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The macroscopic porous medium equations for mass, momentum, and energy transport for air,
water, and solid phases and the interfaces between these phases are examined in light of the second
law of thermodynamics. Attention is focused on the momentum balance for the water phase.
Appropriate forms of the momentum balance are obtained, in general, for the slow flow situation and
for the case when the water phase completely wets the solid. This last case suggests that the relative
wettability of the water and air phases is an important dependent thérmodynamic variable which
contributes to the hysteretic nature of the capillary pressure versus saturation curve.

INTRODUCTION

One problem of enduring interest in water resources is the
unsaturated flow of water in dry or partially saturated soil.
This phenomenon has been attacked from experimental and
theoretical perspectives since at least the beginning of this
century. Sposito [1986] attributes the beginnings of the study
of soil water flow as a subdiscipline of physics to the
fundamental work of Buckingham [1907]. The equation still
employed today in modeling unsaturated flow is the Darcy-
Buckingham equation, an extended version of Darcy’s law
which allows for a saturation dependent permeability and a
capillary potential in place of pressure. Marino and Luthin
[1982] state that water flow through porous media follows
Darcy’s law and concur with Hillel’s [1980] statement that
perhaps the most important difference between unsaturated
and saturated flow is in the hydraulic conductivity.
Scheidegger [1974] notes that extensions of Darcy’s law to
multiple phase flow is only theoretical speculation. He points
to the phenomenon of hysteresis in wettability as indicative
of some of the limitations of the approach.

As a logical progression, one should first obtain unsatur-
ated flow equations from basic principles of physics and then
infer the saturated flow equations as a special case. The
reverse has been the general practice so far. Thus the
application of Darcy’s law to treat multiphase flow, and in
particular unsaturated flow, should be expected to have
shortcomings. From a practical point of view the interface
between the air and water, a physical boundary which does
not exist in single-phase flow, is an important attribute of
unsaturated flow. Darcy’s law, and its extensions based on
redefining single-phase flow parameters, does not account
explicitly for such interfaces or for the preferential attraction
of one fluid to the solid in comparison to another. This
problem has been widely recognized, and as a result, studies
of interfacial phenomena have been performed. The work of
Miller and Noegi [1985] provides extensive information
concerning interfacial thermodynamics and that of Morrow
[1970] provides a succinct discussion of surface energetics
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and how they are reflected in capillary phenomena. Standard
topics for inclusion in books treating multiphase or unsatur-
ated flow are the Young-Laplace equation relating capillary
pressure to surface curvature and the attribution of hyster-
etic effects to contact angle changes between imbibition and
drainage, the “‘ink bottle’” effect, and Haines jumps [e.g.,
Corey, 1977; Hillel, 1980; Greenkorn, 1983; Bear and Ver-
ruijt, 1987]. All these topics deal with phenomena occurring
at the microscale. Nevertheless, the transfer of understand-
ing of microscale occurrences to the porous medium scale
has been difficult.

As an indication of the confusion that exists concerning
the scale at which equations are formulated, one might
consider the Young-Laplace equation. This equation which
relates capillary pressure to radius of curvature of an inter-
face between phases is, in fact, merely the equilibrium form
of the surface momentum equation at the microscale. The
current development is not explicitly concerned with this
scale but considers a larger scale, the macroscale. The
macroscale is usually not defined precisely but is a length
scale small enough to be considered infinitesimal with re-
spect to the length scale of the system under consideration
and large enough to provide a function field which does not
fluctuate with small changes in the length scale. At the
macroscale one does not observe ‘‘contact angles’” or ‘‘cur-
vature of interfaces’’ but only the impact of these subscale
phenomena on the system behavior. This study deals with
fully dynamic equations at the macroscale and leads to a
definition of capillary pressure which depends on indepen-
dent variables observed on that scale. The literature some-
times tends to mix scales in that hysteresis in the capillary
pressure as a function of saturation is discussed in terms of
contact angles. A more systematic approach would provide
an explanation for microscopic behavior in terms of micro-
scopic properties and an explanation of macroscopic behav-
ior in terms of macroscopic properties. Thus hysteresis in
capillary pressure should be studied in terms of interfacial
area per unit volume of medium rather than in terms of the
radius of curvature of an interface.

A concurrent line of research is aimed at obtaining theo-
retically sound understanding of porous media phenomena at
the scale consistent with Darcy’s law, that is, much greater
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than the scale of a single pore. The technique of averaging
equations to affect a change in scale has increased in
popularity. The fundamental tools of this approach are
averaging theorems which relate the average of a derivative
to the derivative of the average, thus allowing a rigorous
change in scale [Anderson and Jackson, 1967; Whitaker,
1967; Gray and Lee, 1977]. This technique does indeed
produce equations for the water, soil, and air phases, but it
also leads to complications in that constitutive relations are
needed for the variables that arise because of averaging.
Recently, Gray and Hassanizadeh [1989] have also provided
theorems which allow a change of scale to be accomplished
for the interface equations. Although these equations de-
scribe interfacial behavior at the macroscale, they com-
pound the overall problem by introducing even more un-
knowns and functions requiring constitutive approximation.

Fortunately, a tool exists for developing constitutive func-
tions in a systematic manner. This procedure has the attrac-
tive feature that it also leads to a consistent thermodynamic
description at the macroscale and assures that the second
law of thermodynamics is not violated. This method is based
on the procedure of Coleman and Noll [1963] for exploita-
tion of the entropy inequality. This procedure provides a
framework in which assumptions can be consistently em-
ployed to simplify the problem description and which helps
identify areas of experimental need.

The main purpose of the work here is to provide a
fundamental basis on which to advance theories of mul-
tiphase flow in general, and unsaturated flow in particular,
without appealing to concepts developed for single-phase,
saturated flow. Attention is directed primarily at examina-
tion of the momentum balance equation for the water phase
during unsaturated flow. However, the Coleman and Noll
method requires that all balance equations for phases and
interfaces be examined simultaneously. Since here the focus
will be on momentum transfer, the discussion of constitutive
results obtained for the energy equations will be minimized.
Furthermore, it must be pointed out that the inclusion of
interface balance equations in the overall problem formula-
tion is an important feature in that it allows the dependence
of phase properties on interface properties to be consistently
treated. Thus although the goal here is to provide insight on
the momentum equation for the water phase, the inclusion of
phenomena of secondary interest, such as interface momen-
tum, is essential.

BALANCE EQUATIONS

The balance equations on which this theory for unsatur-
ated flow is to be based are obtained by averaging of
microscopic equations for each of the phases as well as for
the interfaces between phases. In this section an abbreviated
description of the procedure employed is presented with
more extensive details available in papers by Gray and
Hassanizadeh [1989] and Hassanizadeh and Gray [1990] for
a general three-phase system.

Consider a porous media system composed of air, water,
and solid phases separated at the microscale by interfaces
which possess thermodynamic properties. Microscale bal-
ance equations for mass, momentum, energy, and entropy
for each bulk phase « are averaged over that phase within a
representative elementary volume to obtain macroscale
equations of the form
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TABLE 1. Symbols Used in (15) to Obtain Specific Balance
Formulas for Phase a
Equation Y i fe aB ve
Momentum ve t* g ap 0
Internal energy E® q° he 0%s 0
Entropy % ©° be b2 AC
Mass
D ap a D a £ a
e” +p@ +p%E Vv =D, 2% (la)
Dt Dt
B¥a
Momentum, energy, and entropy
a a )
Eapa R V'(sai“) - Eapafa = Z j:ﬁ + \Pa
Dt
B#a
(1)

where D%/Dt = 3/3t + v* -V, v is the velocity of the a
phase, £ is the volume fraction of phase a, p® is the mass of
« per unit volume of a phase, ¢* is the phase property of
interest, i* accounts for the dispersive transport of ¢, f* is
the external supply of ¢%, & 73 is the rate of transport of mass
from the af interface to phase a, I 75 is the rate of transport
of ¢° from all oB interfaces (B # a) to phase a, and ¢ is the
net rate of production of * per unit volume of porous
medium. Equations (1a) and (1b) may be written for the air,
water, and solid phases by letting « (and B) take on the
values a, w, and s, respectively, and letting the af interface
be denoted as wa, ws, and as, respectively (note that an «f
interface is equivalent to a Be interface). Symbols for
balances of particular properties for (1) are given in Table
1.

In addition, the microscale balance equations for an
interface af3 separating the « and B phases are averaged over
the interface within an averaging volume to obtain macro-
scale equations:

Mass
aB  aB aBraB
re# b +a®f pr + a®Prefy. weob
Dt
=-eig-efg+ell ()
Momentum, energy, and entropy
aB . aB
abros 2V g (a®Pi®P) — a*PrePfep
Dt
= -[gp+ 225w — P = [[8 + 28,y P — y°P)]
+JoB 4+ yob (2b)

aws

where D°A/Dt = 3/3t + w®8 - V, we is the velocity of the
of interface, a®®? is the area of the af interface per unit
volume of porous medium, I'*# is the mass of a8 per unit
area of af interface, ¢°* is the interface property of interest,
i“B accounts for the rate of transport of ¢°# in the interface,
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TABLE 2. Symbols Used in (2b) to Obtain Specific Balance
Formulas for Interface of

Equation yoB ief fe8 128, yeb
Momentum wob gab g $28, 0
Internal energy E“P q°f heP =2, 0
Entropy 7% of bk b2k AP

The quantities f apand ¢ (2b) are the same as for the correspond-
ing phase equation (1b).

feB is the external supply of ¢, the terms in brackets on the
right side account for transfer of ¢*# from the af interface to
the o and B phases, &28; accounts for the transport of mass
from a contact curve aws (where the three phase interfaces
intersect) to the o interface, f 28, accounts for the transport
of ¢ from a contact curve aws to the apinterface, and Yo
is the net rate of production of ¥*# per unit volume of porous
medium. Equations (2a) and (2b) are written for each of the
three af interfaces, wa, ws, and as. The symbols for
balance of particular properties for use in (2b) are given in
Table 2.

The contact line is considered to possess no properties
itself, and therefore the transfer of mass to a contact line is
restricted by

(3a)
aB

and the transfer of *# to a contact line is restricted by

D (Feb v ecbyr)=0 (3b)
aB

where 28 is the mass transfer to the of interface from
other interfaces via the contact line. The stress tensors t®
and S%® can be proven to be symmetric. Macroscopic
temperature is defined by considering entropy fluxes to be
solely due to heat input and considering entropy external
source terms to be due only to external energy sources such
that % = q*/T*, b® = h®/T®, ¢*F = q°B/T*B_ and
b*F = h*PIT*F  where T® is the temperature of the a
phase, T°f is the temperature of the af interface, and the
other symbols are given in Tables 1 and 2.

The requirement that the total entropy change for the
system must be positive is equivalent to requiring the sum of
the entropy production terms in the six entropy equations to
be positive. This statement is the second law of thermody-
namics and can be mathematically expressed by

A= A"+ > A% =0 )
a af

Because (1) and (2) contain more unknowns than equa-
tions, constitutive representations will be needed for some of
the variables. Equations (3) and (4) will be used subse-
quently to restrict the forms of these constitutive relation-
ships as well as to obtain relationships among macroscopic
thermodynamic variables.

CONSTITUTIVE THEORY

Equations (1) and (2) comprise 30 equations for 35 primary
unknowns:
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€, 8", P, VY, v, FY, T%, a%f TP, weP 1ok (5)

a=w,a,s af =wa, ws, as
where F* is the displacement vector of the solid phase, ¢ is
the void fraction (i.e., e = 1 — ¢), and s” is the water
phase saturation (¢* = s¥¢ and €% = s%, where s% = 1 —
s"). The balance laws obtained from (1) and (2) are supple-
mented by constitutive relationships for the following un-
knowns:

A%, AP 1o, 5B T2, 828, q°, q°P,
Q:pv Q:ues’ 7%, 77"’3, e:ﬁ’ é:ues (6)

a=w,a,s af = wa, ws, as

where A%(= E* — T*7°) and A®F(= E*F — T°ByB) are
the Helmholtz free energies per unit mass of the a phase and
af interface, respectively. The five-equation deficit for the
primary variables in list (5) is eliminated by also requiring
constitutive forms for

é, &w’ &wa’ aws, ha: (7)

where the overdot indicates a time derivative taken moving
with the solid phase (i.e., £ = D%¢/Dt, etc.). In providing
constitutive forms for 228, §28 and @28, the constraint
equations (3a) and (3b) must be satisfied.

At this point, to complete the constitutive formulation, the
variables listed in (6) and (7) must be allowed to depend on
some set of independent variables drawn from the primary
variables listed in (5) as well as some time and space
derivatives of these variables. This selection of independent
variables is crucial to the success of the theory. Not includ-
ing some independent variables can cause the scope of
problems described to be very limited. Allowance for depen-
dence on too many independent variables can lead to equa-
tions which are far more general than required. Although
such a description is acceptable from the point of view of a
theoretical description, on a practical level it makes the
manipulations to ensure satisfaction of the entropy inequal-
ity excessively complex, and it greatly complicates the
laboratory experimental effort which must be undertaken to
determine the specific forms of the general constitutive
functions and coefficients in the final equations.

The independent variables selected here, which also sat-
isfy the principle of material frame indifference, are

pa’ FaB’ va.s’ waﬁ,s’ E:’ Ta’ VT“,
e, Ve, s*, Vs”, a®B, Vq©P (8)

a=w,a,s af = wa, ws, as

where E° is the solid phase stress tensor, and the comma in
the superscripts is used to indicate a relative value of
velocity (e.g., v®*° = v® — v¥ and w*F* = woB — v5) Ag
a general approach, each variable listed in (6) and (7) would
be allowed to depend on all of the variables in list (8). Then
application of the entropy inequality serves, with great
effort, to eliminate some of the dependences as infeasible.
This approach is particularly cumbersome if the Helmholtz
free energy is allowed this general dependence because the
chain rule for differentiation with respect to time must be
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applied to each A and A *# in applying the entropy inequal-
ity. Thus a judicious choice of dependence for the free
energy can be a great boon in simplifying the subsequent
calculations as well as providing a coherent and tractable
description of a reasonably general system.

The Helmholtz free energy must describe the thermody-
namic state of each phase and interface. For the case of a
porous medium, where the free energy is a macroscopic
property, the changes in free energy of a phase should be
reflective of changes within that phase as well as of interac-
tion between a phase and its surroundings. Here, the depen-
dence will be assumed to be captured adequately for the
water phase by allowing its free energy per unit mass, A", to
depend on the density of the water phase, p*, the temper-
ature of the water phase, T%, and the amount of bounding
area of the water phase within the volume as measured by
the area of wa interface per unit volume of water, a™4/
(s™¢), and the area of ws interface per unit volume of water,
a"*/(s"” g). Note that the inclusion of the bounding areas per
unit volume of water is a macroscopic measure of the
microscopic curvature of the interface between the water
phase and the air and solid phases. Inclusion of a™* and a™*
among the independent variables is only possible in a con-
text which includes balance equations for the interfaces such
that these variables appear in the theory. Of course, the free
energy of the water phase might, in reality, also depend on
other quantities, such as I'*? and I'**, but these dependen-
cies are assumed to be small. The two area per unit volume
variables selected are taken to provide a reasonable indica-
tion of the way the water phase is distributed within the
porous medium and thus its energy state.

Similar dependences are allowed for the air and solid
phases on their bounding areas (i.e., the air phase surface
areas per air phase volume are a®*/(s%¢) and a"?/(s%¢), and
the solid phase surface areas per unit volume of solid are
a®/(1 — &) and a”/(1 — ¢)). The solid is also taken to
depend on its strain tensor E°. Thus for each of the phases
the free energy is assumed constitutive dependence on
independent variables in list (8) as follows:

A\V____AW(pW, TW, awa’ aWS’ s“” 8) (90)
A%=A%p? T% a%, a®, s, ¢) (9b)
A*=A%p*, T°, E°, a™, a®) (9¢)

(Note that explicit dependence of A® on ¢ is not listed
because with &3z, p°, and E” specified, ¢ is determined.)
By analogous reasoning, the Helmholtz free energy per

unit mass of an interface is allowed to depend on its density

and temperature as well as its area per unit volume of
adjacent phases. Again, the inclusion of independent vari-
ables describing area per unit volume provides a measure of
the curvature of the interface. There the interfacial free
energies are assigned the constitutive dependences

Awa=Awa(rwa, Twa’ awa’ SW, 8) (loa)
AWS=AW$(I'\WS, Tws’ aws’ Sw, 8) (10b)
Aas____Aas(I-\a:, Ta."’ aas’ Sw, 8) (IOC)

Although the free energies are restricted to the above
dependences, the other constitutive functions are allowed
full dependence on all the independent variables. This allow-
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ance does not complicate the application of the entropy
inequality, but in experimental verification of the theory a
reduced dependence is likely to be sought.

ENTROPY INEQUALITY RESULTS

The procedure for application of the entropy inequality
has been presented in detail by Hassanizadeh and Gray
[1990] for the simplified case where the dependence of phase
free energy on interfacial area and porosity is not included.
Because the manipulations needed here are similar in con-
tent through somewhat more complex, they will not be
presented in detail. However, the full entropy inequality
obtained is presented in the appendix as the precursor of the
results to be indicated here.

Because quantities in braces in (Al) are multiplied by
D°T/Dt, D*BT*8/D¢t, d*, or d*#, which are not indepen-
dent variables, these quantities must be zero. Therefore with
introduction of the symbols p® and y*# where

a ay2 aA“
p*=(% ope a=w,a,s (11a)
» aAaﬁ ) aB
v = (08 —p=—a®fT*f —25  (11b)

aB = wa, ws, as

the following equations must hold:

t* = —p?l a=w, a, (12a)
tf= —p°l + 1 (12b)
T 9A°
t: = p*(GRADF®)" - PY=r (GRADF?®) (12¢)
dA®
n= —7e a=w,a,s (13a)
aA P
nef = ~57eF af = wa, ws, as (13b)
S8 = .yaB| apB = wa, ws, as (14)

In these relations, p * is thus the macroscopic pressure of the
a phase, y*# is the macroscopic interfacial tension of the o8
interface, and t; is the effective stress tensor of the solid
phase at the macroscale. The second equality in (115) is not
readily apparent from (Al) but may be deduced from a
similar equation obtained using I'*# instead of a®# as
dependent variables.

For the remaining discussion a quasi-equilibrium approx-
imation will be used such that the temperatures of each
phase and interface at a point in the system are taken to be
equal. The condition is not imposed that the temperature is
uniform throughout the system but only that at each point
one temperature is sufficient to characterize the state. This
approximation is not made of necessity but only to simplify
the subsequent discussion in which mass and momentum
transfer are given primary attention and energy transport is
only of secondary interest.

At equilibrium, (i.e., when v®*, woPs, VT, & 5%, a®f,
é.p> and & :f, are zero), the bracketed quantities in (A1) will



GRAY AND HASSANIZADEH: INTERFACIAL PHENOMENA IN UNSATURATED FLow

each be zero. These quantities can thus be expressed as the
sum of an equilibrium part and a nonequilibrium part which
is zero at equilibrium. Therefore the terms multiplied by v**
and w*A* may be written

. dA“ dA“
2 Tap=pV(es®) — pes” Va“’"+5:1~;; Va®*

wa
B#a da
0A ¢ A
+ wvsw+a -Vel|+ 79 a=w,a (15)
8 -
. X . A B AR
S2k - gﬁ—T£B=—r°ﬁa“B[ o VT —— Ve

+ 528 afB = wa, ws, as (16)

where #* and #*? are zero at equilibrium.

Equations (15) and (16) are conveniently substituted into
the momentum balances for the fluid phases and the inter-
faces, respectively, to yield

a Dava a a a aAa wa “ as
p Dr +Vp®—p%g+p aaana +—a;-;Va
A% A% [
+m‘ sz‘i'-g‘e"“VS =:f-; a=w, a 17
aﬁwaﬁ
FaBaaﬁw _V(aaﬁyaﬁ)_raﬁaaﬁg
dA P dA P
+T%Bg Bl ys¥ + —— - V¢
as" de
=elwePe 4 B wob P 4 job (18)

af = wa, ws, as

These equations will be examined in more detail when
linearized constitutive relations for #* and +*# are employed.
However, first some remarks are appropriate concerning
other terms in entropy equation (Al) which are zero at
equilibrium.

The quantity in brackets multiplying & must be zero at
equilibrium and expresses a relationship among the pres-
sures of the three phases. If the void fraction potential is
designated Z, where

dAY dA° AP
+ 5% % + Z reBgab
E
ap

Z=5"p"e (19)

de

then the value of this function when the phases and inter-
faces are at equilibrium is given by

Z=(p"s"+ps®—p°), (20)
Note that when the dependence of the free energies on void
fraction is small such that Z is zero, (20) reduces to the
commonly employed relation that the pressure in the solid
phase is equal to the saturation-weighted sum of pressures in
the fluid phases [e.g., Schrefler et al., 1990].

The bracketed quantities which multiply a®# are also zero
at equilibrium and express a relation between the change in
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free energy of the phases, with the area separating them. The
equilibrium relations are

pVes” i£+p“es" il =0 21a)
da™* da™?
w s

p"es” aws+p’(1 —€) aa””=0 (21b)
a s

p“es”al—;;+p’(l~e) ;1-,;;=0 (21¢)

The grouping in brackets which multiplies §* in (Al) is
also zero at equilibrium. Let the capillary pressure p¢ be
defined by

dA™ dA° 3A=h
Cm e pWeg? —— 59 _ FaBaaB .
ep P as® as® z as"™
ap
(22)
Then at equilibrium the multiplier of §" indicates
ep =¢e(p®—p"). (23)

The definition of capillary pressure given in (22) provides
this function directly and independently of p¢ and p* and
shows that p €, in general, depends on independent variables
as follows:

pc___pC(Sw, €, awa, aWS’ aas’ pW, pa, T, rwa’ rws, l"aS)
(24)

At equilibrium the capillary pressure given in (22), with
functional dependence as indicated in (24), will be equal to
the difference in pressure between the air and water phases.
Typically, p€ is assumed to be a function of s*, the fluid
pairs through p* and p?, the solid configuration as evi-
denced in ¢, and temperature T. Therefore the principal
difference between (24) and the common p¢ — s" relation
lies in the inclusion of interfacial areas and surface densities.

It should be noted that the entropy inequality also pro-
vides information regarding the heat flux terms. In particu-
lar, at equilibrium, q%, q°#, and O 28, are all zero. Further-
more, at equilibrium the Gibbs free energy per unit mass for
each phase and interface will be equal. This last result is
satisfying in that it is consistent with the microscopic con-
dition of equilibrium.

The equations developed in this section are very rich,
general balance relationships. Although the functional de-
pendence of constitutive forms is provided, the specific form
is not obtained. Thus the equations are both valuable and
difficult to work with because of their generality. In subse-
quent sections some simplifying assumptions will be made
which sequentially will restrict the applicability of the equa-
tions to smaller sets of problems. The restrictions which will
be applied here are utilized with the intention of obtaining a
relatively simple description of unsaturated flow problems.
If one is interested in a different flow situation, alternative
appropriate restrictions may be applied, or one of the more
general cases can be used. The important feature to notice is
that the relatively simple equations for unsaturated flow are
obtained as a special case of a general theory rooted in
conservation principles and not as a generalized case of a
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simple theory such as Darcy’s equation for saturated single-
phase flow.

LINEARIZED EQUATIONS OF MOTION

The key postulates to this point regard the functional
dependence of the free energy as stated in (9) and (10). These
postulates led to the momentum equations (17) and (18) for
the fluid phases and the interfaces, respectively, as well as
several useful equilibrium relationships given as (20), (21),
and (23). The constitutive functions which are zero at
equilibrium (7%, %8, 5%, a®#, & will now be linearized in
light of the entropy inequality. This is tantamount to making
a Taylor series expansion around the equilibrium state and
neglecting higher-order terms. The fact that the constitutive
assumptions are to be linearized does not influence any
conclusions that will be drawn concerning the equilibrium
state of the system (i.e., only the dynamic state will be
influenced). Attention will be restricted to the constitutive
functions important for the momentum equation in that
linearizations of constitutive variables in the energy equation
will not be considered. A general momentum equation
making use of linearized constitutive function will be pre-
sented with attention then successively shifted to more
specialized cases.

Case 1: Linearized Constitutive Equation
With Negligible Mass Transfer Terms

For this case the transfer of mass from the phases to the
interfaces will be considered negligible in contributing to
momentum transfer. Also, the temperature gradient will not
be considered a driving force for the flow. The nonequilib-
rium term 7% for phase a which arises from an integration
over the interface of the a phase with other phases is
assumed to depend on the velocity of that phase and of the
bounding interfaces but not on other phase or interface
velocities. Thus equation (17) becomes

D%*
Pt VP —pfgt et
dA ¢ 3A* « dA®
b—*—w—‘;Va"’“+5—‘;;;Va“’+ Vs¥+—~—Ve¢
&
=-Rg-v*~ 2 Rig-w* a=w,a (25

The variable 7 depends on the interaction of the af
interface with the contact curve as well as on the interaction
with the two adjacent phases and thus depends on the
velocity of the interfaces and of the a and 8 phases (note that
if the phases are present such that no contact curve exists,
#*B will not depend on interface velocities other than that of
the ap interface). The momentum balance equation (18) for
the interface is then

D*Pweob
refgep — V(a®ByoB) —T2BgoBg

Dt

AP A%k
Vs” +

)
+TeBgoh|— Ve
s de
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= _z R:GB R R:B Cy @S
yé

-RgP-vP*  aB=wa, ws,as (26)

In (25) and (26) the R tensors are functions of the indepen-
dent variables. Additionally, entropy inequality (Al) re-
stricts these tensors such that RZ, RZ; + (RZP)7, and
R2f + (R2£)T must be positive semidefinite.

The five constitutive functions §*, &, and a®f may be
linearized by requiring that each of them be proportional to
the term in brackets in the entropy inequality that it multi-
plies. The expressions obtained are

te =I°[s"p" + s~ p°* - Z] (28)
3A“ dAP
-af _ __ 7B a_ a B_.B
a®F = ~I1%F|p“e aa"5+p £ Py (29)

af = wa, ws, as

The coefficients of proportionality, II¥, I1¢, and I1°# are
dependent upon the independent variables and constrained
to be greater than or equal to zero by the entropy inequality.

Case 2: Constant Porosity, Slow Flow,
Negligible Cross Terms

When the flow in the porous medium is slow, the advec-
tive terms in (25) and (26) are negligible. The cross flow
terms in the right side of (25) and (26) which would account
for the influence of movement of one phase or interface on
the adjacent interfaces will also be neglected. A final stipu-
lation for this case is that the porosity is constant or, more
precisely, that the influence of terms involving the porosity
gradient on momentum transport is negligible such that the
bracketed term on the right side of (28) may be considered to
be zero. This is a quasi-equilibrium assumption. Under these
conditions the momentum equations (25) and (26) become,
respectively,

a a a
V o o + o a V wa + aA V as aA w
p-—pgTp aave ¢ aa> ¢ * as"” Vs

=-RZ-v** a=w,a 30)
dA P
~V(a®PyP) —T*FaPg + r"f’a“B[ Yo Vs“’]
s
= —Rgg - wabs ap =wa, ws, as (31)

Case 3: Constant a™* and a®*

This additional simplification, though perhaps a peculiar
one at first thought, is appropriate for many unsaturated flow
problems. When the wetting phase saturation is above the
irreducible saturation, the water is considered to coat the
solid grains. Thus the a** interface would include all the
solid surface area, and a?® would be zero. If, as is the case
under consideration here, a uniform soil with constant
porosity is considered, then a** will be constant. Indeed,
the terms in (30) and (31) involving Va“** and Va™* would
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seen to be important primarily at very low saturation when
part of the solid phase will be in contact with air. Thus the
operative momentum equations are obtained from (30) for
the air and water phases and from (31) for the wa interface as

a aAa
Vp®—-po%+p° YT Va"? + p° ~ Vs* = ~-RZ-v®*
(32a)
w AY
Vp¥ —p g+ p"” v Va*® + p"¥ Frg Vs¥ = —-Rp-v"*
(32b)
A%a
-V(a*?y*®) — T"%a"% + "%a™" Py Vs®
= —RZE-wW" (33)

With the thermodynamic coefficients evaluated, these 'equa-
tions may be used to simulate the movement of both the air
and water phases during the unsaturated flow process.

Case 4: Air Phase at Constant Pressure
and With Negligible Momentum

This case is the simplest one to be considered here and
corresponds physically to the case most commonly consid-
ered in simulating unsaturated flow. Quasi-equilibrium as-
sumptions are applied so that the bracketed terms on the
right side of (27) through (29) are all zero. This assumption
implies that the system dynamics do not cause significant
deviation from the equilibrium state for these terms. Now
multiplication of (32a) by s and of (32b) by s* and addition
of the resulting equations yields

s¥Vp¥ + 5%Vp? — (s”p" + 5% %g

w a
+ pwxw _a_‘:{_,_"_l__pasa il?___ Vawa
da™? aa™?
wow aAw a_a aAa V w
+ §7 == st Vs
P as" P 3s*

=—s"Ry-v"* —5sR7 - v?*

(34)

For the quasi-equilibrium assumption applied to (29) with
af = wa (i.e., equilibrium condition (21a)) and with (23) for
p° applicable under the quasi-equilibrium approximation
applied to (27), equation (34) becomes

—s"Vp©+ Vp® —(s"p" + 5% %)

3A" 3A°
+ (p"’s“' —— p9s? )sz

as"” as?

= —s"R, - v*"° — s9RZ. v©* (35)
Finally, with p? assumed constant and atmospheric, with
v®* small, and because the density of air is much less than
that of water, (35) becomes

w

) Vs
“Vp =R AV - QY = -RI-V (36)
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where ® has been called the wettability potential by
Hassanizadeh and Gray [1990] and is given by

dA“
as®

Equation (36) differs from the standard form used to model
unsaturated flow in that an extra term is present involving
the gradient of saturation. The appearance of the difference
is wettability potential in (36) is particularly intriguing in light
of Scheidegger’s [1974] mention of the need to quantitatively
characterize relative wettability. The actual magnitude of
this extra term requires experimental study, although its
significance seems to be substantial. A fuller discussion of
this term appears in the companion paper [Gray and Has-
sanizadeh, this issue].

As an additional note on the coalescence of results in this
case, consider (33), the momentum balance for the a™*
interface. This equation can be rearranged to the form

Q% =p2s®

a=w,a 37)

w

_,ywavau'a+l-\waawa Py Vs"”
B

- awa(V,ywa + l-wag) _ R::: . wWas (38)

Now a quasi-equilibrium assumption is invoked such that the
velocity of the wa interface is considered to be due primarily
to the gravitational force and to gradients in y"? which arise
due to the movement of the adjacent phases. Under this
assumption the right side of (38) is zero and the equation
reduces to

wa

Vs¥ =0

_,ywavawa+ I-‘waawa Sw (39)
With a similar quasi-equilibrium assumption applied to (31)
for the ws interface with a®* also constant, dA™*/ds" is
seen to be zero. Multiplication of (22) by Vs and applica-

tion of condition (38) along with a?* = 0 yields
—y¥Va"? - g(p°+ Q¥ - Q%)Vs¥ =0 (40)

This equation indicates that when a gradient in a ¥ exists, a
gradient in saturation must also exist. However when a
gradient in saturation exists, a gradient in the interfacial area
need not exist if p¢ = Q7 — Q. Substitution of (39) into
(36) yields :

(41)

This form of the momentum balance indicates that at equi-
librium p°€ is not necessarily hydrostatic. The gradient in
saturation does not give rise to a unique gradient in a™.
This observation may help explain the presence of hysteresis
in unsaturated flow due to the strong dependence of p€ on
a™? as well as on s".

Another interesting form of the flow equation may be
obtained from (34) noting that gradients in temperature,
density, porosity, a"*, and a®® are zero. On the basis of the
functional dependence of Helmholtz free energy given as
(9a) and (9b), (34) becomes

—~eV(pSs"™) — pes¥g — y"Va" = ~es"Ry - v

1 1
pwsw<;)_”: VPW+VAW_g) +pasa<;)_a vpa+VAa__g)

= __sz:: LS saRz cy oS

(42)
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If the saturation conditions are such that the low-density air
phase is essentially at equilibrium and gradients in its prop-
erties do not affect the momentum transport in the system,
then the terms relating to the air phase may be considered
negligible in (42). Furthermore, since the Gibbs free energy
is related to Helmholtz free energy by G* = A" + p*/p",
the last equation becomes

p¥(VGY —g) = —-R,, -v"* 43)

This form of the balance law indicates that the gradient in
Gibb’s free energy not balanced by gravitational forces is the
driving force for the water phase movement.

Finally, it is somewhat satisfying to note that for the
special case of fully saturated flow when Va™?, Vs, and s
are zero and s" is one, (34) simplifies to

Vp¥ — p*g=—-Ry - v"* (44)

This equation is Darcy’s law for saturated flow and is thus
seen to be a highly restricted form of the general momentum
equation, derived as (17), subjected to the successive appli-
cation of the conditions of the four cases considered. Al-
though derivation of Darcy’s law for saturated flow by the
methods presented here may be viewed as mathematical
overkill, the fact that this equation can be obtained by
simplification of more general forms provides a point of
contact of the theory proposed here with the traditional
approach.

CONCLUSION

The results in this paper provide a theoretically sound
basis on which to pursue modeling of the unsaturated flow
process. The inclusion of the balance equations for the
interfaces between phases allows explicit dependence of
unsaturated flow on the interface dynamics to be included.
The momentum equation developed was presented at four
different levels of complexity. The simplest form, slow flow
in a homogeneous medium of constant porosity with satura-
tion above the irreducible saturation, corresponds to the
unsaturated flow problems typically studied. The more com-
plex cases presented here provide equations for multiphase
flow when the movement of both fluids is important and
when a wetting fluid invades a medium initially saturated
with a nonwetting fluid.

Conceptually, the results provided here are consistent.
However, to implement these equations, experimental work
is required to measure thermodynamic and material coeffi-
cients.

APPENDIX: THE ENTROPY INEQUALITY
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where G2 and G *f are the Gibbs free energy per unit mass
of a phase and af interface, respectively, with G* = A% +
p%3A%ap%, GP = AP + I'*PyA*F/3T*P and G°P* =
G - G-
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