

where E™ is the internal energy of the porous medium
defined similarly to S™ in equation (40a).

CONSTITUTIVE EQUATIONS

Examination of equations (21), (24), (41), and the entropy
inequality (39) reveals that we have 4N +5 equations in
terms of 16N +17 unknowns which are enumerated
below.

n, 0, pf, 0, C&, o, ul, Fr, 47,47, (47— A%), s%, s™
MO -1 @) BN=-3) 3 (1) KN-1) WN)@O)

@h—CrChel), T, T-TH, R, R, 4
(6N —6) @3 GN-3) -1 (1) O

r
ol{b Okt

(6) (6

All other quantities appearing in balance laws are related
to ¥V above-listed variables according to kinematic
relations, by their own definitions, and/or because of
restrictions (26).

It is apparent that we are short of 12N + 12 equations.
This should be expected as we have said nothing yet about
the behaviour of components of the porous medium.
Therefore, general balance laws of previous section must
be supplemented by constitutive relations which account
for material properties of fluid and solid phases under
consideration, and also remove the deficiet in the number
of equations. To start with, we postulate a rather general
form of constitutive functions for our unknowns. We shall
restrict ourselves only in the choice of the set of
independent variables as will be explained farther below.
The entropy inequality, the objectivity principle, and
material symmetries will be utilized in order to restrict the
general postulates. The unknowns, chosen as dependent
variables are members of the set {¥,} given below.

{Wr; A=11o 12N+11}={Af, AT, (4% —4M), s, 8™,

ct P N oA
oo i (ot ot ). 7. =T R, 0 |

a=1to N; p=1to N—1 42)

These variables are not directly measurable and they
will be determined as functions of directly measurable
variables, hereby called independent variables. The
choice of independent variables is made in accordance
with the expected behaviour of fluid components, the
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fluid phase, and the solid phase, as well as the type of
phenomena to be encountered. In this work, the following
constraints are imposed.

Assumptions 3:

The solid grains are incompressible, i.e., p"= p/(Xx).

Assumption 4:

The solid phase is a thermoelastic material.

Assumption 5:

All components of the fluid are macroscopically
nonviscous.

Incorporating Assumption 3 in the mass conservation
equation (21b), one obtains the following relations:

Dr r

P _o (43a)
Dt
D’ ’

! =mdy+n” R (43b)
Dt Po

Assumption 3 is adopted here in order to provide us with
the necessary closure equation (for a thorough discussion
of the problem of the closure equation see Bedford and
Drumbheller®). It is a simple, yet practically nonrestrictive
assumptlon which was first adopted by Hassanizadeh and
Gray®.

From equation (43b) and by the aid of kinematic
relations, one can establish a relation for # in terms of J”
(the jacobian of the rock motion) and R’ '°; this means
that the three quantities are not independent. On the
other hand, J” is expressible in terms of invariants of the
strain tensor Ef, ’. Therefore, in the postulation of
constitutive relatlons if Ef, and R’ (or R’) are among the
list of variables, n w1ll not be treated as an unknown.

Acknowledglng these considerations, the following
constitutive relations are postulated for dependent
variables.

Assumption 6:

Af: Af(Pf, ny ErKL’ 0) (44a)
= A"(p, Ex., 0) (44b)
Ap—AN_—'IZB(pfa C"/’ E;(L’ 0) (44C)

\PA:\PALDf: Cya p,fk’ C,yk’ n.k9 E:(b 0’ e.k’ u,"ﬁ, kar)
By=1to N—1; A=N+2to [2N+11 (44d)

In these relations, n,, C%, p4, u}, and v{" are included to
account for buoyancy as well as diffusion effects; E},
accounts for effects of elasticity of the rock; and 6 and 0,
allow for modelling of thermal effects and heat transfer.
Note that, as explained above, as long as Ef, is among the
list of independent variables, n need not be included in the
list. Constitutive relations given for A, A", and A are not
the most general that one can postulate. However, it can
be shown that this choice is merely an early simplification,
which will be eventually obtained from a more general set
of constitutive relations.

Equations (44) must obey principles of objectivity and
admissibility. According to the principle of objectivity,
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constitutive relations shall remain unchanged under an
orthonormal transformation of the frame of reference. It
is for the satisfaction of this principle that relative
velocities u} and v{", instead of absolute velocities v} and
;. and stain tensor Ey,, instead of the displacement
gradient Fjy, are selected as independent variables. The
principle of admissibility requires that constitutive
equations shall not violate balance laws and the second
law of thermodynamics. This requirement reveals much
information on constitutive functions and will be fully
explored here. For an exposition of principles of
objectivity and admissibility, one may consult Eringen’
for single-phase media and Hassanizadeh'! for ultiphase
systems.

Restrictions imposed by the principle of admissibility,
and in particular by the second law of thermodyanmics,
are explored by the Coleman and Noll’s method!2.
Details of the procedure are given in Appendix A and lead
to the following simplifications of constitutive equations.

AT=47(p’,C",0)  y=1to N—1 (45a)
= A'(p’, Ey,, 0) (45b)
AP—AN=AP(p! . C"0)  y=1to N—1 (45c)

GAf 04"

prS™=—np’ 20 (1—n)p” 20 (45d)
o= — np’d,,—n Z C*uzuf (46a)
0= —(1—=np’ 6+ .07, (46b)

*

;kl_o-kl (Cﬂ/CN)O'N _npfcﬁ(ljﬂ_ Aﬁ)fskz

(46¢)
np! T =np 't +p’n, (47a)

~ -~ *

np? CHTE = T3)=np  CPEf + np  CP (P — 4%)),,
—np! CPfh —ai(CP/CY),  (47b)
where,

047 1—-n oA
pr=p"(p?. C" B, O)=p'| p/ = +—p}
Op n op’

(48a)
84’
pr=uf - M=o =P (p!,C70)  y=1to N—1
oC
(48b)
pf
WS =l al (480)
Or=(1—n) Foux Fiyp (48d)

po aEKL

fi? is the relative chemical potential of component 8 with
respect to a reference — here being the chemical potential
of the Nth component, p/ is the thermodynamic pressure
of fluid phase, and ,a}, is the effective stress acting on solid
grains. It is noted that the stress tensor for fluid
components do not have any dissipating part. This result
is a consequence of Assumption 5 which prescribes the
fluid components as macroscopically nonviscous. In fact,
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from comparison of (46a) and (28), it is easily found that
the sume of partial stresses of components is equal to the
fluzd-phase pressure:

Z 0= — npfékl (48e)

a

This is in accordance with classical thermodynamics of
mixtures. Also it is interesting to note that relation (48b),
which is a classical result for species transport in fluids, is
proved here to be equally valid for species transport in
porous media.

Remaining quantities in the set of independent
variables, W, retain their dependence on the full list of
independent variables. They are, however, restricted by
the residual entropy inequality quoted here from
Appendix A.

oA’
orm= [qek—npr C“S“ui—-npf<60+5f> U,{':lﬂ,k

I
~np! Y. CPEuf —np’?, vf"

1 "
—np’ Y. C"[ﬁ” +§u£u£]R”
I

1
—npf[(Gf—G')+2vk’v{’—ﬁf]Rf>0 (49)

where [i/ is the chemical potential of fluid phase relative
to that of the Nth component and G and G" are Gibb’s
free energy functions of fluid and solid defined below.

pf

G’ =/7+Af (50a)
pf

G'=" A (50b)

o

Further information on constitutive functions are
obtained by examining the entropy inequality at
equilibrium states

EQUILIBRIUM RESTRICTIONS

The state of thermodynamic equilibrium is defined to be
the state at which the following independent variables are
all zero.

(Zy; A=11t03N+3}={0,,v{" uj; y=1to N—1}
(51)

Furthermore, the additional conditions for equilibrium,

commonly given in thermodynamics and thermo-

chemistry'?, is adopted here that,
i), =0 (52a)
G/, =G, (52b)

o =

where, denotes evaluation of the preceding term at
equilibrlum It is readily verified that 61" goes to zero at
equilibrium; i.e., it attains its minimum value. The
necessary and sufficient conditions to ensure that 0™ is a
minimum at equilibrium are,

or

=5 .=0; A=1,...,
aZAe s

3IN+3 (53a)

is positive semi-definite; A, [T=1to 3N +3

2
A
(53b)

Application of restriction (53a) to the residual entropy
inequality (49) yields the following:

qile=0 (54a)
tf].=0 (54b)
#),=0 (54c)
Also, from equation (46a), it immediately follows that
‘71{1|e = —np’s, (54d)

Conclusions drawn out of these equations are: (i) at
equilibrium there is no flow of heat into or out of the
porous medium, (i) T} and T consist of an equilibrium
and a dissipative part, the latter being zero at equilibrium.
From equations (47), it is apparent that the equilibrium
part of T{ is due to buoyancy forces arising from the
existence of the solid phase, while the equilibrium part of
T,’f, in addition to this effect, also receives contribution
from buoyancy effects arising from the existence of other
components. The requirement (53b) places further
restrictions on the form of constitutive functions, specially
on material coefficients when linear approximations are
employed.

So far as we are interested, exploitation of the entropy
inequality for extracting information about constitutive
functions is accomplished. It can be verified that the
combination of constitutive functions (44) — subject to
restrictions (45) to (48) and (52) to (54), with conservation
equations (21), (24), and (41)-subject to restrictions (26)
and (43b), provide 4N + 5 equations in terms of 4N +5
unknowns, namely n, p/, C#, uf, v[", F, and 6. In
particular, substitution of equations (47a) and (46a) into
(24a), equations (47a) and (46b) into (24b), and equations
(46¢) and (46b) into (24c), yield the following equations of
motion for the fluid phase, the rock phase, and fluid
components, respectively.

1—n 04"
plal + (ZC“ukuz> +ph—plgl= pfrf+ﬁpaap ph
i

(55a)

n A ) r
Pol+ Pl — O — Pogi = 1 p? @+ R7v[")

(55b)

(a _ak)+ (gle )_Tk (55¢)

where a is the acceleration term equal to D*v}/Dt (also af
and a}). Equations (55a) and (55b) have familar forms and
except for the apparent stress tensor due to diffusion
effects, they are identical to the ones derived by
Hassanizadeh and Gray® for flow of a (single-component)
fluid in a porous elastic solid. It was shown there that,
employing a linearized constitiutive function for 7,
neglecting acceleration terms, and under isothermal
conditions, equation (55a) reduces to Darcy’s law.
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Equation (55c), as presented here has not been derived
before for components of a fluid flowing in a porous
medium. Bowen® has established a similar relation but for
a miscible mixture of fluids (or a multi-component
solution). The rest of this work concerns itself with the
derivation of generalized Fick’s law and Darcy’s law from
equations(55).

DERIVATION OF GENERALIZED FICK’S AND
DARCY’S LAWS

First, constitutive functions of previous section are
linearized in terms of the following variables.

{XA; A=1to 6N+ 13} = {p’j’;, C,Tk’ s e;l’ T,
Ty vl ul; y=1to N—1} (56a)

where ¢}, is the infinitesimal strain tensor approximating
E, in the linear theory’, and T is the deviation of
temperature 6 from a reference value T,, such that

T=0-T, (56b)

Thus, constitutive relations (44), restricted by equations
(45) to (48) and (52) to (54), are expanded in a Taylor
series around the state (y,=0; A=1 to 6N +13). For
example, for #{ one obtains

ot N_Y oot otf 6
Af__ Tk S k r
=— + —| C},
= apg), §6030 "+an 61,” "
ot 6 otf Nolotf
Kk T fr ikl oy 2
0], T a0y, Tt ap, T L G, M OO
(57)
where, ¢,” denotes evaluation at y, =0, and A? is defined
by

N-1
A _pkpk+ Z C)JC} +nknk+eklekl+T

¥

N—-1
ARSI (58)

7

+ ’T',k'r,k +Ukrl)

Now the following assumption is adopted

Assumption 7:
Quantities of order A? are small and can be neglected.

Further note that according to restriction (54b), 1 must
vanish at equilibrium. Hence, realizing that pf,, Ci,ng, e,
and T are independent variables which are nonzero at
equilibrium, their coefficients in equation (57) must
vanish identically such that we get:

'E = — j{;l/fr_l_ Z Skl u, TI{I’T‘,I (59)

where R, S/7, and T}, stand for coefficients of v/", u} and
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T, in equation (57), respectively. They are called material
coefficients and are functions of p/, C?, n, and T,.
Appearance of v/" and u} (y=1to N—1)in thlS equation
indicates that the force exerted on the fluid, as it moves
through the solid, depends not only on the mean motion
of the fluid, but also on the diffusive motion of its
components. Contribution of an individual component
may be negligible only if it exists at a low concentration
such that it comprises a small portion of the fluid phase as
compared to other components. Such presumptions will
be referred to later in the discussion of results.

In an analogous manner, the following linear
constitutive relations is obtained for 7.

N-1
- Z Sllcjly“ly + TflT,l (60)

Y

Here also, Rk,, f7, and T%, are material coefficients
depending on n, p/, C?, and T,. Note that the dependence
on the porosity n is resumed, because in the linear theory
dependence on Ej, vanishes. The R-S—T coefficients are
subject to the second condition of equilibrium (53b). It
can be verified that to fulfill (53b), R{; and S/ must be
positive semi-definite tensors. Before substitution of
above relations into equations of motion, two more
simplifying assumptions are made.

Assumption 8:

Inertial terms in equations (55) are small and may be
neglected.

Assumption 9:

Dependence of the rock free energy on the fluid-phase
density can be neglected; i.e., 04"/0p’ ~ 0.

Assumption (8) is equivalent to the assumption of
‘creeping flow’, commonly adopted in the study of flow in
porous media. Assumption (9) is not necessary for the
derivation given here; it is merely adopted to reduce
subsequent algebra.

Hence, substitution of equations (59) and (60) into
(55a) and (55c), respectively, under the light of
Assumptions 7 to 9, yield,

N-1

1
F(Pf p gk)—_RfUﬁ+ Z Skl ujf — TI{IT,I (61)

CN-1
Y Skui—TuT,  (62)
7
We now solve these equations to find v{" and u] in terms of
other variables. To be able to do so, one has to assume the
following:

ﬁ{’k - (gf — Yk ) Rﬁlvl

Assumption 10:

Tensorial quantitics R/, Rf, and fiff:(R )T iSE —
(R{,)~'S{’ have an inverse. The inverse of the latter
quantity is denoted by 7% such that ) § = w4 Rl =53
where 6%,=4,, if o =7 and zero otherwise.

Then, one will find the following relations for v{" and J ,‘f
(or uf). Note that u”k has been expanded in terms of p%,
C%,and T,.Itis also possible to expand p in terms of the-
same set of variables. However, we have chosen to keep it
in a more familiar form which makes the comparison with
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existing theories easier.
N—-1
vl = —kaz(P,fz—Pfng)—[B{zP,fﬁ > D,{,VCf,]
v,
—ZLk (gf - MkflTl (63)

N—-1
Jiy=np’C*up= — K} (ph—p’gl) - <Btzp,fz+ Y Diinl)
7

=Y Ll —g))-MyT, (64)

]
where,
opiP
Bf=Y L{f (—“—) (65a)
8 op’ Jerr
ol
D/JY = Lff’< (65b)
ki % K\ 50v rCHoE
i
o La[i o 66
B, % kl<apf o (66a)
aﬁﬂ)
D = L“"(——‘ (66b)
“ % “\ac T 0# )

where () denotes that the differentiation is carried out
with C? and T being held constant. Tensors K, L, and M
are material coefficients depending on p’, C?, n, and T,.
They are related to R—S-T tensors of equations (59) and
(60) in a complicated way. In particular, for L{f and L%,
we have,

N-1
Lif=Y (R 'Simb(RE)! (67a)
.
Lif =np’ C*mi(RE,) ™ (67b)

Among these coefficients , K7, and D} may be identified
as the coefficients of permeability and dispersion,
respectively. Clearly, all of them have to be determined by
direct measurements or empirical methods.

It is important to note that in the foregoing
development, we assumed a linear relationship in terms of
vf" in order to keep the level of algebra to a minimal.
However, it is known that in general the dispersion
coeflicient is a function of the flow velocity. This means that
our development shall allow for a dependence of material
coefficients on v{". Such a modification can be achieved in
the following manner. In equation (57), we do not
lmearlze in terms of v{". Rather, we shall assume that 7 ‘ck
(and rk) can be expanded in a finite-order polynomial in
terms of v{". Then, it can be shown'* that the polynomial
is reduceable to a first degree polynomial with coefficients
depending on the invariant(s) of vf" (i.e., |v{"|). Hence, in
equations (59) and (60), as well as in (63) and (64), we shall
consider all coefficients to be dependent on |v"| as well as
n, pf, C?, and T,.

DISCUSSION OF RESULTS

Equations (63) and (64) may be regarded as the
generalized Darcy’s law and Fick’s law, respectively. An

equation similar to (64) but for diffusion in a multi-
component solution has been suggested by Bird et al.'®
on intuitive grounds. Equation (63), however, is quite
new. Note that the symmetry in the form, of these
equations is typical of cases where coupling effects exist.
In these equations, four groups of terms can be
distinguished. In other words, transport of each
individual component, or the fluid as a whole, may be
caused by four different effects:
(i) apressure gradient and gravity force acting upon the
whole fluid (we call it pressure-induced transport),
(i) density gradients of the whole fluid and/or its
individual components (density-induced transport),
(iii) the difference in response of individual components
to external force fields (force-induced transport), and
(iv) a temperature gradient established in the medium
(temperature-induced transport).

The third effect will be of importance only in those ionic
systems where there exists an external electric magnetic
field. The second effect, i.e., the effect of concentration
gradients on the fluid flow in porous media is new here. It
is, however, reminiscent of chemico-osmosis effects in
clay formations where water moves through clay in
response to a salt concentration gradient (there is a
voluminous literature on the subject, e.g., see Mitchell'®).
In those situations, an equation similar to (63) (without g-
and T-terms) is employed to describe the flow. Thus, our
development provides a thermodynamic foundation for
equations of chemico-osmosis as well. The effect of
temperature gradient on the flow as given by equation
(63), is in agreement with those obtained for a single-
component fluid in earlier works®. Also, a discussion of its
relevance and significance is provided elsewhere!!

Significance of above-mentioned effects in a particular
thermodynamic process depends, in the first place, on
their relative magnitude. Moreover, material properties of
the medium under consideration, reflected in its material
coefficients and equations of state, will further determine
the possible contribution of each effect. Note that in
general, p may be expanded in terms of p%, n,, and T;
so that the first effect may appear not to be independent of
the other three. However it will be shown later that
there are situations where terms containing density
gradients may be neglected, while the pressure term will
persist.

Equations (63) and (64) along with equations of mass
conservations (equations (34a), (34c), and (43b)), energy
balance equation (37), the rock momentum balance
equation (55b), and constitutive relations of previous
section, provide a determinant system of equations to
solve for n, p/, C#, F;, v{", and T, in terms of x, and t.
Further manipulations are necessary, however, in order
to put solid momentum equation and energy equation
into a workable form. Required steps to be followed can
be established within the framework of present approach.

In order to appreciate the effect of various terms in
generalized Darcy’s and Fick’s laws, in the remainder of
this section, equations (63) and (64) are discussed under a
number of situations of practical interest. In each case,
additional assumptions which allow for certain
simplifications are clearly stated.

Case (a)

Absence of force fields other than gravity
A common case of practical interest is when no electric
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or magnetic force fields prevail in the system so that the
only external force is gravity. Note than even if ions are
formed as result of dissociation, still the electric forces
established thereof are important only in the molecular
range. Hence, we can assume that the principle of electric
neutrality holds at the macroscopic as well as microscopic
level so that in the absence of an electric field, no
macroscopic separation of pairing ions will take place.
Thus, the following assumption is imposed here.

Assumption 11:

The only external supply of monentum is provided by
the gravity, whose density is denoted by g, so that

gi=al=d=a: (68)
Imposition of this assumption on equations (63) and (64)
yields:

N-1

v{’=—K,£(p,fz—pfgz)—[B{m,fz+ ) D:{FCIG}M{:T,,
b

(69a)

N—-1
J#=—K$w£—pbo—[3mﬂ+-2 Dﬁ’ﬁJ*AﬁﬂU
-
(69b)

As compared to classical Darcy’s law and Fick’s law,
these equations contain two additional terms: a
concentration-gradients term in the Darcy’s law and a
pressure-gradient term in the Fick’s law. They are most
probably important when high species concentrations
and high pressure gradients are established in the
medium. The significance of the first effect is discussed in
case (c) below. The second effect, called ‘pressure
diffusion’, is known to exist in a multi-component
solution even at low concentrations but only under
unusually high pressure gradients'®. However, it is
perceivable that pressure diffusion may be effective even
at normal pressure gradients when high concentrations
exist. Whether or not such effects are actually important,
should be investigated by means of further analysis,
physical experiments, and field observations.

Case (b)

Fluid containing components at low concentrations

Most often, one or more fluid components may exist at
very low concentrations. Here, first we consider a
situation where the fluid phase consists of one main
component, say component N, and N-—1 other
components existing at low concentrations, such that

pP<pl or CP<l B=1to N—1 (70a)
pNxpl or CVx1 (70b)
Under these conditions, one may expect that some of the
material coefficients attain limiting values. In this regard,
we adopt the following assumption.
Assumption 12:

At low concentrations, the fluid pressure, p/, will not be
dependent on C”’s while /i# will depend but only on C*.

Then, from definitions of p/ and /i#, one can show the
following;
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()5,
apf T apf oc? ol ret)enr

6#p)
[0 (!
oC*? \ dp” fol o WA o
©#B)
o p
= — —— ~0 71
@@&wJXM@ (712)
©#8)
aﬁﬂ) )
— =0 if p#/ 71b
<6CV p! T.CP 3+ y) ' ﬁ ( )

Substituting these resuits into equations (65) and (66), one
will find that

Bl,=B:=0 (73a)
op? opb
DF=%N L7 ~ L/ 7
“ ; " <6Cﬂ )pf,T,C" b (acﬁ o7 (735)
ope
af __ rap
Dk{;_Lkl<aC[; i (73¢)

Thus, equations (68) and (69) reduce to the following
forms

o
ol = — KL= pg)— z(uﬂ Ct— ML,
B

k! 6Cﬂ
(74)
Fohvid
B
(75)

It is possible to further simplify these equations if
additional assumptions are imposed. Returning to
equation (57), we conjecture that the force applied by the
solid phase on low-concentration components is only a
small fraction of the total force exerted on the whole fluid
phase. Furthermore, mutual effects of low-concentration
components on each others’ motions may be assumed
negligible, compared to the effect of high concentration
components (including component N). In terms of
constitutive coefficients, we may state the following:

Assumption 13:

If a component y exists at a low concentration, its
gontributions to the fluid-solid interaction forces, t/ and
7¢ will be small such that, in equations (59) and (60) we
will have

S0 (76a)
St = 80?7 (76b)
where, 857 =0 if f#7y, and 3*7=1 for f=1y.

As a result of this assumption, because of equations (67),
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and given the composition of n%, we will find
Lif=0 (77a)
L~ np’ C*(my, 0")(RE,) ™' = L5 (77b)

Upon substitution of equations (77) into (74) and (75), we
obtain

ka': "kal(P,fl_Pfgl)_MkflT,l (78)
blvia
Ji=—Lu 6C“ Pyl O Kkl(pf Y gz) MgT, (79)

It is apparent that if thermal and pressure diffusion effects
are neglected, we recover classical forms of Darcy’s and
Fick’s laws.

Case (c)

Saturated brine containing low concentration species

In this case the fluid consists of two major components
(namely, water and salt) and N —2 other components
existing at low concentrations. So that, we have

p<pl or Ci<l fory=1to N—2 (80)

Note that actually salt itself 1s composed of two
components, i.e., sodium and chloride ions. However, in
the absence of an electric field, we assume that no
macroscopic separation of the two ions takes place and
the two are always transported together. Then, modifying
assumptions 12 and 13, one may say that p/ depends only
on p/ and C* (where the superscript ‘s’ stands for the salt
component), and /i* depends on p”, C# and C*. Also, the
contribution of diffusive motions of all components to the
(microscopic) mutual drag among themselves and to the
solid-fluid interaction force is assumed negligible except
for the salt component. Then, following an analysis
analogous to what was done in the previous case, it can be
shown that equations (69) reduce to the following forms

kar=“ka1(P1 .091) Bklpl DkflC.Sl—Ml{lT,l

(81)
Ji=—Kiuph—p'9)— By — DiCH— My T,
(82)
JE=—Kf(pi—p’9)— B/ — (DECH+DECY)
-MyT, f=1toN-2 (83)

An example of situations where these equations are
applicable is the flow of groundwater passing a salt dome.
In the vicinity of the dome, high salt concentrations, up to
300 g/l, may exist. So that the movement of salt due to its
concentration gradient implies the movement of up to
259 of the fluid. This indicates that the pressure gradient
is not the only force driving the fluid phase. Equation (81)
establishes the relationship among the fluid flux and
various driving forces in the flow of a saturated brine
under nonisothermal conditions.

Case (d)
Fluid containing low-concentration components and at
rest

In this case, the following assumption is valid.
Assumption 14:

The mean mass flux of fluid is zero, i.e., v{"=0.

Therefore, according to equation (69a), pressure gradient,
gravity force, concentration gradients, and temperature
gradient will have to attain an equilibrium relationship
such that,

= — (K {B,{,,,p.fm+ S D{iCin+ M{mrm}
Y
(84)

Substitution of this result into equation (69b) yields

N-1
Ji= _Qilp,ft‘ Z Bl Ch—TauT, (85)
B
where,
Py = Dii — Kg(K;h) ' D (86a)
Bra= Bi?z — Ki,(K#,) " "By (86b)
Ty = M — K5 (K1)~ M), (86¢)

Equation (85) may be regarded as an extended form of
Fick’s first law for multi-component solutions at high
concentrations, at rest and under nonisothermatl
conditions.

Case (e)

A single-component fluid

This case is considered only to show that classical
Darcy’s law may be obtained as a special result of the
present theory. This is readily achieved by examining of
equations (63) to (66) For a single component fluid, we
have N=1and [’ & u}=0. Thus, in equation (63) only
terms containing (p/—p’g,) and T, will survive and
these will give the classical form of Darcy’s law. From
equation (64), it simply follows that K§, and M}, vanish
for single-component fluids.

CONCLUSIONS

In this work, it is demonstrated that general conservation
equations for multiphase systems, along with the
Coleman and Noll method of exploitation of the entropy
inequality, can be employed to develop a general
thermodynamic basis for the study of species transport in
porous media. By including density and concentration
gradients among the list of independent variables,
coupling effects in the motions of individual components
and the mean motion of fluid phase are properly
accounted for. By linearizations of resulting equations,
general extensions of Darcy’s law and Fick’s law,
applicable to the case of high-concentration solutions are
obtained. It is found that in addition to the ordinary
transport of fluid due to pressure gradients, concentration
gradients also give rise to flow. Furthermore, effects of
pressure, temperature, and external force fields on
diffusion are properly modelled. Then, classical Darcy’s
law and Fick’s law are shown to be valid, under
isothermal conditions, only for the cases where all
components of the fluid except one, exist at low
concentrations, or where the fluid phase is at rest. As a
case of practical interest, proper forms of Darcy’s law and
Fick’s law for the motion of concentrated brine in porous
media are given. In these equations, in addition to
coefficients of permeability and dispersion, new
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coefficients appear which are related to cross-coupling
effects. They have to be determined experimentally
and/or empirically. The development also provides a
thermodynamic basic for chemico-osmosis theories.
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NOMENCLATURE

Symbols which are used only in Appendix B are not listed
here.

a

ag acceleration vector equal to D%y /Dt (also
)

A* Helmholtz free energy function (also A*

. in equation (34))

AP a relative Helmholtz free energy function
(equation (45c))

B/, material coefficient (equation (65a), also
By, in (66a))

B material coefficient (equation (86b))

ct mass fraction of component o

di deformation rate tensor; vy

det determinant of a tensor

D}y material coefficient (equation (65b), also
D} in (66b))

i material coefficient (equation (86a))

E* internal energy function (equation (25),
also E* in (29), and E™ in (41))

€ infinitesimal strain tensor of the rock
(equation (56a))
L strain tensor of the rock (equation (5))
Fj, motion of the rock phase (equation (4))
Fix displacement gradient tensor of the rock
(equation (6))

9x gravity vector

a5 external supply of momentum (also g§ in
equations (24))

G* Gibb’s free energy function
(equations (50))

Jr jacobian of the rock motion (the
paragraph following equation (8))

Ji diffusive-dispersive flux vector
(equation (22)

K/ material coefficient (equation (63), also
K3, in (64))

L{f material coefficient (also L in
equations (67))

M, material coefficient (equation (63), also

M, in (64))
n porosity of the porous medium
N number of components of the fluid phase
p’ thermodynamic pressure of the fluid
phase (equation (48a))
heat flux vector (equations (25), also ¢j in
(30) and ¢} in (40b))
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Greek

energy exchange term (equations (25),
also Q* in (26c)) R

mass exchange term (also R* in
equations (21))

material coefficient (equation (59), also
Rf, in (60))

defined in Assumption 10
internal entropy function (also $* in
equation (33), S/ in (31), and S™ in (40a))

material coefficient (equation (59), also
S§7 in (60))

time

deviation of absolute temperature 6 from
a reference value (equation (56b))
reference value of the absolute
temperature (equation 56b)) R
momentum exchange term (also T% in
equations (24))

material coefficient (equation (59), also
T?, in (60))

diffusion-dispersion velocity of component
o {equation (14))

velocity vector (equation (7), also v} in
(10) and vf in (13))

velocity of the fluid with respect to the
rock (equation (17a))

velocity of component o with respect to
the rock (equation (12))

position vector in the spatial frame of
reference

position vector in the rock material frame
of reference (equation (4))

members of the set of thermodynamic
quantities which vanish at equilibrium
(equation (51))

rate of net production of entropy (also I'*
and I'™ in equation (32))

Kronecker delta (also Jg,)

equal to d, if «=f and zero otherwise
(Assumption 10)

defined in equation (58)

temperature function (equations (33) and
(36))

chemical potential (equation (48b), also
u' in (48c))

relative chemical potential

(equation (48b))

chemical potential tensor (equation (A17))

inverse of the tensor 1’5{3} (Assumption 10)
mass density function (also p¥)

mass density of microscopically
incompressible rock aggregates
(equation (3))

stress tensor (also ¢%; in equations (24))
effective stress tensor of the rock
(equation (48d))

a relative stress tensor (equation (46¢))
dissipative part of T{ (equation (47a))
dissipative part of (Tf—T%)

(equation (47b))

material coefficient {(equation (86c)
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o entropy flux vector (also ¢j in
equations (35))
Xa members of the set of thermodynamic

quantities which attain infinitesimal
values in a linear theory

¥ a typical function

Y, members of the set of dependent
constitutive variables (equation (44d))

Superscripts

f fluid phase

m porous medium

N component N of the fluid phase

r rock (or solid) phase

s salt component of brine

o, f,7,0 for fluid components; they may take upon
values from 1 to N

Subscripts

k.,l,m,n Cartesian components of tensorial

quantities in the spatial frame of
reference; they range from 1 to 3
K,L,M,N Cartesian components of tensorial
quantities in the rock material frame of
reference; they range from 1 to 3

Special Notation

A symmetric part of a tensor equal to
7Ag+Ay) .
D’/Dt material derivative (equation (9b), also

D*/Dt in (10))
0(A?) of the order of magnitude of AZ
sum over all fluid components

le evaluate at equilibrium
R evaluate at y, =0
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APPENDIX A

Exploitation of the entropy inequality

According to the principle of admissibility, the second
law shall not be violated by any set of constitutive
relations. That is, substitution of equations (43) and (44)
into relation (39) shall not violate the inequality.
Restrictions following from this requirement are
investigated here. The chain rule of differentiation should
be used to evaluate any derivative that appears in the
entropy inequality. In particular, from (44), we will have

DI4’ 247 DIp! NZloAl DIC’

Dt dp’ Dt > oC? Dt
247 D'EL, 047 D'0
e SRt Al
*oE, Dt | a0 Dr (AD)
D'A" 064" D'p! 0A" D'E; 0A" D'6
S e KL O7 27 (A2)
Dt 0p’ Dt OEg, Dt 06 Dt
* * * *
0A*F N_10A4# 0A 0A*
BNy = s y P
( AY) op” Pit ; oCT C’k+5E;(L KLkt a0 Uk
(A3)

where A#=4°—4". In evaluating these terms, the
following relations will prove useful.

D p’ p/ D'n _
- __ BT 54 RS
Dt n pr P datPR
1—n ,Df y pf N
== pldiy—p?df—— ",k+Pf(1__r R/
n n Po
(A4)
D'pf Dfpf oy
=———0i" A5
Dt Dt Uk Pk (AS)
D'E}
or = FlFudia+ ol Exv (A6)

where equations (16b), (26a), (21a), and (43b) have been
used. So, equations (A1) and (A2) may be expanded to
obtain the following relations. Note that, use is also made
of the equation of mass conservation of species, (21c).
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D’AS oA’
npl ——= dkfl|: —n(p’)? W 5;41}

oA’

+d;1[_(1—n)(0f)204f kil

+np 8EKL (kKFl)L:l
el
+0 k<np 0;: v >+vk’< (pf)2 o0’ k>
+N;I uf,|: —np’C* %] +N§1 up
(28 wen)

N-1 oA N-1

Al . o4’
+npf %: CliFRB_npf %: Cﬂin

oct

04
+np <1~>apR (A7)

r@Ar I
+(1—")P06E, FaxFio
KL
Ir l—n 04",
— Ui Po ap” k

o0A"
+(1_n)poapf p,II;>
DG oA"
1— r

04"
+(1=n)p p,,(l——,) R’ (AB)
s/ dp’

Substitution of (A3), (A7) and (A8) into the entropy
inequality (39), after rearrangement yields:
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Now, as implied by Assumption 6, none of constitutive
functions depend on 4y, dj,, uf, Ek., and D"6/Dt.
Therefore, according to equation (A9), 6™ is a linear
function of these variables. Then, the necessary and
sufficient condition for I' to be nonnegative for all
independent thermodynamic states is that coefficients of
above-mentioned variables in equation (A9) must vanish
independently. Hence, all terms inside curly brackets in
that equation are set equal to zero. Results are as follows:
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Further conclusions can be drawn out of above relations.
In particular, in equation (A14), because v{" and uf (=1
to N — 1) may vary independently, coefficients of v{" and
uf must vanish separately, i.e.,

YTy L
—0

= = Al6
3E,  0Ew (A16)

Therefore, in equation (All), the term involving 947/
0Ek, should drop out. In above equations, p/ may be
identified as the thermodynamic pressure of fluid phase.
Following Bowen and Wiese'” and Bowen’, one may
define a generalized chemical potential tensor pg,, so that,

o= —np’ C*(u— A% a=1to N (Al7)

Introducing this definition into equation (A12) results in
the following relation for uf,,

AT
#ltzl_ﬂmzwékt (A18)
which is a reminiscence of the classical result in
thermodynamics for chemical potentials of components
of a mixture of fluids.

On the other hand, substitution of (A10)and (A17)into
(28), after some manipulation, yields:

N-1
nplupy=np? 8 —np’ Y. CPuf— i) +npl 478,
]

(A19)
where relations (2b) and (38) have been used. From (A18)
and (A19), it is readily established that uf, is an isotropic
tensor, i.e., within the context of the present theory,

chemical potentials are scalars. Therefore, equation (A18)
may be written as follows,

0AY
ﬁﬂ:.uﬂ_:uN:_:ﬁB(pf’ Cy’ 0)

e (A20)

Furthermore, multiplication of (A20) by C#, summation
over B=1to N —1, and usage of equation (A19) will yield
another familiar relationship:

Sf
W=y C“uﬂ=%+Af (A21)

Now, the remaining portion of entropy inequality (A9),
called the residual entropy inequality, becomes
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where 7/ and 8 are the extraneous parts of T} and (Tf —
T¥), respectively, such that,
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and G’ and G" are Gibb’s free energy functions for fluid
and solid phases defined by
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APPENDIX B

Possible mechanisms of mass exchange

The term np*R* accounts for the net supply of mass to
the species « by internal and external sources or sinks. We
recall from Part 1 that it is defined by:

R*=p* +Fe (B1)

where 7 is the rate of exchange of mass due to
homogenous interactions and p* may be considered as the
rate of all other mechanisms of mass exchange. To be
more specific, we consider the following list of possible
mechanisms.

reactions  between
other components,

Homogeneous  chemical
component o and
=Y vyl
Heterogeneous chemical reactions between the
component « and the solid phase, +np’Ry,,.
Addition of component « due to dissolution of solid
phase into the fluid phase, + (1 —n)C™R}.
Depletion of mass of component o due to the
precipidation onto the solid phase, —nCaRJ,..
Depletion of mass of component o due to adsorption
onto the solid phase, —a’R.

Addition of mass of component o due to desorption
from the solid phase, +a*Rj;,.

Addition of component & due to the injection of fluid
into the porous medium via a network of wells and/or
tubes, +C'*If;.
Depletion of component a due to the withdrawal of
fluid from the porous medium via a network of wells

and/or tubes, — C*I /.

Note that I},; and I L. can be specified by means of the J-
function.

where,

v is the stoichiometric coefficient of the ith reaction,
I is the total number of possible reactions,

Y is the (macroscopic) rate of progress of reaction i,

per unit mass of the fluid phase,

R, is the (macroscopic) rate of production of
component « per unit mass of fluid phase, due to
chemical reaction with the solid phase,

C™ is the mass fraction of component o extant to the
solid phase.

Ry, is the rate of dissolution of the solid per its unit
volume,
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RI{,C is the rate of precipitation of fluid phase per its unit
volume,
is the specific internal surface area of the porous
medium,
% 1s the rate of adsorption of component « per unit
area of internal surfaces of the porous medium,
Ry, 1s the rate of desorption of component « per unit
area of internal surfaces of the porous medium,
I};  istherate of injection of fluid per unit volume of the
porous medium,
C'*  is the mass fraction of component « in the injected
fluid, and
I, isthe rate of withdrawal of fluid per unit volume of
porous medium.

5

a

So, the mass exchange term np’ C*R* may be written as,

1
np/C*R*=np’ ¥ v™'+np/RE, +(1—n)C™ Ry,

i=1
—nC* Ry — @Ry + @ Ra, + 1, — C*1 L,

prec

(B2)

The following restrictions apply to above quantities.
Y vE=0 (B2)
Y Cc=1 (B3)

a
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N-1

Y cre=Cr (B4)

N—-1 N-1

nple’(p)=np’ Y R;,+(1—n)C'Rjy—n Y C°R},

N-1

N-1
—a ) Ris+a® ¥ R, (B3)
o 4

where,

cr is the total mass of solid-phase polutants per unit
mass of the solid, and

e/(p) is the net rate of exchange of mass between the
fluid-and the solid per unit mass of the fluid.

Then, from equation (26a), one has,
np’ R/ =np’y C*R*=np’ e (p)+ (I}, I,)  (BO)

Should one be interested to make such a partitioning,
then, it will be necessary to employ balance of mass of
species extant in the solid phase as well. In some cases, it
may be also necessary to consider the mass accumulated
on the solid-fluid interfaces and write a balance of mass
equation for the species residing on these interfaces. In
any event, appropriate constitutive relations will have to
be given for the rate terms appearing in equation (B2). An
example of such constitutive relations is found in the work
of Nguyen et al.'®. This area demands further research.



