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The model of Kieffer has been extended and applied to derive thermodynamic properties from the lattice
vibrational behavior of pure substances. The model for MgO has been validated in the pressure range between 0
and 300 GPa and temperature range between 100 and 4000 K. The model is constrained by thermodynamic data,
lattice vibrational frequencies and data on transverse and longitudinal sound velocities. It is shown that intrinsic
anharmonicity is present in the different modes of vibration. It is concluded that the accuracy of the results is not
significantly affected by using different equations of state for the principal isotherm. It is shown that all
thermodynamic data and sound wave velocity data are accurately described except for shock-wave data. The
model of Kieffer is contrasted with the Mie–Grüneisen–Debye model and it is shown that the former represents
more accurately experimental thermodynamic and longitudinal and transverse sound wave velocity data.

1 Introduction

Thermodynamic functions are important tools to predict che-
mical equilibria between substances at conditions inaccessible
to experimentation or in those regions of pressure and tem-
perature where experiments are not available. These tools
can be used to construct a thermodynamic database for mate-
rials of geophysical relevance. Emphasis is placed on the criti-
cal assessment of the complete set of experimental data of all
phases in the quinary system MgO–FeO–SiO2–Al2O3–CaO.
A series of internally consistent databases have been developed
for the quinary system or parts of it, e.g. Fei et al.,1 Saxena,2

Gottschalk,3 Chatterjee et al.,4 Fabrichnaya5 and Holland
and Powell.6 However, these databases cannot be used to
derive longitudinal, transverse sound wave velocities and the
shear modulus of materials at earth mantle conditions, proper-
ties of particular interest in the field of seismology and mantle
rheology. To extend the application of our database to the field
of seismology, we have programmed and validated a quantum-
thermodynamical method based on lattice vibrations with the
aim to calculate and predict thermodynamic properties, long-
itudinal and transverse sound velocities at any pressure and
temperature. The method finds its origin in the pioneering
work of Kieffer,7,8 who introduced an elegant method to calcu-
late thermodynamic properties from lattice vibrations as a
function of temperature for silicate minerals at 1 bar pressure.
It has been noted by Kieffer7,8 that although the model lacks
the rigor of a complete lattice dynamics theory, its successful
application is rooted in the fact that thermodynamic properties
are insensitive to details of the vibrational density of states. We
test this statement by comparing the results of our calculations
based on Kieffer’s model with a Mie–Grüneisen–Debye model
(see e.g. Jackson and Rigden9) for which the vibrational den-
sity of state takes a much simpler form. We used statistical
thermodynamic theory to extend Kieffer’s method to compute
thermodynamic properties from the vibrational density of
states, at arbitrary pressure and temperature. The choice of
MgO is more or less obvious. It is one of the key materials
for geodynamic research; it is monomorphous; in particular
there are experimental thermodynamic data in the temperature

range between 100 and 4000 K and pressure range between
0 and 225 GPa. Additionally, data exist for transverse and
longitudinal sound velocities in the temperature range between
300 K and 2000 K and pressure range between 0 and 60 GPa
to validate our results.

2 Thermodynamic background

In an earlier paper, by Jacobs and Oonk,10 it was shown that
the Gibbs energy plays a key role in the understanding of the
phase behavior of matter as a function of thermodynamic tem-
perature (T ), pressure (P) and composition. In this section we
relate the Gibbs energy to microscopic vibrational motions in
the atomic arrays, which constitute the crystal lattice of a sub-
stance with the aim to calculate and predict thermodynamic
properties, transverse and longitudinal sound velocities. The
connection between macroscopic thermodynamic bulk proper-
ties and microscopic motions in a solid substance is usually
accomplished by the Helmholtz energy, A. For an insulator
material it can be written as:

AðT ;VÞ ¼ Að0;VÞ þ AvibðT ;VÞ; ð1Þ

where V represents volume. The first term on the right hand
side of eqn. (1) is often referred to as the Helmholtz energy
of the static lattice and represents its volume variation at
T ¼ 0 K. This term is computed by applying a proper equation
of state. The last term represents the Helmholtz energy due to
lattice vibrational motions. In experimental practice, volume
measurements as a function of pressure, needed in the first
term, are usually not performed at 0 K but at ambient tem-
perature To . By selecting (To , P

o) ¼ (298.15 K, 1 bar) as the
reference condition, eqn. (1) can be rewritten as:

AðT ;VÞ ¼ AoðToÞ þ AeosðTo;VÞ þ AvibðT ;VÞ � AvibðTo;VÞ;
ð2Þ

where the superscript o in the first term on the right hand side
denotes a constant pressure condition of 1 bar. The second
term on the right hand side of eqn. (2) represents a term purely
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dependent on volume at the reference temperature To and is
calculated by the introduction of an equation of state (eos).
The constant Ao(To) can be expressed in the enthalpy of for-
mation of a substance at the reference condition by deriving
the expressions for the entropy and enthalpy. From eqn. (2)
it follows that the entropy is written as:

SðT ;VÞ ¼ � @A

@T

� �
V

¼ SvibðT ;VÞ; ð3Þ

and the enthalpy as:

HðT ;VÞ ¼ Aþ TS þ PV ¼ AoðToÞ þ AeosðTo;VÞ
þUvibðT ;VÞ � AvibðTo;VÞ þ PV ð4Þ

The term Aeos(To ,V) is defined as:

AeosðTo;VÞ ¼ �
ZV

VoðToÞ

PeosðTo;VÞdV ; ð5Þ

where Peos(To ,V) represents the equation of state expres-
sion at the reference isotherm defined by To , and Vo(To) the
volume at the reference condition. From eqn. (5) it follows that
Aeos(To ,V) vanishes at the reference condition (To ,P

o) and the
constant Ao(To) is therefore expressed as:

AoðToÞ ¼ DHf
o �UvibðTo;V

oðToÞÞ
þ AvibðTo;V

oðToÞÞ � PoVoðToÞ; ð6Þ

where DHf
o ¼ H(To ,V

o(To)) represents the enthalpy of forma-
tion at the reference condition.
To complete the thermodynamic background, we write the

expression for the pressure derived from eqn. (2) as:

PðT ;VÞ ¼ � @A

@V

� �
T

¼ PeosðTo;VÞ þ PvibðT ;VÞ � PvibðTo;VÞ

ð7Þ

where Pvib represents the so-called thermal part of pressure.
Here we arrive at one of the key points of the underlying
paper, which is, that we have a means to discriminate between
different equations of state for the representation of experi-
mental data. We shall investigate the difference in repres-
entation of experimental data by using (i) a third order
Birch–Murnaghan equation of state and (ii) the equation of
state of Jacobs and Oonk.10

In thermodynamic practice the determination of the Gibbs
energy differs from what we have presented in a previous paper
from our department, Jacobs and Oonk.10 It is generally car-
ried out as follows. Provided that an equation of state has been
selected and that expressions for the vibrational parts of the
Helmholtz energy and entropy are available, the volume at
the experimental condition (T,P) is numerically evaluated
using eqn. (7). In the next step the calculated volume is used
to determine the Helmholtz energy given by eqn. (2), which
leads to the Gibbs energy by applying the relation
G ¼ A+PV.

3 Quantum mechanical background

The simplest approach to determine the vibrational part of
thermodynamic functions of a crystal is accomplished within
the framework of a harmonic approximation in which Hooke’s
law is obeyed. In this case, the solution of the Schrödinger
equation for an individual oscillator leads to a simple expres-
sion for the eigenvalues, en , describing the energy states. The
vibrational partition function, Zvib, is given by statistical
mechanics as:

Zvib ¼
X1
n¼0

exp
�en
kT

� �
¼
X1
n¼0

exp � nþ 1

2

� �
�ho
kT

� �

¼
exp � �ho

2kT

� �

1� exp
�ho
kT

� � ; ð8Þ

where k denotes Boltzmann’s constant, �h is Planck’s constant
divided by 2p and o the angular frequency of the oscillator.
Thermodynamic properties are readily derived from the parti-
tion function by recognizing that o is a function of T and V;
e.g. the Helmholtz energy for a single (Einstein) oscillator is
given by:

Avib
single ¼ �kT lnðZvibÞ ¼ kT

�ho
2kT

þ ln 1� exp � �ho
kT

� �� �� �
;

ð9Þ

The thermodynamic functions of the crystal are expressed
as averages over the vibrational density of states g(o).
The product g(o)do represents the fraction of oscillators in the
frequency interval between o and o+do. For instance, the
vibrational part of the Helmholtz energy in eqn. (2) becomes:

AvibðT ;VÞ ¼
Zomax

0

Avib
singleðoÞgðoÞdo; ð10Þ

where omax represents the highest measured angular fre-
quency.
For a Debye model g(o) is written as:

gðoÞ ¼ 9nNAo2

o3
max

d; ð11Þ

where NA is Avogadro’s number, n the number of atoms per
molecule (n ¼ 2 for MgO), omax is the Debye cut-off angular
frequency and d Kronecker’s delta (d ¼ 1 for o�omax and
d ¼ 0 for o > omax). The cut-off frequency is related to the
well-known Debye temperature by yD ¼ �ho/k. In the Debye
model it is assumed that all acoustic waves travel with the same
velocity and hence that the solid is elastically isotropic. Kief-
fer’s model takes into account the more realistic situation that
most solids are elastically anisotropic. In her model, three
acoustic modes of vibrations are defined, one longitudinal
mode and two transverse modes. Each of the three acoustic
modes is characterized at long wavelengths by a directionally
averaged sound velocity. For Kieffer’s model g(o) is written as:

gðoÞ ¼ 3NA

Z

2

p

� �3X3
i¼1

arcsin2ðo=oiÞ
ðo2

i � o2Þ1=2
di

 !

þ 3n� 3

Z

� �
NA

XNOC

j¼1

fj
ouj � olj

dj

� �
; ð12Þ

with the conditions: di ¼ 1 for o�oi and di ¼ 0 for o > oi ,
and dj ¼ 1 for olj

�o�ouj
and dj ¼ 0 for oholj

or oiouj

In eqn. (12), Z is the number of molecules in the primitive
cell (Z ¼ 1 for MgO). The first term on the right hand side
describes the contributions due to acoustic lattice vibrations
having constant group velocities. These lattice waves are
dispersive in nature because the phase velocity depends on
the frequency of the lattice vibration. In the model a simple
sinusoidal dispersion relation has been assumed which results
in the ‘arcsin ’ function in the first term. The second term on
the right hand side describes the vibrations, which are not
in phase. Because MgO consists of atoms having opposite
charges, these vibrations may interact with the electric field
of electromagnetic radiation. This type of vibration is therefore
called optic mode of vibration. We have extended Kieffer’s ori-
ginal theory by recognizing the presence of multiple optic
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modes of vibration in a crystal, NOC being the number of optic
modes and fj the fraction of the total number of optic oscilla-
tors in mode j. This enables us to constrain the thermodynamic
description for MgO with experimental data on pressure varia-
tion of the vibrational frequency of each mode as shown in
Fig. 1. The change of the vibrational frequency of a mode j
with pressure is indirectly described by the classical expression
derived by Grüneisen:11

gj ¼ � @ lnoj

@ lnV

� �
T

¼ þK

V

@oj

@P

� �
T

; ð13Þ

where gj represents the so-called Grüneisen parameter and K
the isothermal bulk modulus. Fig. 1 and eqn. (13) show that
a positive Grüneisen parameter results in an increase of the
vibrational frequencies when pressure is increased. The experi-
ments show that MgO must at least be described within the
quasi-harmonic approximation in which the frequencies
depend on volume. In the approximation it is assumed that
the frequencies do not change with temperature at constant
volume. This is in contrast with the harmonic approximation
in which the frequencies do not depend on pressure and tem-
perature. In our description of experimental thermodynamic
data and sound velocities, it appeared that the vibrational
frequencies change with temperature at constant volume. In
analogy with Gillet et al.,13 this is called an effect of intrinsic
anharmonicity. We have adopted a method given by these
authors to obtain an expression for the vibrational frequency
of a mode j, which include all the mentioned effects. This is
accomplished by expanding the logarithm of angular fre-
quency of a vibrational mode in a Taylor series of ln (V) and
T. Dropping the subscript j and expanding to the third power
in ln (V) and T, we write:

ln
o
oo

� �
¼ �go ln

V

Vo

� �
þ aoðT � ToÞ �

1

2
qo0g

o ln2

� V

Vo

� �
� 1

6
qo0g

o qo0 þ qo1
� �

ln3
V

Vo

� �

þmoðT � ToÞ ln
V

Vo

� �
þ 1

2
�goko1 þ qo0m

o
� �

� ðT � ToÞ ln2
V

Vo

� �
þ 1

2
mo

1ðT � ToÞ2

þ 1

2
ko2ðT � ToÞ2 ln

V

Vo

� �
þ 1

6
ko3ðT � ToÞ3 ð14aÞ

where the superscript o denotes the reference condition. The
constants in expression (14a) are given by:

go ¼ � @ lno
@ lnV

� �
R

; ao ¼ @ lno
@T

� �
R

; qo0 ¼
@ ln g
@ lnV

� �
R

;

qo1 ¼ @ ln q

@ lnV

� �
R

mo ¼ @2 lno
@ lnV@T

� �
R

¼ � @g
@T

� �
R

;

mo
1 ¼ @2 lno

@T2

� �
R

¼ @a

@T

� �
R

; k01 ¼
@q

@T

� �
R

;

k02 ¼
@3 lno

@ lnV@T2

� �
R

¼ � @2g
@T2

� �
R

;

k03 ¼
@3 lno
@T3

� �
R

¼ @2a

@T2

� �
R

; ð14bÞ

where subscript R denotes the reference condition. The con-
stants in eqn. (14) can be determined experimentally by mea-
suring the vibrational frequencies as a function of pressure
and temperature. In the underlying work we have determined
the constants by means of a least squares fit of all available
experimental data.
Finally, Kieffer’s theory relates the directionally averaged

sound velocities, ui , of the transverse and longitudinal waves
to their cut-off angular vibrational frequencies oi, max as:

ui ¼
1

4

4pZV
3NA

� �1=3

oi;max; ð15Þ

where the subscript i ¼ 1, 2 or 3 has the same meaning as in
eqn. (12). In the following we denote u1 and u2 as the sound
velocities of the transverse waves and u3 as that of the longi-
tudinal wave. As has been stated by Kieffer,7 a problem arises
to determine two characteristic transverse sound velocities
because the only data available are single Voigt–Reuss–Hill
averaged transverse sound velocities (vT). One of her assump-
tions to solve this problem is that the following relation is
applicable:

2

v3T
¼ 1

u31
þ 1

u32
: ð16Þ

This means that in our computations, we can determine vT
as a function of pressure and temperature by calculating the fre-
quencies o1(P,T ) and o2(P,T ) by the application of eqn.
(14) and u1(P,T ) and u2(P,T ) by the application of eqn. (15).
In our computations we have adopted the values for u1 , u2 and
u3 given by Kieffer8 leading to the cut-off frequencies oo

i;max(To),

o), expressed in cm�1, given in Table 1. On the other hand, the
formalism presented in this and the preceding section makes it
possible to calculate the bulk sound velocity, vB , from the adia-
batic bulk modulus, KS , and density, r, by the relation
vB ¼ (KS/r)

1/2. By applying eqns. (14) and (15) to derive
the longitudinal sound velocity (vL), the transverse sound
velocity is calculated by the well-known relation in classical
mechanics as:

v2B ¼ v2L � 4

3
v2T ð17Þ

Fig. 1 Calculated wavenumbers (o/(2pc), with c the speed of light)
of six vibrational modes in MgO compared with the experimental data
from Chopelas.12 The experimental error is claimed to be smaller than
the symbol size. LO denotes a longitudinal optic mode, LA a longitu-
dinal acoustic mode, TO a transverse optic mode and TA a transverse
optic mode.

Table 1 Properties defining the vibrational density of states used in

the Kieffer model

Type of vibration Mode Wavenumber range/cm�1 Fraction

Acoustic, transverse 1 0.00–289.00 1.0000

Acoustic, transverse 2 0.00–312.00 1.0000

Acoustic, longitudinal 3 0.00–482.00 1.0000

Optic 4 312.00–395.05 0.18096

Optic 5 395.05–453.15 0.21358

Optic 6 453.15–482.00 0.18779

Optic 7 482.00–730.00 0.41767
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In Section 5 we shall discuss the consistency of relations (16)
and (17).

4 Results

We started our analysis of thermodynamic data by assuming
that the vibrational spectrum can be described within the fra-
mework of a Mie–Grüneisen–Debye model.9 The underlying
reason for this exercise was to explore the sensitivity of ther-
modynamic properties to details of the vibrational density of
states (VDOS). The VDOS, represented by eqn. (11), takes
the simple parabolic shape as depicted in Fig. 2. In a first
approach we assumed that the Debye cut-off frequency
depends only on volume. Its temperature dependence is there-
fore indirectly incorporated because the volume depends on
temperature. The resulting coefficients of eqn. (14) are given
in Table 2 and the calculated thermal expansivity at 1 bar pres-
sure is depicted in Fig. 3. The calculations do not represent the
measurements of Dubrovinsky and Saxena20 and those of
Fiquet et al.22 within their stated accuracy of 2% in the
temperature range between 300 and 1800 K. The misfit of all
thermodynamic experimental data at 1 bar pressure can be
visualized by plotting the macroscopic Grüneisen parameter
using the well-known relation g ¼ aKSV/CP , where a denotes
thermal expansivity and CP the heat capacity at constant
pressure. From Fig. 4, it is seen that the calculations do not
represent the nearly temperature independent behavior of
the Grüneisen parameter at temperatures above the Debye
temperature. Because expanding eqn. (14) to incorporate more
terms to describe the volume dependence of the cut-off fre-
quency did not improve the accuracy of the result significantly,
we concluded that this first approach does not suffice to repre-
sent experimental data at 1 bar pressure.
In a second approach, we explored Kieffer’s model to incor-

porate more details of the VDOS. The assignment of the lower
and upper cut-off frequencies of the optic modes is not obvious
and to a certain extent arbitrary. The problem originates from
the fact that in Kieffer’s model each optic mode is represented
as a uniform distribution of Einstein oscillators, each oscillator
having the same weight in the vibrational spectrum. The
frequency ranges as determined by the measurements of
Chopelas12 guided us to estimate the cut-off frequencies. The
result of this estimate is given in Table 1. Next we determined

the fractions of the optic modes in such a way that the VDOS
as derived by Sangster et al.14 was represented as accurately as
possible. The cut-off frequencies of the acoustic and optic
modes at ambient conditions together with the fractions fix
the value of the entropy at ambient conditions. The calculated
value for the standard entropy of about 28 J K�1 mol�1 at
298.15 K is too high compared with the experimental value
of 26.924� 0.08 J K�1 mol�1 derived from calorimetric experi-
ments (see JANAF thermochemical Tables, Chase et al.25).
Directing the optimisation to the experimental value of the
standard entropy at 298.15 K resulted in the calculated frac-
tions given in Table 1 and a calculated VDOS presented in
Fig. 2. As can be seen from Fig. 2, the calculated VDOS devi-
ates from the experimental VDOS in the frequency range
between the transverse and longitudinal modes. The reason
behind this is that the cut-off frequency of the longitudinal
mode is larger than the frequency of the highest experimental
peak at about 450 cm�1, leading to lower fractions of the optic
modes in the mid-frequency range of the VDOS. We consider
the deviation an artifact of Kieffer’s theory because the cut-off
frequency of the longitudinal mode is fixed by the experimental
value of the longitudinal sound wave velocity by eqn. (15). The
selection of different values for the cut-off frequencies of the
optic modes indeed showed that the representation of
the experimental VDOS could not be improved significantly.
The result of the optimisation, in which the cut-off frequencies
depend only on volume, is given in Table 2 and the resulting
Grüneisen parameter is plotted in Fig. 4. Fig. 4 shows that also
in Kieffer’s model the nearly temperature independent beha-
vior of the Grüneisen parameter cannot be reproduced.
In the discussion we argue that the accuracy of representing

data at 1 bar pressure increases significantly by the assumption
that the cut-off frequencies change with temperature at con-
stant volume in addition to the change with volume alone.

5 Discussion

In this paper we are concerned about two different kinds of
properties, thermodynamic ones and sound velocities. Both
kinds of properties are described in terms of an equation of
state and by vibrational motions in the crystal lattice of a sub-
stance, MgO in our particular case. In this section we discuss
four items, which are important to achieve an accurate descrip-
tion of all properties of interest. These are (i) constraints in
thermophysical properties, (ii) the volume and temperature
dependence of the cut-off frequencies, (iii) the role of the equa-
tion of state, and (iv) sound wave velocities.

5.1 Constraints in thermophysical properties; anomalies

For both the MGD and the Kieffer model special care has been
taken to eliminate anomalous behavior in all thermodynamic
properties, in the pressure range between 1 bar and 300 GPa
and the temperature range between 100 and 4000 K, ranges
of particular geophysical interest. Anomalies in entropy or
thermal expansivity as mentioned by Jacobs and Oonk10 do
not occur. We have achieved this by putting physically realistic
constraints in regularly distributed intervals in pressure and
temperature space. For instance, for the face centered cubic
MgO lattice with two interpenetrating cubic lattices, we have
assumed the realistic constraint that compressibility increases
with temperature whereas it decreases with pressure. We have
constrained the Kieffer model by the additional conditions
that the shear modulus (rigidity) increases with pressure and
decreases with temperature and that the vibrational frequen-
cies decrease with temperature along isobars and increase with
pressure along isotherms. Because the Kieffer model contains
more characteristics of the VDOS compared to the MGD
formalism, it requires more parameters in terms of the

Fig. 2 Vibrational density of states (VDOS) of MgO. (a) The solid
VDOS has been calculated with Kieffer’s model by applying eqn.
(12) and the data in Table 1. The dashed VDOS has been calculated
with the MGD model by applying eqn. (11); the calculated Debye tem-
perature, 764 K, corresponds to 530.4 cm�1. (b) VDOS reported by
Sangster et al.14 derived from inelastic neutron scattering experiments.
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Table 2 Results of the optimisation obtained with a Kieffer and a Mie–Grüneisen–Debye model. All parameters are given at ambient conditions

(298.15 K, 1 bar). Ko represents the isothermal bulk modulus, Ko
0 its isothermal pressure derivative, yD the Debye temperature. The ambient

volume is Vo(To) ¼ 11.248 cm3 mol�1. All other parameters are used in eqn. (6) and (14). The abbreviation ‘eos ’ denotes equation of state.

A number in parenthesis denotes the uncertainty in a value

Mode go qo0 qo1 105ao/K�1 105mo/K�1 109mo
1/K

�2 105ko1/K
�1 108ko2/K

�2

Kieffer, cut-off frequencies volume dependent, third order Birch–Murnaghan eos

1, 2 1.58(2) 4.21(4) �2.00(3) 0.00 0.00 0.00 0.00 0.00

3 1.64(3) 2.50(8) 0.64(5) 0.00 0.00 0.00 0.00 0.00

4 1.63(8) 0.6(3) �6.5(6) 0.00 0.00 0.00 0.00 0.00

5 1.27(7) �2.49(4) 8.4(1) 0.00 0.00 0.00 0.00 0.00

6 1.34(7) �2.35(6) �1.5(2) 0.00 0.00 0.00 0.00 0.00

7 0.97(6) �3.05(7) 6.3(2) 0.00 0.00 0.00 0.00 0.00

Ko ¼ 160.59(18) GPa, Ko
0 ¼ 4.04(3), yD ¼ 940.38(40) K, Ao(To) ¼ �609.267(630) kJ mol�1

Kieffer, intrinsic anharmonic effect in cut-off frequencies, third order Birch–Murnaghan eos

1, 2 1.63(2) 4.17(3) �1.57(1) �1.50(9) 2.1(1) �9.7(2) �5.0(3) �1.61(3)

3 1.49(5) 0.816(5) 0.24(1) �1.32(7) 0.7(1) 0.3(2) �2.5(3) �0.72(3)

4 1.76(6) 1.541(7) �2.15(1) 3.4(1) 11.5(4) 0.00 0.00 0.00

5 1.55(7) 0.52(1) �9.0(3) 1.9(1) 4.3(3) 0.00 0.00 0.00

6 1.45(5) �2.1(2) 5.6(6) 3.0(1) 3.6(2) 0.00 0.00 0.00

7 1.04(5) �2.8(3) 7.0(4) 0.7(1) 0.5(1) 0.00 0.00 0.00

Ko ¼ 160.59(22) GPa, Ko
0 ¼ 4.04(2), yD ¼ 940.38(40) K, Ao(To) ¼ �609.267(630) kJ mol�1

Kieffer, intrinsic anharmonic effect in cut-off frequencies, eos of Jacobs and Oonk10

1, 2 1.63(2) 4.16(3) �1.56(1) �1.33(9) �0.2(1) �9.9(2) �5.1(3) �1.67(3)

3 1.51(5) 0.954(6) �0.67(1) �1.4(3) 4.2(2) 1.3(4) �7.0(2) �0.47(6)

4 1.72(3) 1.28(2) �2.40(3) 3.8(1) 12.2(4) 0.00 0.00 0.00

5 1.55(6) 0.504(3) �9.0(3) 1.9(1) 4.3(2) 0.00 0.00 0.00

6 1.44(4) �2.35(5) 5.95(5) 3.3(1) 4.0(3) 0.00 0.00 0.00

7 1.03(5) �2.9(3) 7.2(4) 0.3(1) 0.15(14) 0.00 0.00 0.00

Ko ¼ 160.61(22) GPa, Ko
0 ¼ 4.09(2), yD ¼ 940.38(40) K, Ao(To) ¼ �609.267(630) kJ mol�1

Debye: yD only volume dependent, third order Birch–Murnaghan eos

1.39(1) 1.38(5) 0.49(16) 0.00 0.00 0.00 0.00 0.00

Ko ¼ 160.56(26) GPa, Ko
0 ¼ 4.04(3), yD ¼ 763.84(90) K, Ao(To) ¼ �609.267(630) kJ mol�1

Debye: intrinsic anharmonic effect in yD , third order Birch–Murnaghan eos

1.47(1) 1.44(5) �0.83(19) 0.00 2.82(5) �3.44(3) �4.37(28) �0.65(1)

Ko ¼ 160.64(24) GPa, Ko
0 ¼ 4.04(2), yD ¼ 764.00(40) K, Ao(To) ¼ �609.267(630) kJ mol�1

Fig. 3 Calculated thermal expansivity of MgO at 1 bar pressure
together with experimental data of (K) Austin,15 (+) Durand,16 (�)
Skinner,17 (˙) Ganesan,18 (X) Suzuki,19 and (N) Dubrovinsky and
Saxena.20 Data from White and Anderson,21 which are between those
of Ganesan18 and Suzuki19 are omitted. The dashed curve represents a
calculation with the Mie–Grüneisen–Debye (MGD) model where the
cut-off frequency depends only on volume. The solid curves resulting
from a MGD and a Kieffer model, which include intrinsic anharmoni-
city are indistinguishable.

Fig. 4 Macroscopic Grüneisen parameter of MgO at 1 bar pressure.
The data points were derived from experiments on adiabatic bulk
modulus ((X) data from Sumino et al.,23 (N) data from Isaak et al.24),
thermal expansivity, volume and heat capacity (CP). The extension
‘ -V’ denotes that the cut-off frequencies depend only on volume
whereas the extension ‘ -VT’ denotes the effect of intrinsic anhar-
monicity. The Debye temperature is 940 K.
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behavior of the vibrational frequencies. Therefore special
attention has been given to determine the minimum number
of parameters, by means of statistical analysis. Table 2 indi-
cates that we used 38 parameters in the Kieffer model whereas
the MGD model requires only 10 parameters.

5.2 Volume and temperature dependence of cut-off frequencies

Fig. 4 indicates that in the MGD and Kieffer formalisms, the
assumption of the quasi-harmonic approximation is not suffi-
cient to describe experimental data at 1 bar pressure within
experimental accuracy. A key to remedy the mismatch of the
calculated and the experimental Grüneisen parameter is given
by eqns. (15) and (16), which relate the acoustic sound velo-
cities to the cut-off frequencies of the acoustic vibrational
motions. Eqn. (15) puts forward that a cut-off frequency
depending only on volume results in a behavior of the longitu-
dinal sound velocity without an abrupt change in its volume
derivative. To investigate this in more detail, we have plotted
in Fig. 5 the longitudinal sound velocity as a function of
volume derived from experimental measurements. The break
in the slope of the longitudinal sound velocity indicates that
the cut-off frequency depends not only on volume, within the
accuracy of the measurements. The same conclusion applies
to the transverse sound velocity provided that eqns. (15) and
(16) are valid. However, when the transverse sound velocity
is calculated using eqn. (17), the break in its slope is a result
of the discontinuous behavior of the volume derivative of
the bulk sound velocity. Although this discontinuity exits,
the change in the volume derivative apparently does not ade-
quately represent the data if it is assumed that the frequency
depends on volume only. To proceed further, we used as work-
ing hypothesis that the cut-off frequencies change with tem-
perature at constant volume. This implies a study on the
possible effect of intrinsic anharmonicity. To obtain a descrip-
tion within the accuracy of the experiments applying a Kieffer
model, the statistical evaluation of data revealed that intrinsic
anharmonicity is not only present in acoustic but also in optic
vibrations. Here we arrived at the unfortunate situation that
no published experimental data are available on optic vibra-
tional frequencies at temperatures higher than 300 K to further

constrain our calculations. For the MGD model we proceeded
in an analogous way by considering intrinsic anharmonicity
in the Debye cut-off frequency. Fig. 4 shows the enormous
increase in accuracy of the representation of the Grüneisen
parameter when our hypothesis is put to work. It also demon-
strates that Kieffer’s model represents the Grüneisen para-
meter better than a MGD model. This is mainly due to a
better representation of the heat capacity (CP), see Fig. 6.
Fig. 6 and Table 3 show that above room temperature the
experimental heat capacity data of Krupka et al.32 and those
of Bosenick et al.33 are represented within the stated experi-
mental accuracy of 1%. Only one experimental point in the
data set of Bosenick et al.33 shows a difference with the calcu-
lated result of 5%. The experimental data of Richet and
Fiquet30 deviate by about 1.5% from those of Bosenick
et al.33 in the temperature range between 816 and 972 K. There-
fore our calculations differ by more than 1% from the experi-
mental results of Richet and Fiquet.30 A Kieffer model repre-
sents the experimental data of Barron et al.31 better than a
MGD model, but both models do not describe the data within
the experimental accuracy of 0.2%. Additional calculations, in
which the representation of these low temperature capacity
data is forced to be accurate within 0.2%, showed that thermal
expansivity, bulk modulus and sound velocity data could not
be described within experimental accuracy. We consider the
difference between calculated and experimental heat capacity
of Barron et al.31 a remaining artifact of our descriptions of
MgO with a Kieffer and MGD model. In spite of this differ-
ence, the calculated standard entropy at 298.15 K, 26.917 J
K�1 mol�1 for the MGD model and 26.922 J K�1 mol�1 for
the Kieffer model respectively, is in good agreement with the
experimental value of 26.924� 0.08 J K�1 mol�1 (see JANAF
thermochemical Tables, Chase et al.25).
We conclude that the VDOS only slightly influences the

accuracy of the description of thermodynamic data. The calcu-
lations were performed using the values in Table 2 for the
constants in eqn. (14) and equation of state parameters. The
characteristic frequencies of the vibrational modes and their
weight fractions are given in Table 1.
The incorporation of intrinsic anharmonicity results in a

deviation of the heat capacity at constant volume, CV , from

Fig. 6 Calculated heat capacity (CP) of MgO at 1 bar pressure com-
pared with experimental data from: (K) Barron et al.,31 (˙) Krupka
et al.,32 (N) Richet and Fiquet30 and (X) Bosenick et al..33 The dashed
curve represents the calculation with a MGD model and the solid
curve has been calculated with a Kieffer model. Both models include
intrinsic anharmonicity. The inset gives a comparison between calcu-
lated and experimental CP data in the temperature range between
500 and 1500 K.

Fig. 5 The plot of the logarithm of longitudinal and transverse sound
velocities against the logarithm of volume reveals a break in the slopes.
Vo(To) and vo(To) are the volume and sound velocities at room condi-
tions. Measurements at 1 bar pressure, V/Vo(To) > 1, are from (K)
Sumino et al.,23 (X) Isaak et al.24 and (˙) Sinogeikin et al.26 Measure-
ments at 300 K, V/Vo(To)< 0, are from (N) Chopelas12 and (*) Zha
et al..27 Error bars are equal to the symbol size unless they are plotted.
The vertical dashed line indicates room conditions where V ¼
Vo(To) ¼ 11.248 cm3. The solid curves have been calculated with the
values in Table 3 and eqns. (14), (15) and (16).
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the Dulong–Petit relation. This deviation is 1.5% at 2000 K
and 3.5% at 2500 K.

5.3 The role of the equation of state

Table 3 shows that both a Mie–Grüneisen–Debye (MGD) as
well as a Kieffer model of the vibrational density of states accu-
rately represent thermodynamic data, provided that intrinsic
mode anharmonicity is included in the description. Fig. 7
visualizes the deviations between calculated and experimen-
tally established volume data given in Table 3. All deviations
are commensurate with experimental errors except for the
shockwave data measured by Svendsen and Ahrens.43 Repre-
senting their data within the stated experimental accuracy of
1% requires a value of about 4.5 for the pressure derivative
of the isothermal bulk modulus (Ko

0). This value is too high
compared to values established from diamond anvil experi-

ments, 3.94� 0.2 by DeWaele et al.,34 3.99� 0.01 by Speziale
et al.35 and 4.03� 0.03 by Zha et al..27 Speziale et al.35 found
a satisfactory description of their own volume data at 300 K,
those of DeWaele et al.34 and the shockwave data of Svendsen
and Ahrens43 by using a Mie–Grüneisen–Debye model. How-
ever, Fig. 4 indicates that data at 1 bar pressure are not repro-
duced well. This compelled us to investigate the role of the
equation of state, given by the term Peos(To ,V) in eqn. (7).
Instead of a third order Birch–Murnaghan equation of state
we used the equation of state given by Jacobs and Oonk,10

which is based on an empirical relation between volume and
bulk modulus. We used this equation of state in combination
with Kieffer’s model. Not surprisingly the results of the calcu-
lations given in Table 2 indicate that Ko

0 increases slightly rela-
tive to the experimental values between 3.94 and 4.03, because
these values where established with a third order Birch–
Murnaghan equation of state. It appears that the use of the

Table 3 Representation of experimental thermodynamic data by a Kieffer and a Mie–Grüneisen–Debye model. The input properties used in the

calculations are given in Tables 1 and 2

Property

Maximum

absolute deviation (%)

Average absolute

deviation (%)

Temperature

range/K

Pressure range/

GPa Reference

Adiabatic bulk modulus 1.57,a 1.39b 0.73,a 0.67b 300–1800 0.0 Isaak et al.24

0.62,a 0.56b 0.16,a 0.15b 100–1300 0.0 Sumino et al.23

0.94,a 0.93b 0.33,a 0.30b 295–1510 0.0 Sinogeikin et al.26

2.77,a 2.81b 0.91,a 0.93b 300 0.0–30 Duffy and Ahrens28

2.73,a 2.78b 1.07,a 1.09b 300 0.0–30 Chopelas12

1.14,a 1.09b 0.57,a 0.57b 300 0.0–55 Zha et al.27

1.53,a 1.56b 0.62,a 0.63b 300 0.0–18.6 Sinogeikin and Bass29

Heat capacity (CP) 4.48,a 5.44b 3.00,a 3.90b 816–1756 0.0 Richet and Fiquet30

9.00,a 69.00b 4.52,a 12.50b 0.0–140 0.0 Barron et al.31

0.74,a 2.15b 0.59,a 0.75b 140–269 0.0 Barron et al.31

0.96,a 0.88b 0.42,a 0.57b 350–680 0.0 Krupka et al.32

5.09,a 5.84b 0.49,a 0.90b 332–972 0.0 Bosenick et al.33

Volume 1.36,a 1.38b 0.22,a 0.22b 298–3000 0.0 Dubrovinsky and Saxena20

0.46,a 0.47b 0.15,a 0.15b 298–2973 0.0 Fiquet et al.22

1.39,a 1.41b 0.29,a 0.30b 300–2475 0.0–53.0 DeWaele et al.34

0.29,a 0.29b 0.11,a 0.11b 300 0.0–52.2 Speziale et al.35

3.35,a 3.35b 1.78,a 1.78b 300 43.7–94.1 Mao and Bell36

4.62,a 4.62b 4.05,a 4.05b 300 159–198 Vassilou and Ahrens37

1.97,a 1.96b 1.16,a 1.16b 300 19–121 Carter et al.38

0.99,a 0.98b 0.59,a 0.58b 300 0.0–35 Perez-Albuerne and Drickamer39

1.91,a 1.91b 1.39,a 1.38b 300 14–132 Duffy and Ahrens40

0.28,a 0.28b 0.13,a 0.13b 300–1100 0.0–25.5 Fei et al.41

0.06,a 0.06b 0.03,a 0.04b 300 0.0–55 Zha et al.27

0.46,a 0.51b 0.13,a 0.14b 300–3000 0.0–100 Matsui et al.42

2.22,a 2.30b 1.99,a 2.06b 3071–3663 174–203 Svendsen and Ahrens43

3.10,a 3.10b 1.50,a 1.50b 300 0.0–227.0 Duffy et al.44

Thermal expansion 4.17,a 12.12b 2.07,a 2.91b 123–1773 0.0 Suzuki et al.19

9.57,a 8.44b 2.82,a 2.72b 300–3000 0.0 Dubrovinski and Saxena20

8.54,a 9.25b 3.19,a 3.31b 335–1221 0.0 Austin15

5.73,a 7.44b 2.81,a 5.33b 146–288 0.0 Ganesan18

5.64,a 14.21b 2.74,a 4.65b 129–416 0.0 Durand16

35.32,a 33.52b 7.00,a 6.61b 304–923 0.0 Skinner17

34.48,a 39.98b 30.53,a 35.82b 2000 169–196 Duffy and Ahrens40

14.33,a 14.51b 9.40,a 9.73b 2000 0–100 Isaak et al.45

3.74,a 1.89b 1.80,a 0.93b 2000 0–135 Wang and Reeber46

8.53,a 10.51b 4.39,a 6.29b 2000 20–120 Chopelas and Boehler47

Bulk sound velocity 1.78,a 1.80b 0.92,a 0.93b 300 0.0–35 Chopelas12

1.72,a 1.74b 1.20,a 1.20b 300 0.0–30 Duffy and Ahrens28

0.91,a 0.91b 0.39,a 0.40b 300 0.0–55 Zha et al.27

0.89,a 0.80b 0.40,a 0.38b 300–1300 0.0 Isaak et al.24

0.23,a 0.26b 0.06,a 0.08b 100–1300 0.0 Sumino et al.23

0.45,a 0.44b 0.17,a 0.15b 295–1510 0.0 Sinogeikin et al.26

a Kieffer model. b Mie–Grüneisen–Debye model.
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equation of state given by Jacobs and Oonk10 neither has sig-
nificant influence on the representation of shockwave data of
Svendsen and Ahrens43 nor on the representation of all other
thermodynamic data in Table 3. The same conclusion applies
to the description of the sound wave velocities presented in
Table 4. In addition, on applying the third order Birch–Mur-
naghan equation of state and the equation of state given by
Jacobs and Oonk,10 we arrived at the same VDOS parameters
given in Table 1. This indicates that the use of a different equa-
tion of state does not affect the VDOS significantly.

5.4 Sound wave velocities

Because adiabatic bulk modulus and volume are represented
well by the MGD and Kieffer model, the bulk sound velocity,

plotted in Fig. 8 and 9, is represented within experimental
accuracy for both the isothermal and the isobaric direction.
In our optimization of experimental thermodynamic data

with the MGD model we have fitted the Debye temperature.
The calculated value of about 764 K deviates considerably
from the experimentally established value of 940 K by White
and Anderson,21 941� 10 K by Sumino et al.23 and 945� 2
by Isaak et al..24 As a result the mean sound velocity, vm , devi-
ates from the experimental value. This can be made visible
through Debye’s classical relation (Debye48):

vm ¼ kyD
h

3nNA

4pZV

� ��1=3

¼ 1

3

2

v3T
þ 1

v3L

� �� ��1=3

: ð18Þ

The simple shape of the VDOS depicted in Fig. 2 resulting
from the MGD model is apparently not sufficient to comprise
a reliable description of thermodynamic data as well as a mean
sound velocity given by acoustic experiments. The situation is
different in Kieffer’s model in which Kieffer7,8 has calculated
values for u1 , u2 and u3 appearing in eqns. (15) and (16) lead-
ing to a mean sound velocity consistent with the experimental
value of White and Anderson.21 Eqn. (18) puts forward
that the mean sound velocity is correctly described provided
that the longitudinal and transverse sound velocities have
been accurately determined. The longitudinal sound velocity
(vL ¼ u3) and the transverse sound velocity, resulting from
eqn. (15) and (16) respectively, are plotted in Fig. 8 and 9.
These velocities are in excellent agreement with experiments.
The same holds true when the transverse sound velocity is cal-
culated from eqn. (17). The deviation between calculated trans-
verse sound velocities by eqn. (16) and (17) is less than 1.5% in
the experimental data range. The longitudinal and transverse
sound velocities increase isothermally with pressure and
decrease isobarically with temperature in the temperature
range between 100 and 4000 K and pressure range between 1
bar and 300 GPa.

6 Conclusions

Within the framework of a Mie–Grüneisen–Debye or Kieffer
formalism, the quasi-harmonic approximation appears to

Fig. 7 Relative deviations of calculated and experimental volumes
compared with experimental data from: (X) Dubrovinsky and Sax-
ena,20 (+) Fei et al.,41 (N) Fiquet et al.,22 (K) DeWaele et al.,34 (Y)
Zha et al.,27 and (˙) Speziale et al..35 There is no significant difference
in the representation of volume data between a Kieffer model and
MGD model.

Table 4 The representation of sound velocity and shear modulus data by a Kieffer model. For the transverse sound velocity we used eqn. (17) and

eqn. (16). Calculations with eqn. (16) are italicised. The input properties used in the calculation are given in Tables 1 and 2

Property

Maximum absolute

deviation (%)

Average absolute

deviation (%)

Temperature

range/K

Pressure

range/GPa Reference

Longitudinal sound velocity 4.92 1.67 300 0.0–30 Duffy and Ahrens28

0.19 0.1 300 0.0–40 Chopelas12

1.78 0.44 300 0.0–55 Zha et al.27

0.24 0.1 300–1800 0.0 Isaak et al.24

0.31 0.24 100–1300 0.0 Sumino et al.23

0.27 0.12 295–1510 0.0 Sinogeikin et al.26

Transverse sound velocity 1.81, 0.57 1.06, 0.33 300 0.0–40 Chopelas12

4.11, 5.04 1.05, 1.81 300 0.0–55 Zha et al.27

1.25, 0.54 0.32, 0.30 300–1800 0.0 Isaak et al.24

0.64, 0.43 0.43, 0.39 100–1300 0.0 Sumino et al.23

0.71, 0.95 0.21, 0.34 295–1510 0.0 Sinogeikin et al.26

Shear modulus 3.03, 5.88 0.91, 2.97 300 0.0–30 Duffy and Ahrens28

3.23, 0.92 1.84, 0.53 300 0.0–35 Chopelas12

7.37, 9.30 2.42, 3.49 300 0–55 Zha et al.27

0.72, 3.32 0.43, 2.25 300 0.0–18.6 Sinogeikin and Bass29

2.41, 1.13 0.54, 0.65 300–1800 0.0 Isaak et al.24

1.19, 1.26 0.77, 0.84 100–1300 0.0 Sumino et al.23

1.78, 2.02 0.44, 0.70 295–1510 0.0 Sinogeikin et al.26

Mode frequencies 0.509 0.19 300 0.0–35 Chopelas12
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be insufficient to represent thermodynamic data and sound
velocities within experimental accuracy.
When the effect of intrinsic anharmonicity is introduced, the

simple expression for the vibrational density of states within
the framework of a Mie–Grüneisen–Debye formalism suffices
to represent thermodynamic data within experimental accu-
racy. However, the acoustic mean sound wave velocities are
not represented accurately.
Within the framework of a Kieffer formalism, a simplified

vibrational density of states is sufficient to represent thermo-
dynamic data and sound wave velocity data provided that
the effect of intrinsic anharmonicity is included in acoustic
and optic vibrational modes.
Both formalisms are not able to represent the high-tempera-

ture, high-pressure shockwave data of Svendsen and Ahrens.43

The application of the equation of state given by Jacobs and
Oonk10 does not lead to a significant improvement in the
representation of thermodynamic data and sound wave velo-
city data compared to the application of a third order Birch–
Murnaghan equation of state.
In our descriptions using a Mie–Grüneisen–Debye or a Kief-

fer formalism, no anomalies are present in thermodynamic
properties, shear modulus and sound wave velocities in the
temperature range between 100 and 4000 K and the pressure
range between 1 bar and 300 GPa.
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