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This paper provides the tools needed for analysis of multiphase flow in porous
media. Contributions are in four areas. First, theorems are provided that allow
global scale integral equations to be localized at the porous medium scale. This is
a more general approach than the traditional averaging of microscale point
equations. Second, conservation equations for mass, momentum, energy and
entropy for phases, interfaces, common lines, and common points are obtained.
The inclusion of common lines and common points completes the full description
of multiphase flow in porous media. Third, the entropy inequality is developed for
the full multiphase system. The interaction terms between phases, interfaces,
common lines, and common points provide a clear direction as to whether the
entropy equation for each of these components may be used in the development
of a constitutive theory or if the constitutive theory will depend on a combined
entropy inequality statement. Fourth, the simplification of the system of
equations is presented for the case of massless interfaces and common lines
where these constituents are still capable of sustaining stress and containing
energy. These latter forms are particularly useful in consideration of capillary
pressure terms when the mass of the interface may be considered negligible.
© 1997 Elsevier Science Limited. All rights reserved.
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1 INTRODUCTION

During the past few decades significant progress has
been made in developing general theories describing
thermodynamic processes in general multiphase systems
and in porous media. The primary aim of these
derivations has been to obtain equations valid at a
useful length scale of observation. Commonly, this scale
is much larger than the scale of the minute structure and
detailed occupation of space within the multiphase
system. Two different approaches have been most
often employed in these studies: mixture theories of
continuum mechanics and averaging methods. The basic
premises of these approaches have been to employ
systematic procedures while retaining rigor such that
arbitrariness and empiricism are avoided in the develop-
ments. Moreover, it has been the goal of these theories
to avoid unwarranted simplifications and to include
major features of the often complex multiphase systems.
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Thus, for example, muitiphase theories have been
developed that account for the presence of interfacial
regions separating various phases at the microscale.
Early theories, however, considered these interfaces to
be singular surfaces devoid of thermodynamic quanti-
ties. In these older approaches, the interfaces were
simply modeled as surfaces of discontinuity in phase
properties unable to affect thermodynamic processes on
their own (e.g. in Refs 2, 3, 8, 15, 16, 27). Subsequent
theories have assigned thermodynamic properties to the
interfaces and thus include the effects of interfaces on
the medium behavior at the macroscale (e.g. 9, 17, 20).
These newer theories have been employed to derive basic
equations describing two-phase flow processes and flow
in unsaturated media'®'""®!® and flow in clayey materi-
als.! The results of these studies have shown that
inclusion of interfacial properties is essential if gross
errors in the description of some multiphase systems are
to be avoided. Based on these advances, it has become
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evident that all features of a multiphase system that may
affect the thermodynamic behavior of the system must
be accounted for.

One feature of multiphase systems that cannot
necessarily be dismissed as unimportant is the common
lines that exist in a system consisting of three or more
phases. Common lines are regions of transition among
three neighboring phases. It is well known that the
properties of common lines influence the movement of
neighboring menisci and phases.?!** However, in the
theories presented to this point, common lines have been
assumed to be devoid of thermodynamic properties.
They are modeled as singular lines at which interfacial
properties undergo jump discontinuities. Thus, equa-
tions of balance for these common lines are simply jump
conditions for interfacial properties.®?® In the present
work, common lines are modeled as one-dimensional
regions with their own thermodynamic properties, such
as mass, velocity, energy and entropy. Macroscale
equations of balance for a multiphase system are
developed and the effects of thermodynamic properties
of common lines, as well as phase interfaces, are
accounted for. In a three-phase system, such as a
porous medium saturated with two fluids, only one
common line type may exist. In a four-phase system,
four different common line types may exist; and these
lines may come together at a common point. Thus, a
common point is a singular point where properties of
common lines undergo jump discontinuities. To account
for this type of discontinuity, jump conditions for
common line properties must be provided that ensure
the balance of conservative entities at a common point.
In principle, it is possible to assume that matter and
energy may accumulate at a common point. But that
possibility is not explored here. However, the methodol-
ogy employed can be easily extended to handle those
cases.

Cases of practical interest exist where the amount of
excess mass associated with an interface or a common
line is negligible compared to the mass storage and
transport within the phases. In these cases, the interface
or common lines may be treated as massless. However,
such an interface or common line may still sustain
surface or line forces, and associated surface or line
energy, with considerable influence on the dynamics

of the system. In the present work, the treatment of

massless interfaces and common lines is introduced; and
appropriate balance laws are developed. These equa-
tions have potential utility in the description of a broad
class of multiphase systems.

Another important feature of the approach employed
here is a novel way of deriving equations of balance at
the macroscale in the framework of averaging methods.
The derivation of equations used in the description of
porous media flow and transport has been, in some
sense, disconnected from the derivation for flow of a
simple continuum fluid, as explained subsequently. In

the current presentation, a unity in the theoretical
development is achieved.

The standard way to develop governing equations for
a single-phase continuum is to pose the integral balance
laws at a global scale for the system as a whole, apply
the transport and divergence theorems, and then localize
the integrands of the resulting expressions. The resulting
differential equations are also called ‘point’ balance
equations. Implicit in this derivation is the fact that
quantities appearing in the integrands are written for a
particular small scale, referred to here as the microscale,
and that the localized point equations are also equations
at the microscale. The microscale quantities are actually
the average of molecular properties over a representa-
tive elementary volume containing a large number of
molecules. Therefore, in reality, a finite volume is
associated with each microscale point. Thus, for a
single-phase continuum two length scales may be readily
defined: a microscale on the order of the representative
volume and a global scale. Similar scales may be defined
for a multiphase medium. However, the microscale is
too small and too detailed to be useful for the
description of multiphase systems. For such systems, a
length scale intermediate between the microscale and the
global scale needs to be defined. This scale is commonly
referred to as the macroscale. Let the characteristic
lengths associated with microscale, macroscale, and
global scale be denoted by d, / and L, respectively.
Then the following restriction must be satisfied for a
physically meaningful description of a multiphase
system15

L>i>d (1)

Balance equations for a multiphase system have to be
developed at the macroscale. One approach, employed
in the continuum theories of mixtures, is to assume the
existence of macroscale field properties. Global balance
equations are then written in terms of macroscale
properties such that the integrands are macroscale
quantities. These global equations can then be localized
to obtain macroscale point equations. This approach
has two drawbacks. One is that there is no connection
between a macroscale property and pore properties. The
second is that the extension to multiphase systems
with interfacial and common line properties is not
straightforward.

A second approach, commonly employed in the
development of porous media theories, is to assume
that the microscale point equations are valid for the
single-phase continuum filling the interstitial spaces.
Macroscale porous medium equations can be obtained
by application of some integral theorems to the
microscale point equations integrated over a volume
with length scale /. The result of this manipulation is
another set of point equations where the point is
observed at a larger scale than in the microscopic
perspective. This procedure thus scales down the global
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balance equations to microscale point equations, which
are subsequently scaled up to macroscale point equations.

In the present work, a third, more appealing,
approach is proposed and implemented. In this
approach, which is physically more consistent, the
derivation of porous media equations simply involves
a direct scale-down of global balance equations to the
macroscale. To begin this approach, global integral
balance equations for each phase are written in terms
of microscale properties of that phase such that the
integrands are microscale quantities. Then macroscale
point equations are obtained directly through the
application of appropriate mathematical theorems.
Similar procedures can also be applied to the derivation
of macroscale balance laws for interfaces between
material phases and balance laws for properties of
common lines where three phases come together.

Here, the first and second upscaling alternatives are
discussed briefly before providing the necessary frame-
work for development and application of the third
alternative. Subsequently, balance equations for mass,
momentum, energy, and entropy for phases, interfaces,
common lines, and common points are derived.
Simplifications appropriate for massless interfaces and
common lines are also presented.

Finally in this work, the second law of thermo-
dynamics for individual components of a multiphase
system will be discussed. Appropriate forms for the
development of constitutive equations will be obtained.

2 PHASE EQUATIONS
2.1 Standard derivation for a single phase fluid

Consider a single phase continuum occupying a non-
material global volume V' at a given instant z. The
boundary of V, denoted by S, may have a velocity w,.
Consider a phase property ¢ defined per unit mass of the
phase at the microscale. The general conservation
equation for the single fluid phase property, 1 may be
stated as®

d * .
aJprdV+jsn [p(v — wp)p — i]dS — JfodV

:JVGdV )

where p is the fluid density, v is the fluid velocity, i is the
diffusive flux of 1 across the boundary, n* is the unit
vector normal to S and pointing outward from V, f is
the external supply of ¢, and G is the term accounting
for production of 3 within the volume. This equation is
a mathematical statement of the physical principle that
the rate of change of some property in a volume is equal
to the net flux of that property across the boundary of
the volume plus the external supply plus production of

the property. All properties are considered to be the
average of molecular properties over a representative
element of volume containing a large number of
molecules and having a characteristic size of d, the
usual continuum scale used in fluid mechanical deriva-
tions. Here, the length scale of the volume is designated
as L. The length scale constraint specified in eqn (1) is
considered to be satisfied.

To transform the global balance eqn (2) to a point
form, where the point is actually of length scale d, two
mathematical theorems are typically applied to the
integrals in this equation, the transport theorem and the
divergence theorem. These two theorems are classical
relations and are available in virtually all undergraduate
mathematical and fluid mechanics text books. A novel
procedure for derivation of these and other theorems
used subsequently here is found in Gray et al.'> Their
notation has been modified for the present exposition,
and their shorthand name for each theorem is presented
along with the standard name. The transport theorem,
written for some function F and the global volume V, is
as follows.

Transport theorem T[3,(0,0), 3]

OF d

JV ot ar = dt
The divergence theorem for a vector function B is as
follows.

Divergence theorem D[3,(0,0), 3]

J FdV—Jn*-wadS (3)
v s

L/V-BdV:Ln*-BdS @)

Application of these theorems to eqn (2) brings the time
derivative inside the integral and converts the surface
integrals to volume integrals. The equation obtained is
equivalent to eqn (2) but less intuitive

M

+V-(pvw)—v-i——pf} dV:JVGdV
(5)

Because the size of the volume is arbitrary, as long as
eqn (1) is satisfied, the integrands themselves in eqn (5)
must be equal so that the point equation is obtained as
follows.

Point microscale balance equation

0 ,

Q) 19 (o)~ Vi = pf = G (©)
This point equation makes use of quantities at scale d;
the same scale as in the integrand of eqn (2).

2.2 Continuum mixture theories for multiphase flow

Mixture theories provide one approach for deriving
macroscopic balance laws for a multiphase system. In
these theories, the multiphase system is envisaged as a
superposition in space of a number of single-phase
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continua. No microscale presentation of the system is
provided and microscale quantities are not defined.
Phase properties are introduced at a larger scale. At
every point all phases are considered to be present.
Thus, a ‘point’ consists of a mixture of phases. For this
approach, a global balance analogous to eqn (2) may
be written with the integrand properties observed at a
larger scale, /. For this case, the general conservation
equation for a property of the a-phase may be written’

EJ preYrdV + J n - [p%e (VY — wy)Y® —€%i%]dS
de )y s

—j p“e"fadV:J e“G*dV (7
v 12

The main differences between this equation and eqn (2)
are the use of the superscript o to designate that the
property being considered is associated with the a-phase
at the macroscopic point and the introduction of the
quantity €%, the volume fraction of the macroscopic
point that is occupied by the a-phase. As should be
expected, for the special case of single phase flow of the
a-phase such that €* = 1, eqns (2) and (7) are identical
in appearance. Note, however, that eqn (7) is written
with integrand quantities at a larger scale, /, than the
integrand quantities in eqn (2), at scale d. As long as
both constraints in eqn (1) are satisfied, the balance laws
both apply. Nevertheless, the integrand quantities in eqn
(7) may require a different interpretation and may
represent different physical quantities from those in eqn
(2). For example, the production term G in eqn (2) will
be zero for equations of mass, momentum, and energy
conservation; whereas G* in eqn (7) may be non-zero
for these balance laws to account for the interaction
among phases present at a given ‘point’.

Transformation of eqn (7) to a differential form is
analogous to the transformation for a single-phase
continuum. Transport theorem (3) and divergence
theorem (4) must be applied. Use of these mathematical
relations again brings the time derivative inside the
integral and converts the boundary integral to a volume
integral so that the balance equation becomes

J [a(paaeawa) + V . (paeavawa) _ V . (eaia)
v t

— pefO)dV = j G dV (8)
V

In this equation, the size of the integration volume is
arbitrary. As long as the length scale of this volume
satisfies eqn (1), the integrands themselves in eqn (8)
must be equal so that the point equation is obtained as
follows.

Point macroscale balance equation

0(p%e*P”)
ot
=G 9)

+V.(pa6ava¢a)_v.(eaia)_paea a

This point equation makes use of quantities at the same
scale, /, as in the integrand of eqn (7).

This approach may be applied to interfaces and
common lines if appropriate macroscale properties can
be identified. However, this is a difficult task and may
lead to inconsistencies in the development. For example,
some continuum mixture theories do not take the
existence of interfaces into account; yet the fluid
phases are considered to be immiscible.**

Another difficulty with this approach is that, because
eqn (9) is written at a length scale / > 4, it does not
describe the conservation balance in as much small-scale
detail as eqn (6). In fact, eqn (9) is, in some sense, an
average representation of eqn (6) and the quantities that
appear in the two equations must be somehow related.
However, the precise correspondence between the terms
and quantities in the two equations is not obvious; and it
is not clear, for example, how to obtain the larger scale
value of p® for a macroscale point from the microscale
values of density of the a-phase in the vicinity of that
point. Correspondence between macroscale and micro-
scale quantities may be accomplished through use of
averaging theorems as described in the next section.

2.3 Averaging of microscale equations

An alternative method for developing continuum equa-
tions at the appropriate scale is to average microscale
equations. Consider a porous medium consisting of a
solid phase and a number of fluid phases. The phases are
supposed to be immiscible and to have distinct thermo-
dynamic properties. The phases are separated by very
thin transition regions which are modeled as two-
dimensional interfacial surfaces. Each interface has its
own thermodynamic properties distinct from those of
phases and other interface types. When a system consists
of three or more phases, common lines may also exist.
These are regions of transition where three interfaces
come together. Common lines are one-dimensional
regions with thermodynamic properties of their own.
The space is occupied by phases, interfaces, and
common lines which exist in mutually exclusive
domains. This conceptualization of a multiphase
system is referred to as the microscopic picture.

In principle, the conservation eqn (6) is applicable at
each and every point within any particular phase. Other
conservation equations are needed for interfaces and
common lines to describe thermodynamic processes at
the microscopic scale. However, microscopic details in a
complex system are often not needed and are almost
impossible to model. Therefore, the microscopic picture
needs to be replaced with an averaged description of
processes. Commonly, averaged, or macroscale, proper-
ties are defined through the integral of microscale
properties over a Representative Elementary Volume
(REV). The concepts behind the REV and its proper-
ties are discussed by many authors.>>'> Of particular
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importance are the features that the size and shape of
the REV do not vary with space or time. Also its length
scale, /, must be much greater than the pore scale, d,
but much less than the scale, L, of the full system under
study as prescribed by restriction (1). If the REV is
designated as 6V, the portion of this volume that is
occupied by the a-phase is indicated as §V*. The union
of interfacial regions within the REV between the a-
phase and the (-phase is designated as S,; and the
unit vector normal to this surface oriented outward
from the a-phase is designated as #®. Within this
framework, governing equations can be developed by
averaging microscopic balance laws, such as eqn (6),
over the REV.

To average eqn (6), two theorems are commonly
employed that transform the average of a derivative to
the derivative of an average. The first of these theorems
is applied to a time derivative and may be stated as
follows.

Time averaging theorem T(3,(3,0),0]

oF 0
—dV =— Fdv — . wi F|,dS
J&Vu ot BtLVﬂ ;;;Jsaﬂ n* e wyF|

(10)

The second theorem is applied to the divergence
operator and is given as follows.
Divergence averaging theorem D[3,(3,0),0]

J v-sav:v-J BdV+EJ n®-B|,dS
sve §ve Sap

B#a
(11)

where F|, and B|, indicate that the quantities F and B
are microscale properties of the a-phase (i.e. properties
defined using length scale d) that are being integrated
over the af-interface, and } 5., denotes a summation
over all phases except the a-phase.

Integration of eqn (6) over §V* and application of
eqns (10) and (11) to the appropriate derivatives yields

0

ELW ppdV + V- Lw[pmp —i]dV

+ZL n® - [p(v — w)p—i]|,dS
B# a8

- Lyupde = Lyu Gdv (12)

This equation may be written in terms of average
quantities after dividing by 67. However, this will not be
done at this point. Rather, eqn (12) will be re-derived in
Section 2.4 from a different starting point, and the
equation derived there, eqn (16), will then be mani-
pulated to obtain an expression in terms of average
quantities.

Gray and Hassanizadeh® have provided averaging
theorems for interface balance equations as well as for

phases. Marle? has also developed an approach for
obtaining averaged equations for phases and interfaces.
However, rather than integrating over an REV, he
obtains average quantities by convolution with a weight
function. Averaged equations for common lines that
have thermodynamic properties have not appeared,
although averaging theorems that facilitate the change
in scale for common line balance laws can be found in
Gray et al®

The disadvantage of the averaging approach used to
develop eqn (12) is that the starting point is the
microscale differential equations such as eqn (6) instead
of the global integral equations that are more funda-
mental relations. Thus, if a microscale quantity, such as
the stress tensor, is non-local, then the global equation
involving this quantity may not be localized to the
microscale. However, it may still be localized to the
REY scale, provided that the non-local scale is less than
the REV scale. An averaging approach that requires a
microscale differential equation as a starting point
would not be usable in this instance. In the next
section, an alternative is presented that is devoid of this
drawback.

2.4 Derivation of macroscale equations from global
balance laws

The starting point for this approach is the microscale
conceptualization of a multiphase system as described
in the first paragraph of Section 2.3. To begin this
derivation, a ‘global’ balance equation will be written
for a volume of a-phase §V” that is a portion of a
multiphase spherical volume, é§¥. In turn, 6V is a small
portion of a much larger volume of the multiphase
system. The length scale of the large system is L, and the
length scale of 6V and 6V is ! with L > [. The
quantities in the integrand are at length scale d with
d <« . For convenience, the boundary of 6§V will be
divided into two parts, 8S®, which accounts for
portions of the surface that intersect the a-phase and
is coincident with the boundary of 6V, and S,z which is
the portion of the boundary that is an interface between
the a-phase and all other phases. The volume 6V is fixed
in space and non-deforming such that the normal
velocity of the boundary 6S“ is zero. However, due to
the phase change and deformation, the S,; boundary
between phases inside 6V may have a normal compo-
nent of velocity. With this notation, eqn (2) takes the
form

EJ pde+J n - [pvy —i1dS
dt Jsye 6se

+ 3| a b —ww—il],as
oS

—Lw pf AV = LVaGdV (13)
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where the unit normal vector a* is directed outward

from the a-phase on the phase interface.

Since the external boundaries of 8§V are fixed, a
correspondence may be made between the total time
derivative in eqn (13) and the partial time derivative that
applies when considering an averaged equation at a
point. This correspondence is obtained by combining
equations T3, (0,0),3], the transport theorem, and
T[3,(3,0),0], the averaging theorem for a partial time
derivative in space, as found in Gray er al.,'? to obtain
the following relation.

Transport theorem for use with macroscale phase
equations

d 3]
aLVQFdV—b—tLVuFdV (14)

It should be understood that this conversion requires
that the volume 6§V * under consideration be the volume
of the a-phase within a particular 6V located at a
particular point in space. Although §V* may change
with time and may assume different shapes within
different §V's located at different positions, each 8V is
fixed in space; and the shape of 6V is independent of
position.

The integral over 65 in eqn (13) may be converted to
a divergence of an integral using the relation'>%? that
may be obtained by comparing alternative forms!® of
the averaging theorems D3, (3,0),0] and D[3,(0,3),0].
This theorem makes use of the fact that sampling of the
global system may be accomplished using the volume 6§V
at any point in space. Thus, the divergence of the
integral that appears in the following equation is a
divergence of summed values associated with each point
in space.

Divergence theorem for use with macroscale phase
equations

J n*-BdS=V-J BdV (15)
652 Ve

Application of eqns (14) and (15) to eqn (13) produces
a macroscale point balance equation written in terms of
microscale quantities that is identical to eqn (12)

0

ELV” mpav+ v J&Vﬂ[pmp e

+ Y[ wlow—wpu il a8
fFadSes

_LW pde=J6VaGdV (16)

The objective of this derivation is to obtain a relation
between the macroscale quantities that appear in eqn
(9) and microscale quantities. This is accomplished by
dividing eqn (16) by the constant macroscale volume
8V = 6V /e*, where €” is the a-phase volume fraction,

to obtain:

AP | - (e (pw0)*) - 0 ()

60

—e*{pf)* = €¥{G)* (17)
where the notation to indicate an average over a volume
has been introduced such that

1
FY* = F
(F) s7a Jwa dav (18a)

It is also useful to introduce the mass weighted average
given by

__ 1 J (pF)*
(p)*6V ™ Jsy= (p)"

and to define the deviation of a microscopic quantity
from the macroscopic mean value as

F*=F_—F* (18¢)

where this relation applies only for a microscale point in
the a-phase. Introduction of the notation in eqns (18b)
and (18c) into eqn (17) yields the macroscale balance
equation in the following form.

Macroscale balance equation in terms of averaged
quantities

Fe pFdV = (18b)

———6(Ea<gt>a¢a) + V- ((p)° 897
— V- {e[(i)® < >"(@“+W“+aﬂz@a“>]}
e (p)f = (G + Y (259° + 125)
B#a
(19a)
where
1 i .
o=y, nbw-vlldas;  i=ap (9b)
and
“5—§LVJ n-li—-plo—w ‘]dS i=a,p
(19¢)

The quantity eaﬂ accounts for mass exchange between
the i-phase (i = a, 8) and the af-interface. The term I 3
deals with non-convective interaction of the i-phase
(i = a, ) with the interface.

Correspondence between the averaged microscale
quantities in eqn (19a) and the directly written macro-
scale eqn (9) proposed in continuum mixture theories
may now be determined by direct comparison of these
two equations. The results, are as follows

P~ =(p)* (20a)
’Ua —_ ‘Ba (20b)



Macroscale continuum mechanics for multiphase porous-media flow 267

P =" (20c)
fe=re (20d)
= (Y — (p)*(B°9° + e + =) (20¢)

6% = (G) + Y (639" + 1) (20f)

f#a

When / > d, the correlation between average quantities
at length scale / and deviation quantities at length
scale 4 is negligible such that the first two terms in
parentheses in eqn (20e) are negligible and this
expression simplifies to

i = (i)* = (p) o9 (21)
In egn (21), the second term on the right-hand side is
an average of a product of spatial deviations that is
analogous to the average of products of temporal
deviations that gives rise to the Reynolds stresses in
turbulence theory. Inclusion of the integral accounting
for interface processes with the definition of a macro-
scopic source in eqn (20f) is based on the fact that
microscale convection and diffusion processes at the
interface are source terms for the property under
consideration in the a-phase.

The purpose of this derivation has been to obtain
the macroscale balance eqn (9) while providing a link
between macroscale and microscale quantities. Such a
link is given by eqns (20a) through (20f) and (21). Then,
it can be easily verified that the introduction of these
equations into eqn (19a) yields eqn (9). By appropriate
choice of quantities ¥, i, f and G, specific equations of
balance can be obtained. This has been accomplished in
the rest of this section.

2.5 Conservation of mass

For conservation of mass in the a-phase, ¢ = 1, i = 0,
f =0 and G = 0. Substitution into eqn (19a) gives the

following.
Macroscale mass conservation for the a-phase
B(Eap )+V (*p%v*) = Z éxa (22)

B#a

where the right-hand side source term accounts for
exchange of mass due to phase change. Note that
because all phases are considered to be composed of a
single component in this study, the only mechanism of
mass transfer between phases and interfaces would be
through phase change.

2.6 Conservation of momentum
For conservation of momentum in the a-phase, ¥ = v,

i=t,f =g and G = 0 where t is the stress tensor and g
is the body force per unit mass. Substitution into eqn

(19a) gives
a a a (1
(E 5 )+V.(Eapa,uava) V'(Eata) __Eapaga
=Y (350" + T3) (23a)
B#a
where
t = {t)* — p"f)"f)“a (23b)
and
o 2l a e _ ~ 0
58 = 578 szn [t— p(v— w)9°]|,dS (23¢c)

Note that the macroscopic stress, t%, is composed of
components that, due to the average microscopic stress
and velocity fluctuations occurring at the sub-macroscale,
serve to dissipate momentum. The integral in eqn (23c¢)
accounts for dissipation of momentum due to inter-
action of the a-phase with the boundary of that phase.

The continuity eqn (22) may be multiplied by »* and
subtracted from eqn (23a) to yield the momentum
equation in the following form.

Macroscale momentum conservation for the a-phase

(o 42
eapa DD’lt’ —-V. (fata) _ Eapazga — Z A;ﬂ (24)
B#a

where the a-phase material time derivative is defined
by

D* 9

Ft E + v*.V (25)

2.7 Conservation of angular momentum

A full global conservation of angular momentum (or
moment of momentum) equation may be written and
reduced to a macroscale point equation analogously to
the derivation of the linear momentum equation. Then,
combination of the angular and linear momentum
equations will yield the result that the macroscale
stress tensor, as defined by eqn (23b), is symmetric for
a microscopically non-polar medium. Alternatively, the
fact that the microscale stress tensor is symmetric for
microscopically non-polar media may be employed
directly. By this approach, because p*%°%*” is sym-
metric, the macroscale stress tensor t¢ must also be
symmetric such that

t* =7 (26)
2.8 Conservation of energy

The full equation of conservation of energy accounts
for both internal and kinetic energy. This balance for
the a-phase makes use of ¥y = E+1%/2, i=t-v+q,
f=g-v+h and G=0. In these definitions, E is
internal energy per unit mass, ¢ is the heat conduction
flux vector, and A accounts for external supply such as
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radiation. Substitution into eqn (19a) gives

a a orpoa a2
{e°p"[E 3-:_ () /2]} LV e B+ (022}
= V- [e*(t% - v" + ¢%)] — €*p% (g% - v* + h%)
= {eBE + (v*)/2) + T35+ v* + 0%}
f#a
(27a)
where
E® = E®+ (52" /2 (27b)
g° = (@)° + (%)% — (p)°5(E* + @)%/2)"
(27¢)
B =h g (27d)
and
Oas 5117Js n®.g+t-d*
- p(v — w)(E® + (§%)*/2)]|, 4 (27¢)

Thus, the macroscopic internal energy is composed of
the average microscopic internal energy plus the sub-
macroscale deviations of the fluid velocity that con-
tribute to internal energy at the macroscale. For most
porous media systems where the velocity is small, the
contribution of the fluid motion to the internal energy
through the average of the deviation terms is small.
Similarly, the macroscopic external supply of energy to
the system, A%, is composed of the average microscale
energy supply plus the work of microscale external
forces due to deviations in flow velocity. The transfer of
heat at the macroscale is due to the average heat flux
plus an additional flux due to subscale energy transfer
caused by fluid motion. The integral in eqn (27¢)
accounts for energy transfer between the a-phase and
the interfaces at the boundary of that phase.
Multiplication of continuity eqn (22) by E* + (v*)%/2
and subtraction from eqn (27a) followed by subtraction
of the scalar product of v* with momentum eqn (24)
reduces the energy equation to the following form.
Macroscale energy conservation for the o-phase
o« DYE°
Dt
=Y 0% (28)

B#a

£ Vo® — @ ph°

—V'(ana) —

2.9 Balance equation for entropy

Entropy is conserved only for a reversible process.
However, an entropy balance may be written for the a-
phase with ¢ = 7, i = ¢, f = b and G = A. Here, 7 is the
entropy per unit mass, ¢ is the entropy flux, b is the
entropy supply term, and A is the net rate of production
of entropy. By the second law of thermodynamics, the
entropy generation term, A, has the property that A > 0.

The non-negativity of A means that the time rate of
change of entropy of a body is never less than the sum of
the net influx of entropy through the surface and the
entropy supplied by body sources.® Substitution into
eqn (19a) gives

9(e*p"n")

5 TV (€M) — V- (79%) — %%
= A"+ ) (855 +63m") (29a)
f#a
where
n*=7" (29b)
¢ = () - p*o*" (29¢)
b* = b* (294)
A% = (A)® (2%)
and:

@

2 o __e___ o _ _ ~
85 = ﬁVajsaﬂn e — o —w)if)l,dS  (296)

Subtraction of continuity eqn (22) multiplied by n* from
eqn (29a) yields the entropy balance equation in the
following form.

Macroscopic entropy balance for the a-phase

o

o D1

Eap o _V.(ea(pa)_eapaba=6aAa+Zégﬂ

f#a
(30)

3 INTERFACE EQUATIONS

The bulk phases in a multiphase system are separated
by interfaces. At the microscale, interfacial regions are
modeled as two-dimensional continua that may have
thermodynamic properties different from those of the
neighboring bulk phases. The thermodynamic quantities
associated with the interfaces are called, after a model
due to Gibbs, surface excess properties (see e.g. Miller
and Neogi“). In continuum mechanics of single phase
continua, general conservation equations are given for
surface properties.

The general conservation equation for an aG-interface
property when this interface is located in a volume, 6§V, is

d

i)y, OVNeadS [ v low—my—illpoc
+ 3 J v [p(v - up)g — i| 5 dC
Y#a,B ek
-3 | loto - wpw—illas
i=a, 3 Sag

_ Jsas(pf)qaﬂ ds = Laﬂ Gl,5dS (31)
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where the notation |, g 18 used to indicate a microscopic
surficial property of the ag-interface, S,z is the two-
dimensional spatial region occupied by the interface,
C,p is the intersection of the af-interface with the
boundary of 6V, C,g, is the common line formed at the
intersection of af, ay and [y interfaces, p|i is the mass
density of the a or 3 phase on the side of the interface
indicated with the vertical bar [M/L?], Pla 5 18 the excess
mass density of the interface [M/L?], v is the property
of interest per unit excess mass of the interface, v is the
velocity of the material in the interface, #, is the velocity
of the internal boundary of the interface (i.e. a common
line), w is the velocity of the interface, wy, is the velocity
of the bounding edge of the interface on the boundary of
&V, iis a non-convective flux from the interphase into an
adjacent phase or a non-convective flux from the curve
bounding the interface, v is a unit normal vector of C,4
that is also tangent to S,4 and oriented outward (with
respect to the REV), v°? is a unit normal vector of C,, By
that is tangent to S, 5 pointing outward, f is the external
supply of ¥, G accounts for the net production of ¢
within the af-interface, and ), ., g denotes a summa-
tion over all common lines bounding the oB-interface.

The first term in eqn (31) is the rate of accumulation
of 1 on the surface. The second and third integrals
account for flux out of the surface across the exterior
boundary of the volume where it intersects the surface
(i.e. on the curve C,) and at a common line forming the
boundary of the surface in the interior of the volume
(i.e. on the C, 5, common line), respectively. The fourth
integral accounts for addition of v to the interface from
the phases on the two sides of the interface. The last
integral on the left-hand side of the equation is the
external supply term, and the right-hand side of the
equation is the net production term.

The volume 6V in which the surface exists for egn (31)
is an REV and therefore is independent of space and
time. However, the surfaces and common lines within
the volume may deform and grow. Because the volume
is required to be an REV at a particular position in
space such that its external boundaries are fixed, a
correspondence between the time derivative in eqn (31)
and the partial time derivative that appears in a
macroscopic averaged equation may be obtained.
Combination of equations T[2,(0,0),2], the transport
theorem for a surface, and T]2,(3,0),0], the averaging
theorem for a partial time derivative on a surface,
provides the following useful relation.

Transport theorem for use with macroscale interface
equations

d
Pl — *ewy F,3dC
dtjsuﬁ Flaﬂds J.C,,,@V Wo Flas

3]
= — . “n® . (WF ds
Btjsa,,F‘aﬁdS-l—V L n“n* . (w )laﬂ

af

(32)

The integral over C,z in eqn (31) can be converted to
the divergence of an integral by combination of the
averaging theorems for surface divergence operators,
eqns D[2,(3,0),0] and D[2,(0,3),0] in Gray et al."® to
obtain the following.

Divergence theorem for use with macroscale interface
equations

J V' B|,;,dC=V- J B*|,;dS (33a)
Caﬂ Saﬁ
where

B*|,; = B|,; — n°n° -B|aﬂ (33b)

such that B®|,, is the three-dimensional representation
of a vector that is tangent to S,g.
Application of eqns (32) and (33a) to eqn (31) yields

d s
Ejsaﬁ(pw)laﬂ dS+V- L [ovy —i*]| 5 dS

af

+ Y I v [p(v — )y — ]| 5 dC
v#a,8 Vel

=3 | #eletw-wip-illas

i=a,B
_J (pf)la,@dszj Glaﬁds (34)
Saﬁ sﬂﬂ

where use has been made of the fact that v‘aﬁ =
vslaﬂ + n“n® '“’|aa- This equation can be written in a
more convenient form by dividing by the constant
averaging volume, 6V, to obtain

8@’ {pp)*%)
ot
1
v '1;5 Jcﬂﬁ’

+ 3 (b +Big) - a(pf ) = a(G)°
i (35)

where é,; and I s are defined by eqns (19b) and (19¢),
and the notation of an average over an area has been
used for properties defined on a per unit area basis with

V- (@ (o)) - V- (a(i%)F)

+ v [p(v — u)p — i],5dC

1
(F)*8 = J F|_,ds (36a)
Saﬁ Saﬁ \ p
and
1 S,
af .~ — af
@b = WJ'SM as =328 (36b)

The specific surface, a*?, is the amount of aS-interface
per unit volume. As with the phase properties, it is
useful to introduce a mass weighted area average and
the deviation of the microscopic property from the
macroscopic mean, respectively, as

ap
JS (pF)|aﬂdS = (pF)

(p)?

L —

= 36
50 (36¢)
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and
FoP = F _ fob (36d)
Substitution of these definitions into eqn (35) yields the
following.
Macroscale surface balance equation in terms of
averaged quantities
8(a" (p)**5°7)
ot
« + S\ afl~al.la af
= V- [@®P((i%)%7 — (p)*Pperyes )]

— &) = a(G) — Y (kg + Tig)

+ V- (@(p) 0508

i=a,f
+ > @an g+ i) (37a)
v#a,8
where
L ij 1 ij i
U= g7 ), ¥ =9l
j=ab,ay,By (37b)
and
oii 1 o - .
=) vl o= 4
ij = af, ary, By (37¢)

These last two terms account for interactions of an jj-

interface with a bounding common line. The notation in

eqn (37a) can be simplified by defining surface macro-

scale properties in terms of averages analogous to the

definitions in eqns (20a) through (20f) for phase
properties to obtain

8@ pP4p%)

ot
N v [aaﬁiaﬁ] —q

=a"0G*" = Y (elpy' + 1ip)
i=a,3
+ Y @+ 1) (38)
v#a,p
This equation may be used, as was done with the general

phase equation, to obtain specific macroscale balances.
This will be done here.

+ V- (@)

aﬂpaﬁfaﬂ

3.1 Conservation of mass

For the af-interface, mass conservation is obtained
when the microscale properties are given by ¢|Q a=1
is|aﬁ = O,flaﬂ =0and G |a[i = 0. The resulting equation
is as follows.

Macroscale mass conservation for the af-interface

a aaﬂ aﬁ a (s (¢3
( atp )+V-(a 852005
=—(e5+el)+ Y e (39)
y#a,0

The two terms on the right account, respectively, for the
exchange of mass with the neighbouring phases and with
the bounding common curve.

3.2 Conservation of momentum

For an of-interface, momentum conservation is
obtained from eqn (38) with microscale properties
defined such that ¥|,5 = ¥, @] =t]aps [ |as = &las
and G|,z =0
8(a* 9 v
ot
-v. [aaﬂsaﬂ] _ aaﬁpaﬁgaﬂ

= — Z (é[’;ﬂvi -+ T‘;ﬁ)

+V. (aaﬁpaﬁvaﬂvaﬁ)

i=a,83
oY e+ 125) ()
v#a,8
where
S8 — (ts>aﬁ _ paﬂﬁaﬂ,ﬁagaﬂ (40b)
with
tslaﬂ :t|aﬁ—n"na-t|aa-no‘n°‘ (40c)
and

. 1 - y
ij i gs 50 .
Taﬁy‘éyjcahl/ P —plv—u)v ]|iij,

ij=ap,ay, By (40d)

Note that although t* is a tensor acting over the two-
dimensional space of the surface such that it has no
constituents normal to the surface (i.e. n®-t° Ia 5=
t*|,5-n* = 0), when averaged over the surfaces within
an REV with the surfaces not oriented in any particular
direction, the macroscale stress tensor, S*”, will have
components in all three dimensions of macrospace.

Multiplication of mass conservation eqn (39) by v*?
and subtraction from eqn (40a) yields the momentum
equation in the following form.

Macroscale momentum conservation for the of-
interface

a8 ap DP0*P afgafy _ af af_of
a’ p ——D—I——V'(G S )—a p g
== D @+ T+ > To5, (4D
i=a,f T#a.0

where the of-interface material time derivative is
defined by

N Y
= —4+ vV 42
Dr it (“42)
and v"%? denotes the relative macroscopic velocity of
phase i with respect to the velocity of the material in the
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af-interface

vhoP =yt — poP (43)
3.3 Conservation of angular momentum

The conservation of angular momentum equation may
be used to demonstrate that the macroscale surface
stress tensor is symmetric. The derivation proceeds
similarly as would be done with the spatial stress tensor.
Moeckel® has shown that the microscale stress tensor,
t*, is symmetric for a non-polar medium and has no
normal components. Then from definition (40b), it
follows that S*# is also symmetric

50 = s (44)
3.4 Conservation of energy

The energy balance equation for the aS-interface makes
use of averages of the microscopic quantities @[)]a 5=

(E + vz/z)iaﬂ’ iﬂﬂ = (t.v + q)iaﬂ’ f|aﬂ = (g.v +h)1a5
and G[a g = 0. For these parameters, eqn (38) becomes

H{a* o [E* + (v*9)*/2]}
ot
+ V(e p P B (07) 2]}

- V(@ (87 0" 4 g9

_ aaﬁpaﬂ(gaﬂ P 4 haﬁ)
= — S {elslE + (02 + g v + Olg)
i=a,
+ Y {eFEY + (v*F) /2]
yEad
10 030 50
where
Eof = Eo 4 (598" 12 (45b)
0 = (g)* + (1. 5°P)°8
— (p)*F5eB(EoB 4 (50Y2)2) of (45c)
NPT (45d)
and
0clgy = 5117Jc%7 v g+t-87 — p(v—u)
x (EY + (5U)2/2)”i;’ dc; j=ap,a,By
(45e)

Note that the two summations on the right-hand side
account, respectively, for the exchange of energy with
the adjacent phases and with the common lines that
bound the interface within §V.

Continuity eqn (39) may be multiplied by E®*+
(v*%)?/2 and then subtracted from energy eqn (45a).
The scalar product of v*# with momentum eqn (41) may
also be subtracted from the energy equation. The result
of these operations is the following.

Macroscale energy conservation for the af-interface

aaB af DaﬂEaﬂ
Dt
— a®P8e8  guef _ o8 paBpeh

== 3 {ekglEN + (o))

- V- (a*q")

i=a,f
+ Tog-v" " + 045} + > 035, (46)
v#a,8

where: E*? = E — E°8,
3.5 Balance equation for entropy

For the af-interface, the balance equation for entropy
can be obtained from eqn (38) when the microscale
quantities have been defined as ¢|, 8= n|aﬂ, il, 5=
©|aps  lap = blag, and G|, = A|,5 where the entropy,
N]qg, 1S on a per unit mass basis. If the appropriate
definition of macroscale quantities in terms of averages
of microscale counterparts are invoked, the resulting
balance equation is

8@ )
ot
-v. [aaﬂ¢aﬁ] _ aaﬁpaﬁbaﬂ

=aaﬂAaﬂ_ Z (éclxﬁnl"}'@(;ﬂ)

+ V- (@7 07

i=a,
- X i) 3
where
n°? = 2P (47b)
08 = ()28 _ pedgaBmas®’ (47c)
peB — poB (47d)
A% = (A)eF (47e)
and
Bogy = 6—117Jca,,7 vV [ — p(v — u)i¥]|,; dC;

ij = aB, v, By (47)

Multiplication of macroscale interface mass conserva-
tion eqn (39), by n*? and subtraction from eqn (47a)
yields the entropy balance in the following form.
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Macroscopic entropy balance for the af3-interface

af _af Daﬂnaﬂ af _af af afiaf
a*’p T-V-(a ")y —a*p*"b
ST IR I o 7
i=q,f r#a,0
(48)

4 COMMON LINE EQUATIONS

At the microscale, common lines are regions where three
phases (and, thus, three interfaces) come together.
Common lines are modeled as one-dimensional con-
tinua which may have thermodynamic properties
different from those of the neighboring bulk phases
and interfaces. Similar to the case of interfaces, line
excess properties may be associated with common lines.

The general conservation equation in terms of
microscopic properties for an «afBy-common-line
property when this curve is located in a volume, §V, is

%JC (P0)]agr dC+ 3 A< [p(v — we)vo i[5,

Cﬂa"iends
D D LGN TRV S
e#a, B,y
- > [ b mpp il
ij=af, y.ay” Casr

]

_ Jcm(pmmdc - L | Glagydc (49)

where C,3,_, denotes the intersection of the common line
with the boundary of the REV; P,4, denotes the
common point formed at the intersection of the
common lines afy, afe, avye and Bye; p|a 5 1s the excess
mass density of the common line, [M/L], w]am is the
property of interest per unit mass, v|a 3 1s the velocity of
the common line material, u, is the velocity of the
common point where different common lines terminate,
wy, is the velocity of the bounding point of a common line
at the exterior boundary of §V, i}, v is a non-convective
flux, A* is the unit vector tangent to the curve Copys
oriented outward, at a point on the external boundary of
8V, A*7 is the unit vector tangent to Capy oriented
outward from the line at a common point P, 3., [a gy 18
the external supply of ¥|,3,, G ’a g, accounts for the net
production of ¥ |a 5 Within the ofy-common line, and the
summation in the second term is over all common points
formed at the intersection of C, 4, and all other common
lines.

The first term in eqn (49) is the rate of accumulation
of ¥ on the common line. The second and third
summations account for flux out of the common line
across the exterior boundary of the volume where it
intersects the surface (i.e. on the points where a common

line pierces the shell of the volume) and at common
points interior to the volume where four phases coincide
(i.e. on the P4, points), respectively. The fourth term
accounts for addition of 1) to the common line from the
three surfaces that intersect to form the line. The last
integral on the left-hand side of the equation is the
external supply term, and the right side of the equation
accounts for net production.

The volume 8V in which the common line exists is
restricted to be an REV at a particular position in space
such that its external boundaries are fixed. Therefore,
the time derivative in eqn (49) may be related to a partial
time derivative at the macroscale. An important relation
is obtained by combination of equation 771, (0,0, 1], the
transport theorem for a curve, and 771, (3,0),0], the
averaging theorem for a partial time derivative for a
property on a curve, as found in Gray et al.!* to obtain
the following.

Transport theorem for use with macroscale common
line equation

d .
ELWF’WdC_ > AW F|,,

Cog Yends

E
= EJC,,M F|,5,dC+ V- L

afy

(”SF) |aﬂ’y dC
(50)

where #°|,5, = v|,5, — A*'X*7.p| ;. The summa-
tion over the end points at the boundary of §V may be
converted to a divergence of an integral over the
common line by a combination of the averaging
theorems for lineal divergence operators, equations
DI1,(3,0),0] and D[1,(0,3),0] in Gray et al.®

Divergence theorem for use with macroscale common
line equation

> XB|,,=V- JC B°|,,,dC (51a)
C"'ﬁ%nds s
where
B 5, = XPIXPT.B| (511)

such that B¢| ;. is tangent to Cyg,,.

Application of eqns (50) and (51a) to eqn (49)
provides the general balance equation for a common
line in the form

a .c
ELW(W”aﬁde"‘V‘ JC [pw_l ]|aﬁ’ydc

afy

+ Z {'\057 - [p(v — up)p — i] |ﬂﬂ7}|Puﬁ'y(
e#a,0,y

-2

ij=af,By,ay

B Jc,,,,v(pf”“ﬁ"’ dc = Jc

af

[ w9t w- i, ac
Copy

G|a5,dC (52)
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where use has been made of the fact that v|,, =
4|45, + ¥°| 0, This equation can be written in terms of
averages over the common line after dividing by the
averaging volume, §V, to obtain

8 pp)°)
ot
- Vi)

1
+5 Y AN (o — ) — ]|, )
etao, By

+ Y @I -1 pf )
ij=af,a, 6y

— laﬂ'v(Gylﬂ‘r (53)

£V s

Paﬁ»yc

where the notation employed to designate averages is
such that

1
F)P7 = J F| .. dC 54a
< ) Caﬂ'y Casy |aﬂ'y ( )
and
i C
afy — Zaby
jeBY 6VJcaﬂ, dc <7 (54b)

where /%7 is the specific length, the length of afy
common line per averaging volume. As with the phase
and interface properties, a mass weighted common line
average and the deviation of the microscopic property
from the macroscopic mean are introduced, respectively,
as

. 1 F aBy
Foor = aBy J (pF)laB’YdC = 2 Bzﬁ'y
<P) Caﬁ‘y Casy (P)
(54¢)
and
F®Y = F|, 4, — Fo7 (54d)

Substitution of these definitions into eqn (53) yields the
following.

Macroscale common line balance equation in terms of
averaged quantities

8(1°71{p)*P1pPy
ot

+V- (laﬂv(maﬂwi—,aﬂv@aﬂ'r)

= V() - (g5 )

- T @)

eF o, By
+ Z (égﬂ'ywij + ifr%"/)
ij=aB,ay,By
_ laﬁ'r(p)aﬁ'rfaﬂv — laﬁv(G)aﬂv (55a)

where
ik 1 ijk
Capre = 5V Z {27 [o(u, — v)]|ijk}|Paﬂn;
efa, 8.y
ijk = afy, ofe, are, Bye (55b)
and
N _— -
Iajﬂqe =27 Z {xjk i plv— uy )y Jk] |ijk}|Pa o
SV By
e#a, B,y
ijk = afy, afe, axe, Brye (550)

The last two equations provide expressions for the
interaction of the common line with the points at the
end of the line within the averaging volume. The
notation in eqn (55a) will be simplified analogously to
the procedure for the phase and interface equations
using definitions similar to eqns (20a) through (20e) to
obtain

a(laﬂvpaﬂ7¢aﬂv)
ot
B VR [1067,- aﬁv] _ laﬂ'rpaﬂ'rfaﬂ‘r

— jaf B 5ij ij . Fi
=196 = B (eag v + 1)
ij=af,av,Bv

+ Z (éaﬂ'Y,waﬂ'r_*_iﬂﬁ‘Y) (56)

afye afye
e£ao, b,y

+V. (laﬂvpaﬁ'v.vaﬂw)aﬂv)

This equation will be used to obtain the macroscale
common curve conservation equations for various
properties.

4.1 Conservation of mass

For the aBy-common line, mass conservation is
obtained when the microscale properties are given by
Vapy =1 i°lap, =0, flap, =0 and G|,4, =0. The
equation that results from eqn (56) is as follows.

Macroscale mass conservation for the afy-common
line

a(laﬂwpaﬂ”r)
at
R R R AN ST
e#a,B,y

+V. (laﬂ*rpaﬁvvaﬂ'r)

The two terms on the right-hand side of this equation
account, respectively, for the exchange of mass with the
interfaces that meet at the common line and with the
points at the end of the common line.

4.2 Conservation of momentum

For the af3y-common line, the momentum equation is
obtained from eqn (56) when the microscale properties

arcsuchthatwlaﬁ7 = 'viam,ilaﬁ., =t|aﬂ~,,f|ag., =glag~,
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and G|,z = 0 so that
a(laﬂvpaﬂvvaﬂ'r)

ot
-v. [laﬂ'ycaﬂw]

=- Y (@ + T

+V. (laﬁ'rpa/i'vvaﬁv,vaﬂ'r)

_ Iaﬂvpaﬂ'ygaﬁv

ij=aB,ay,By
+ > @R+ 1050 (582)
e a8,y
where
Ccedy — <tC)aB'y paﬂ’Y,ﬁaﬂ‘y,ﬁaﬂ'yaﬂ7 (58b)
with:
t% 5, = AN | oL AT\ (58¢)
and
k o
B = Y ([ p(o— )8,
e#a By
ijk = afBy, afe, ave, Be (58d)

Multiplication of the conservation of mass eqn (57)
by »*? and subtraction from eqn (58a) yields the
macroscopic momentum balance of a common line.

Macroscale momentum balance for the afy-common
line

afy afy Dyt afyaby aBy afy aby
P p™ ——p = V- [IPTCHT] — 1% p% g
S S )
ij=aB, ay, By
+ Y, T (59)
e# a0,y

where the afy-common line material time derivative is
defined by

Jo R o b
—=—+0*"".V 60
Dt ot + (60)
and v%*#" denotes the relative macroscopic velocity of
the material in interface i;j with respect to the afy-

common line

,vij,aﬁ'y =¥ _ ,vaﬁ’Y (61)
4.3 Conservation of angular momentum
Application of conservation of angular momentum to

the common line demonstrates that the macroscale
stress tensor is symmetric, such that

c* = oo (62)
4.4 Conservation of energy

For the af@y-common line, the energy balance equation
is obtained from eqn (56) with |, = (E + v2/2)|aﬂ7,

ilTﬂ’Y = (t ‘U + q)laﬂ’Y’ flaﬂ"r (g v+ h)|aﬂ7 and
afy =
a{laﬂ'ypaﬂ“/[Eaﬂ'r + (v“ﬂ"’)z/Z]}
ot
+V. {laﬂ'rpaﬂ‘vvaﬁv[Eaﬂ'r + (vaﬁ7)2/2]}
. v [laﬂv(caﬂ"/ LpoPY + qaﬂv)]
_ laﬁvpaﬂ‘r(gaﬁv P 4 haﬁ'r)
== > (L EV+ ()2
ij=ap,ay,By
+ T, 0"+ 05}
+ > {EAE + o)/
e#a,0,y
+ T v+ 030} (63a)
where
E*9 = Eo0 4 (op 2"y (63b)
qaﬁv — (q)aﬁ’r + <t|aﬂ'y .ﬁaﬂ*r) afy

— PG IETT+ PV (630)

1Bt = 07 4+ g gadr (63d)
and:
O, = gy N lg -

— (v — up)(EY + @72/ 2)]| e} Pogye?
ifk = aBy, afe, aye, Bye (63e)

The two summations on the right-hand side of eqn (63a)
account, respectively, for the exchange of energy with
the adjacent interfaces and with the end points of the
afy common lines with §V.

Contlnmty eqn (57) may be multiplied by E**7+
(v*#7)2/2 and then subtracted from energy eqn (63a).
The scalar product of v**” with momentum eqn (59)
may also be subtracted from the energy equation. The
result of these operations is as follows.

Macroscale energy conservation for the afy-common
line

Dﬂﬂ'YEaﬁ"r
Dt
_ laﬂvcaﬂ'r A vkl

== Z {é;jﬁv

ij=afB,av,B8y
+ T, 0"+ Qs 3+ D 0ap). (64)
e#a,8,y
— E®P7 and 07987 — ol _ 4287,

laﬂvpaﬁ'y -Vv. (lalivqaﬂw)
_ Iaﬂ*/paﬂ'vhaﬁ’r

[Eij,aﬂv + (,Uij,aﬂ“r)2/2]

where E¥*8Y = gV
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4.5 Balance equation for entropy

For the of#y-common line, the balance equation for
entropy can be obtained from eqn (56) when the
microscale quantities have been defined as V|agy =
nla,@,,, llam = ‘P|aﬁ7’f|aﬁ7 = blaﬁv’ and G|aﬂ7 = A‘aﬁ'r
where the entropy, n| afy> 18 OD 2 per unit mass basis. If
the appropriate definition of macroscale quantities in
terms of averages of microscale counterparts are
invoked, the resulting balance equation is

afy jaby,aby
U™ ™ ™) Ly
ot
. v [laﬂv‘Paﬁ'r] _ laﬂvpaﬁ'rbﬂﬁw

ST S )

. (laﬁvpaﬂvvaﬂvnaﬂ'v)

ij=af,av,0v
f Y @haeEg) o
E#aYﬁV'y
where
,’,’(IB’Y — ﬁaﬂ'Y (65b)
@0 = ()P paﬂ'v,gaﬁ'rﬁaﬂ'ram (65¢)
poBY — paBy (65d)
AP = (AP (65¢)
and:
- 1 . a - a
o = W{)‘ P16 = p(v = wp)i |5, } Pane
(65f)

where the evaluation in eqn (65f) is over all points P,g.,
in the REV. Multiplication of the macroscale common
line mass conservation equation, eqn (57), by n%?7 and
subtraction from eqn (65a) yields the entropy balance in
the following form.

Macroscopic entropy balance for the o.fy-common line

By oB
laﬁvpaﬁ’r zg_v . v (laﬂ'y‘Paﬂv) _ laﬁvpaﬁ'rbaﬂ'v
— JeBrpeBY _ Z (égﬂwtj,aﬂ*r + é,;jﬁy)
ij=af, oy By
5 By
+ D, e (66)
e#0,0,7

5 COMMON POINT EQUATIONS

Common points that are the loci of the convergence of
common lines are considered to have no properties.
These points act merely as discontinuities between
common lines and give rise to jump conditions for the
conservation laws. The following point conditions will
have to apply.

Common point condition for mass

~ijk

€agye =0 (67)
ifk=aBy,afe aye, frye

Common point condition for momentum

Sk ifk | ik
ljk=afy,afe ave fvye
Common point condition for energy
. ijk ijk ijky\2
> {675, [EY* + (v7%)? /2]
ijk=afy,afe ave, Bye
ik G Al
+ T;’ﬂ,’e e Q;’ﬁ%} =0 (69)
Common point condition for entropy generation
Sik . ijk | & ijk
A%Pe > @25, + @7 ) =0
ijk=apy, afe,ave Bre
(70)

6 THE SECOND LAW OF THERMODYNAMICS

The development of macroscopic balance laws for a
multiphase system is not complete without an appro-
priate form of the second law of thermodynamics. The
starting point is the general statement of the second law
for a system. The second law prescribes that the net rate
of production of entropy of a system must be non-
negative. In terms of microscopic quantities, this may be
written as

J AdV >0 (71)
14

This equation is a statement that the right-hand side of
general balance eqn (2) is non-negative for the entropy
balance. As with the other macroscopic balance laws,
two approaches for the derivation of the macroscopic
form of the second law are possible.

One approach is to follow the procedure employed
in this work and write eqn (71) for the REV. Because
the system in the REV consists of phases, interfaces,
common lines, and common points, eqn (71) for the
REV becomes

ZQ:JW AdV + ;Lw AdS + %Jcm AdC

+ ) AP >0 (72)

PnB‘yc

Division of this by 8V and the use of averaging
definitions yields the macroscopic form of the second
law

Z A% + ZaaﬂAaﬂ + Z 10[3’7A0ﬁ"i
o af afy

+ 3 A >0 (73)

Pa[?-y(
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We can now substitute for the individual net rates of
production of entropy, A%, A*®, A®?” and A*?", from
eqns (30), (48), (66) and (70), respectively. The resulting
entropy inequality for the whole system at a given
macroscopic point is

S{er -

[e 4

v. (eacpa) " Eapaba}
DByl
af aﬂ 77
DRPL
> <a:;ﬂn'=°ﬂ>}
i=a,f

afy
laﬂ'v apy D 7’
+ g 2

afy

V- (a7

L v (laﬂ'r(’oaﬂv)

_ lﬂﬂ'rpaﬁ‘rbaﬁ'r + Z
j=af,av,Bv

(“;"‘%n""*’)} >0

(74)

where 7' is a reference entropy that may be selected
arbitrarily.

A second approach would be to localize the inequality
(71) at the microscale to obtain

A>0 (75)

A microscale point may lie in a phase, on an interface,
on a common line, or be a common point and inequality
(75) holds at any of these points. Thus, this inequality
can be averaged over a phase, an interface, a common
line, or for a particular common point type within an
REYV to obtain

+ {
afve Lijk=afy,afe,ave,fre

A*>0 (76a)
A% >0 (76b)
AP >0 (76¢)
AP >0 (76d)

Thus, an entropy inequality may be written for each
phase, interface, common line, or common point.
However, further examination of the consequences of
these inequalities will show that the individual entropy
inequalities of eqns (76a) through (76d) are not useful in
the development of the constitutive theory. To see this,
combine the entropy balance (30) with (76a) to obtain
« o D1’

ept — —

o~V (€e) - pb* > Y 855 (77a)

f#a

For this to be a useful expression for determining
constitutive relations, something must be known about
the sign of the term @35 However, such information is

not available; and this entropy exchange term may be
positive, negative or zero. In other words, the macro-
scale entropy inequality cannot be applied to obtain
constitutive relations for one phase that is a part of a
multiphase system without accounting for the inter-
action of that phase with other phases, interfaces, and
common lines. The same difficulty arises when consider-
ing the entropy inequalities for interfaces and common
lines. For the interfaces, the common lines, and the
common points, the following equations are obtained
from eqns (48), (66) and (70), respectively

af _af Daﬁnaﬂ af af af afiaf
a®"p Tt—V-(a %) — a*p*’b
B CT LIRS DL
i=a,f v#a,8 i=a,f
(77b)
Dby by
laﬂ'rpaﬂ'v T’Z -v. (lalh‘Paﬂ'V) - laﬁvpaﬂvbaﬂ'y
bY@y
ij=ap,ay, By
> ¥ e S8, 0w
e#a,B,y ij=af, ay,By
and
~ijk
(lxjﬂ'ven
ifk=apy,afe,ave, fve
2 ijk
> — @Zﬁ,ﬂ (77d)

ijk=afy, afe ave fye

Unless a phase, interface, or common line does not
interact with its adjacent interface, common line, or
common point, the only way to eliminate the exchange
terms from these individual entropy expressions is to
sum inequalities (77a) through (77d). The resulting
equation is the same as inequality (74) obtained via the
first approach. This inequality is very important and has
a central role in the derivation of constitutive equations.
To actually use eqn (74) in deriving constitutive
equations, it is convenient to write it in terms of the rate
of change of Helmholtz free energy rather than in terms
of rate of change of entropy. For the phases, the free
energy per unit mass will be employed such that:

A% = E* — 0% (78)

For the interfaces, it is convenient to work with
thermodynamic properties defined on a per unit area
basis such that

FoP = prBgab (79a)

where #*? is a thermodynamic property of an af
interface defined on a per unit mass basis and % # is the
same property on a per unit area basis. With this
notation, the Helmholtz free energy per unit area is

/iaﬁ — Eaﬁ - gaﬂﬁaﬂ — paﬂEaﬂ - oaﬂpaﬁnaﬂ (79b)
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Similarly, the thermodynamic properties of the common
line may be defined per unit length with

Fobr — paﬁ"/gzaﬂ‘r (80a)

where % °#7 is a thermodynamic property of an afy
common line defined on a per unit mass basis and & *#
is the same property on a per unit length basis. The
Helmbholtz free energy per unit length is

A%BY — foby _ gaﬂ'rﬁaﬂw

_ paﬁ7E0ﬂ7 _ gaﬂ’vpﬂﬂ’vnaﬂv (80b)
Material derivatives of the definitions of free energy can
be related to material derivatives of entropy and
substituted into eqn (74). Additionally, the energy and
momentum equations can be employed to eliminate
other terms that arise. The result of these algebraic
manipulations is the entropy inequality in the following
form.
Entropy inequality in terms of Helmholtz free energy

Eapa DQA(I aDaaa 6& o
_ —t%.d“

_ Z 1 Daﬁ( ab g ﬁ) aﬂ,f’aﬁ Daﬂgaﬂ
goB Dt Dt

+Z ga7 ( safj A%1) 4% -3 oaﬂw

afy
Daﬁ"/gaﬁ'r

y Daﬁ’y(laﬂ”’fiaﬁ’y) +laﬁ7ﬁaﬁ'y
Dt Dt

af 408y afy
+2ﬁ:00m(c T—4°P1):d
afy

_Z }: oalm ngv'”aﬁ’am

af y#a,B
1 .
"X 3 e T
a f(#a
Foby | gefnr
afy eFo, B,y

af
o a af B
\ +2;(0aﬁ)2q -Vo*

+Z )Zq

+ Z qaﬂv v/ Llikd

afy (

v [o(e )
o2

62572

azﬂ; [ gaﬁ'y
hh
aﬂ af af _

y
_Z [laﬂ'ypaﬂv (baﬂv Zaﬁv)}
afly
—Z Z ea,(i [Aa+na0aaﬂ+ ( aa,@)Z]

o ﬂ#a
Aaﬁ afpaf,afy
_ €agy E o afafyy2
Z Z by g8 +3 (U )
af *raéaﬂ

2By [Eaﬁ‘r@aﬂ%

_Z Z QM gosy % aﬂ% }

afy e#o,8,y
st
- Xa: ;1 aaoaﬂ Qaﬂ ; Z Gaﬂaaﬂ'y Qa,@'y
_zﬁ: #X:ﬂ Baﬁ'yer gg:yye 20 (81)
afy e#a,B,y

where 6" is an arbitrary reference temperature. After
hypothesizing constitutive dependencies for the free
energy, this equation may be used to develop constitutive
forms and macroscale thermodynamic relations.

7 MASSLESS INTERFACES AND COMMON
LINES

7.1 Interface and common line mass conservation
equations

An interesting and important special case of an interface
between phases is when the interface can be considered
to be massless. For this case, p*° — 0, and eqn (39)
reduces to the following form.

Macroscale mass conservation at a massless af3-
interface

ey +el,=0 (82a)
and
e =0 (82b)

Thus eqn (82a) indicates that the mass leaving a phase
on one side of an interface is transferred directly to the
phase on the other side of the interface such that the
interface itself stores no mass. Equation (82b) indicates
that no mass can be transferred between a massless
interface and a common line.

When the common line is massless such that
%7 0, eqn (57) simplifies and provides restrictions
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on the exchange of mass between the common line and
the surfaces that form the line and between the common
line and common points.

Macroscale mass conservation for a massless ofy-
common line

620 +ely +eél =0 (83a)
and
e =0 (83b)

Equation (83a) states that the mass transferred among
interfaces at a common line takes place such that the
common line itself holds no mass. If the interfaces
themselves are also massless, then constraint (83a)
simplifies further so that each term on the left-hand
side is zero as in eqn (82b). Equation (83b) indicates that
a massless common line cannot transfer mass at a
common point.

7.2 Interface and common line momentum conservation
equations

When the interface is massless, it may nevertheless
sustain a stress. So, in the limit where p“ﬂ — 0, the
momentum balance eqn (41) still provides a restriction
on the interface as well as on its exchange of momentum
with neighboring phases and common lines.

Macroscale momentum conservation for a massless o3-
interface

—V . (a®8°F) = — T2y — TP — 62507

+ 3 1 (84)
Y#a,8

where v 8 = v® — 7.

When the common line is massless and is also the
location where massless interfaces come together, it may
nevertheless sustain a stress. Thus, in the limit where
p"‘ﬂ" — 0, the equation for stress in the common line is
obtained from eqn (59) as the following.

Macroscale momentum conservation for a massless
afy-common line

_Vv. [laﬁVCaﬁv] — _égg’yvaﬂ,av _ é5g7057'07

- Y T+ ) T

ij=af.a,8 e By
(85)

Note that if the interfaces are massless, as well as the
common line, the first two terms on the right-hand side
of eqn (85) will also be zero by constraint (82b).

7.3 Interface and common line energy balance equations
For the situation where the interface may be considered

massless, internal energy and the external source term
must be converted from a per-unit-mass basis to a per-

unit-area basis. This may be done directly by defining

E®S = lim (p*PE*P) (86a)
paB_,O
and
h%8 = lim (p*PhoP) (86b)
pf—0

Use of these definitions in eqn (45a), noting that the
kinetic energy of the interface will be zero, use of
momentum constraint (84), and application of the
restrictions on the mass exchange terms through a
massless interface given by eqn (82a) gives the following.

Macroscale energy conservation for a massless af3-
interface

Daﬂ(aaﬂﬁaﬂ)
Dt
—a*Ppef . (aaﬁq"ﬁ)

= D 025, elE™ +1/2(v™%)]
v#o,B

= ) [Tig-v"7 + 0l (87)

i=a, B

—a®f(8°P — E°PT) . Vof

In similar fashion, when the common line may be
considered massless, internal energy and the external
source term must be converted from a ‘per unit mass’
basis to a ‘per unit length’ basis with the definitions

E®PY = lim (p*PYEPT) (88a)
pud'y_,o
and
Re%Y = lim (p*#7h*P) (88b)
paﬂv_,o

Use of these definitions in eqn (63a) and application of
the restrictions on the mass exchange terms through a
massless interface given by eqns (83a) and (83b) subject
to momentum constraint (85) gives the following.

Macroscale energy conservation of a massless of3y-
common line

Daﬂ’r(laﬂvﬁ'a[ﬁ)
Dt
_jaBrjebr _ . (lﬂﬂ'rqaﬂ”y)

— laﬁ"f(caﬂv — Ealﬁl) vl

—_ _éggv{Eaﬁ.ﬂ'v
+ l/z[vaﬂ,ﬂv(vaﬂ,aﬁ’y + vﬂ%ﬂtﬂﬁ)ﬁ}
- “ag {Ea%ﬁ'v_’_ l/z[vav,ﬁV(vav,aﬁ7+Uﬂmaﬂ'r)]2}
afy

+ 2 0 D

e£a,8,7 ij=af,av,By

Fij ij, a0 AU
[Taﬂ'r'v 7+Qaﬂ'v]

(89)

If the interfaces are also massless, the quantities ézg

and &3 will also be zero because of constraint (82b).
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7.4 Interface and common line entropy balance equations

For the case where the interface is essentially massless,
entropy per unit area and a source term per unit area
may be defined, respectively, as

7% = lim (p*"n*) (90a)
p*’—0

b8 = lim (p*Pp°P) (90b)
pB—0

Use of these relations, along with restrictions (83a) and
(83b), in eqn (47a) yields the following entropy relation.
Macroscopic entropy balance for a massless of-
interface
D (a5°%)
Dt
— V- (a*PpB) — goBpoFs

=aaﬁAaﬂ_é3ﬂna,ﬂ_ Z ci)ziﬂ‘}‘ Z @:gv
i=a,f r#a,8
(91)

+ a“ﬂﬁaﬁl : Vs

When the common line is massless, entropy per unit
length and a source term per unit length are defined,
respectively, as

7%%7 = lim (p*f'n>A7) (92a)
puﬂ‘r._,()
and
5% = lim (p*#p>P7) (92b)
poﬂw_,g

Use of these relations, along with conditions and (83a)
and (83b), in eqn (65a) yields the following entropy
relation.
Macroscopic entropy balance for a massless af3y-
common line
Daﬂv(laBVﬁaﬂw)
Dt
-v. (laﬂ'r(Paﬂ'v) — [jaBrjeBy

+ laﬁvﬁaﬁ’rl . V,Uaﬁ‘v

_ jaB B saf aB By _ jav jav,fBy
= [*PYARTT — é0p n®P P — Capy

B -XeTcd
- > @t Y g (93)
ij=af,av,By e, By

If the interfaces are also massless, the quantities é257

and é,3. will also be zero because of constraint (82b).

8 JUMP CONDITIONS FOR INTERFACES
WITHOUT PROPERTIES

When all properties of the interfaces and common lines
are negligible, the interfaces act merely as surfaces of
discontinuity between phases. These conditions give rise
to the standard jump conditions for the conservation

laws. These jump conditions are obtained by examina-
tion of the interface balance equations; and with all
terms that relate to properties of the interface and to
exchange with the common lines eliminated, the jump
balance equations are obtained. The jump condition for
mass conservation, from eqn (39), is as follows.

Jump condition for massless interface

D éhs=0 (94)
i=a,f
The jump condition for momentum conservation is
obtained from eqn (40a).
Jump condition for a stress-free, massless interface

> (@hgv'+ Tip) =0 (95)
i=a,f
For energy conservation, the jump condition is obtained
from eqn (45a).
Jump condition for a massless interface that cannot
store energy

D {eiglE + W' /2 + Tog-v'+ Qagl =0 (96)

i=a,0
The jump condition for entropy can be most easily
obtained by considering eqn (91). If the interface
possesses no entropy, no entropy fluxes or body source
terms exist in the interface, and the interface does not
exchange entropy with a common line, eqn (91) reduces
to the following.

Jump condition for the entropy balance for a singular
interface

a® AP = N (ehan' + Bip) =0 97)

i=a, 8

9 JUMP CONDITIONS FOR COMMON LINES
WITHOUT PROPERTIES

When all properties of the common lines (and accu-
mulation points), though not necessarily of the inter-
faces, are negligible, the common lines act merely as
discontinuities between interfaces. These conditions give
rise to jump conditions for the conservation laws. They
are obtained by setting the left side of the common line
equations to zero and neglecting transport to accumula-
tion points. The jump condition for mass conservation,
from eqn (57), is as follows.
Jump condition for massless common line

Y &, =0 (58)
ij=af,ay,By

The jump condition for momentum conservation is
obtained from eqn (59).
Jump condition for a stress-free, massless common line

Z (62, v" + TJ,)=0 (99)
ij=aB,av,0v
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For energy conservation, the jump condition is obtained
from eqn (63a) to yield the following.
Jump condition for a massless common line that cannot
store energy
Yo {ed, BV + ")/
ij=af,ay, By

+ T v+ 07, 1 =0 (100)

The jump condition for entropy when the interface
between phases is considered to be merely a singular
surface is obtained from eqn (93) as the following.

Jump condition for the entropy balance for a singular
common line

JeBY A @By _ Z (53§7nij + (i)gﬂy) =0 (101)
ij=ap,av, By

10 CONCLUSION

Global conservation equations written in terms of
microscale continuum values can be localized to the
macroscale by use of the theorems that have been
developed here. The equations that result account for
interphase transfer processes as source terms. Equations
are obtained for interfaces, common lines, and common
points as well as for phases. The coupling among phases,
interfaces, and common lines is naturally accounted
for. It is noted that the orientations of interfaces and
common lines are lost when viewed at the macroscale.
In fact, these regions are governed by equations
similar to those for phases with the exchange terms
modified appropriately. Additionally, the interface,
common line, and common point equations are
written for the case when these regions are massless
but still capable of sustaining a stress or transporting
energy.

The entropy exchange terms have been shown to be
important when considering the form of the entropy
inequality useful for development of constitutive equa-
tions. The entropy equations for each phase, interface,
common line, and common point type must be
combined to eliminate exchange terms among these
different regions. The resulting form, or forms, may
then be used to obtain constraints on an allowable
dependence of constitutive functions on independent
variables.

Equations for species transport in a multi-phase
system may also be obtained as a special case of the
general transport equations. However, incorporation of
this phenomenon into the entropy inequality when
phase change must be considered, requires that the
momentum and energy equations also be developed for
each species as in Hassanizadeh."* Consideration of
this case will significantly complicate the process of
exploitation of the entropy inequality in a systematic
fashion.
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