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Abstract

In the framework of dynamical modelling of the geoid, we have estimated basic features of the radial profile of
temperature in the mantle. The applied parameterization of the geotherm directly characterizes thermal boundary layers
and values of the thermal gradient in the upper and lower mantle. In the inverse modelling scheme these parameters are
related to the observables (geoid and seismic structure of the mantle) through the viscosity profile which is parameterized
as an exponential function of pressure and temperature. We have tested ¾104 model geotherms. For each of them we have
found proper rheological parameters by fitting the geoid with the aid of a genetic algorithm. The geotherms which best
fit the geoid show a significant increase of temperature (¾600–800ºC) close to the 660-km discontinuity. The value of
the thermal gradient in the mid-mantle is found to be sub-adiabatic. Both a narrow thermal core–mantle boundary layer
and a broad region with a superadiabatic regime can produce a satisfactory fit of the geoid. The corresponding viscosity
profiles show similarities to previously presented models, in particular in the viscosity maximum occurring in the deep
lower mantle. The best-fitting model predicts the values of activation volume V Ł and energy EŁ which are in a good
agreement with the data from mineral physics, except for V Ł in the lower mantle which is found somewhat lower than
the estimate based on melting temperature analysis. An interesting feature of the viscosity profiles is a local decrease of
viscosity somewhere between 500 and 1000 km depth which results from the steep increase of temperature in the vicinity
of the 660-km discontinuity.  1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

The present-day estimates of mantle viscosity are
based on microphysical investigation of creep mech-
anisms in polycrystalline silicates and oxides, and on
analysis of the geophysical data related to the Earth’s
response to surface and internal loading [1]. These
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two approaches have so far been applied rather inde-
pendently. The geophysical observables, namely the
geoid and the post-glacial rebound data, have been
used to constrain the viscosity models parameterized
in term of layers of constant viscosity (for a review
see, e.g., [2–4]). Attempts to include physical in-
formation about the temperature and pressure effects
into this approach have so far been rare [5]. The main
obstacle in the application of the microphysical mod-
els is their dependence on the deformation history,
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608 O. Čadek, A.P. van den Berg / Earth and Planetary Science Letters 164 (1998) 607–615

composition and state conditions of the mantle which
are broadly unknown [1,6]. The radial profile of tem-
perature still belongs among the least known mantle
parameters [7,8]. This, together with other uncertain-
ties (grain size, effect of volatiles, etc.), makes any
geophysical application of the microphysical models
rather problematic.

In the present paper we include the basic informa-
tion about mantle rheology from microphysics into
the framework of dynamical modelling of the geoid.
Assuming that the viscosity increases exponentially
with pressure and decreases with temperature, and
applying the standard technique for evaluating the
response of a viscous body to lateral density dif-
ferences [9], we will estimate such characteristics
of mantle geotherms that are compatible with the
observed long-wavelength geoid. A viscosity model
which forms a link between the data and the temper-
ature profile will be an important by-product of our
inversion.

2. Parameterization

We use an exponential function of temperature
and pressure for the viscosity model which repre-
sents a smooth approximation of the full Arrhenius
form in terms of activation energy and volume [10].
As a first approximation we can write:

�um D a1 exp[b1z � c1T .z/] (1)

�lm D a2 exp[b2z � c2T .z/] (2)

where �um and �lm denote the viscosity of the upper
and lower mantle respectively, z is the depth, T
is the temperature, and ai , bi and ci , i D 1; 2, are
positive functions which, in general, vary with spatial
variables. For simplicity, we will assume that ai , bi

and ci are constant parameters. Since the amplitudes
of the long-wavelength geoid do not depend on the
absolute value of viscosity but only on its relative
changes [9], we can put a1 D 1. The viscosity
model of the mantle is then characterized by five
constants (a2, b1, b2, c1 and c2), and a radial profile
of temperature T .z/.

The parameterization of the mantle geotherm
T .z/ employed in this study is shown in Fig. 1.
The geotherm is defined by eight parameters. Four

Fig. 1. Parameterization of the geotherm used in this paper.

parameters, d1, d2, ∆T1 and ∆T2 characterize the
top and bottom boundary layer, and another four
parameters, dt, Tt, ∆Tt and zt are used to describe
the increase of temperature across the boundary be-
tween the upper and lower mantle. The temperature
curve in the boundary layers is modelled by a simple
harmonic function. Between the boundary layers the
temperature increases linearly. We assume that the
value of zt is close to 660 km (600 km < zt < 800
km) and the thickness dt of the thermal transition
zone does not exceed 500 km. The temperature at
the core–mantle boundary is normalized to 1.

The total number of parameters needed to de-
scribe the viscosity model is 13. This number is
comparable to the number of layers used in recent
inferences of viscosity from the long-wavelength
geoid (e.g. [11–13]). In comparison with the layered
models, the parameterization described above has a
number of advantages. First of all, the viscosity in
our model has to follow the basic physical trends
which are imposed by a monotonous increase of
pressure with depth and by the existence of the top
and bottom thermal boundary layers. Except for the
interface at a depth of 660 km, the viscosity defined
by Eqs. 1 and 2 is a smooth, non-oscillating function
of the depth. The parameterization does not require
any additional choice of viscosity interfaces and,
consequently, there is no trade off between the vis-
cosity in the layer and the layer thickness which gen-
erally affects the layered viscosity models. The main
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limitation of our parameterization is the assumption
that the parameters ai , bi and ci do not change with
depth. Although the depth changes of these parame-
ters can easily be included into the inversion scheme
(see below), it is obvious that further increase of
the number of formal free parameters would lead
to a strong non-uniqueness of the solution due to a
limited resolution power of the geoid [3,12].

3. Inversion

The lateral changes of density in the mantle,
mapped by seismic tomography, induce the flow
which deforms the surface and internal density inter-
faces. The gravity signal generated by topographies
of these interfaces contributes to the observed geoid
and its sign and magnitude strongly depend on the
viscosity structure [9]. The attempts to infer the ra-
dial profile of viscosity from the geoid date back
to the mid-eighties [3,5,11–18]. In this paper we
follow the traditional inversion scheme described,
e.g., by King [12] to determine the viscosity pro-
file parameterized as described above. We minimize
the squared misfit between the observed and pre-
dicted non-hydrostatic geoid. Only radial changes
of viscosity are investigated. The effects of lateral
variations in viscosity and compressibility are not
considered. The surface of the Earth as well as
the core–mantle interface are modelled as free-slip
boundaries [3]. No boundary condition is imposed at
the 660-km discontinuity. The problem is solved in
the spectral domain [9].

The lateral distribution of density anomalies in
the mantle is computed from the tomographic model
by Su et al. [19] which is scaled by a constant factor
@ ln²=@ ln v D 0:25. This value roughly corresponds
to the velocity-to-density scaling given for S-wave
by Karato [20]. Both the tomographic model and the
geoid data are employed at harmonic degrees 2–12.

The inverse scheme consists of two steps. In the
first step we have used around 104 randomly gener-
ated geotherm parameterized as in Fig. 1. In the sec-
ond step, the rheological parameters a2, b1, b2, c1 and
c2, see Eqs. 1 and 2, have been determined for each
of the geotherms by a genetic algorithm [12,21]. This
strategy has allowed us to select a group of mantle
geotherms which produce a reasonable (¾70%) re-

duction of the misfit and, thus, can be regarded as
compatible with the long-wavelength geoid.

4. Temperature profiles

Recent application of the global inverse tech-
niques [12,13,18] has revealed a strongly non-unique
nature of the geoid inversion. This conclusion is
fully confirmed by the results of our study: among
104 randomly chosen geotherms we have been able
to find around 20 profiles which give the reduction of
the geoid misfit better than 70%. Four typical profiles
are shown in Fig. 2. A comparison of the profiles in
this figure gives an approximate idea about the un-
certainties of the solution. The characteristics of the
profiles are given in Table 1 (top).

The 70% variance reduction is found if the tem-
perature in the lower mantle is significantly higher
than in the upper mantle. The best fit to the geoid is
obtained for a steep increase of temperature at least
by ∆Tt D 0:2Tcmb somewhere in the depth interval
of 500–1000 km. This feature is rather robust as it
is evident from Fig. 3, where the maximum variance
reduction is plotted as a function of ∆Tt. The exact
thickness and position of the upper=lower mantle
thermal boundary layer is not well resolved by the
data (see Fig. 2). Both a narrow thermal boundary
layer located above the 660-km discontinuity (model

Fig. 2. Four model geotherms reducing the misfit by 70%. The
differences between the models illustrate uncertainties of the
solution.
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Table 1
Basic characteristics of the geotherms giving a 70% reduction of
the geoid misfit function

Parameter A priori limit Models with 70% variance
reduction

d1 80–300 km 80–300 km
∆T1 0.20–0.50 Tcmb 0.20–0.37 Tcmb

Tt 0.25–0.55 Tcmb 0.30–0.47 Tcmb

dt 0–500 km 0–360 km
∆Tt 0.00–0.30 Tcmb 0.2–0.3 Tcmb

d2 100–1000 km 200–900 km
∆T2 0.20–0.60 Tcmb 0.38–0.50 Tcmb

þ1 0.0–0.6 Tcmb=zcmb 0–0.45 Tcmb=zcmb

þ2 0.0–0.6 Tcmb=zcmb 0–0.22 Tcmb=zcmb

þ1, þ2 — values of thermal gradient in the upper resp. lower
mantle; Tcmb — temperature at depth zcmb D 2890 km.

A in Fig. 2) and a broad thermal transition zone in
the top part of the lower mantle (model D) can well
account for the non-hydrostatic geoid.

The best-fitting geotherms are characterized by
low, sub-adiabatic values of the thermal gradient
in the lower mantle. According to our temperature
models, the value of the thermal gradient in the
mid-mantle should not exceed 0.3ºC=km provided
that Tcmb < 4000ºC.

Another well resolved parameter is the tempera-
ture increase ∆T2 in the bottom boundary layer, the
value of which ranges between 0.4 and 0.5 Tcmb.
In contrast, the thickness of the bottom boundary
layer remains rather uncertain: Both a very narrow
(¾100 km) boundary layer and a broad (¾800 km)

Fig. 3. The maximum reduction of the geoid misfit as a function
of ∆Tt (see Fig. 1). The graph was constructed from the results
obtained for 104 randomly chosen temperature profiles, which
were classified into 7 intervals according to the value of ∆Tt.

superadiabatic zone are found to be compatible with
the geoid and available seismic tomographic infor-
mation. A narrow boundary layer is predicted in
traditional numerical simulations of mantle convec-
tion without pressure dependent viscosity. Possible
existence of a broad superadiabatic region in the bot-
tom half of the lower mantle has been recently dis-
cussed from the microphysical point of view [8]. The
broad superadiabatic zone together with an overlying
subadiabatic region has also been found in numer-
ical modelling results based on pressure dependent
viscosity [22].

5. Viscosity profiles

Fig. 4 shows the viscosity profiles corresponding
to the model geotherms plotted in Fig. 2. Only
the relative changes of viscosity can be inferred
from this figure since the geoid is insensitive to the
absolute value of viscosity [9]. All the models are
normalized so that the viscosity at the surface is
equal to 1. In general, the resultant viscosity models
can be classified into two groups.

The first group, represented by models A and B,
corresponds to the geotherms with the mid-mantle
temperature increase located mostly above the 660

Fig. 4. Four models of viscosity corresponding to the temperature
profiles in Fig. 2. Each of the models reduces the geoid misfit at
least by 70%. The models are normalized so that the viscosity
on the top of the lithosphere is 1. Only the relative changes of
viscosity can be inferred from this figure.
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km discontinuity. The viscosity models of this group
are characterized by a stiff lithosphere, a deep as-
thenosphere between 100 and 400 km depth and a
viscosity peak around a depth of 500 km. Below
the 660-km boundary, the viscosity only weakly in-
creases peaking at a depth of about 2700 km. In
the core–mantle boundary layer the value of vis-
cosity drops by several orders. The most remarkable
feature of these viscosity models is a narrow low-vis-
cosity zone located above the 660-km discontinuity.
The existence of such a zone was first discussed
by Forte and co-workers [16]. Possible decrease of
viscosity in the transition zone or somewhat deeper,
at a depth between 660 and 1000 km, was inde-
pendently reported by other authors, mostly as a
result of the geoid inversions [12,14,18,23] or the
numerical simulations of thermal convection with
an endothermic phase transition (e.g. [24]). From the
mineralogical point of view, the decrease of viscosity
below the 660-km discontinuity would be a natural
consequence of the increase of temperature due to a
limited convective heat transfer in this region [1,6].

The other group of models (models C and D
in Fig. 4) is derived from the temperature profiles
which show a significant increase of temperature in
the top part of the lower mantle. The lithosphere
of these models is weaker than in the models of
the first group and the asthenosphere is not clearly
defined. The viscosity of the sub-lithospheric upper
mantle is almost constant. Around a depth of 660
km the viscosity steeply increases by 2–3 orders
of magnitude, peaking somewhere between 660 and
800 km. Below this depth the viscosity forms a
broad low viscosity zone. In the real mantle, the
existence of such a zone would probably lead to a
reduction of the mass exchange across the 660-km
discontinuity [25]. The minimum value of viscosity
is usually reached somewhere between 800 and 1000
km depth. Below a depth of 1000 km the viscosity
again increases forming a broad viscosity maximum
at a depth between 2000 and 2500 km. Except for the
viscosity peak around a depth of 660 km, the profiles
are almost identical with the viscosity model derived
from the geoid by Ricard and Bai [11].

The existence of two different groups of vis-
cosity models, predicting the same portion of the
geoid, confirms the non-unique nature of the geoid
inversion, first discussed by King [12] and recently

Table 2
Estimates of the rheological parameters

Model A B C D

a2=a1 8.4 18.4 15.1 25.6
ba

1 48.4 22.5 13.2 7.8
b2

a 4.3 3.4 15.1 22.0
c1

a 78.4 45.5 31.3 38.3
c2

a 30.0 27.7 26.4 33.1

V Ł1 (cm3=mol) 5.0 1.8 0.9 0.5
V Ł2 (cm3=mol) 0.7 0.5 2.2 2.9
EŁ1 (kJ=mol) 370 110 70 50
EŁ2 (kJ=mol) 340 310 220 280

a Value for z and T , Eqs. 1 and 2, normalized to 1.

corroborated by Pari and Peltier [26]. A thorough
discussion of different viscosity profiles from the
viewpoint of mineral physics can be found in [1,6]
where similar viscosity models as presented in this
paper are proposed.

An inspection of Eqs. 1 and 2 suggests that there
is a trade-off between the rheological parameters
ai , bi and ci on the one hand and the parameters
characterizing the geotherm T .z/ on the other. The
dispersion of the values of model parameters ai , bi

and ci , that give a satisfactory fit of the geoid, has
been found indeed large although certain bounds can
be estimated (see Table 2, top part). The tempera-
ture dependence of the viscosity is generally smaller
in the lower mantle compared to the upper mantle
.c2=c1 < 1/. The results for the pressure depen-
dence are ambiguous. The pressure dependence of
the upper mantle viscosity is found to exceed the
value for the lower mantle .b2=b1 < 1/ in the case
of geotherms A and B, while the opposite result
.b2=b1 > 1/ is found for profiles C and D. The
latter type of viscosity models, characterized by a
strong pressure dependence of viscosity in the lower
mantle, would result in a stiff deep-lower mantle
with strongly reduced convective heat transport [22]
which is consistent with a broad superadiabatic layer
found in geotherms C and D (Fig. 2).

6. Comparison with laboratory data

In the bottom part of Table 2, we give the values
of activation volume V Ł and activation energy EŁ es-
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timated from parameters b and c through equations:

V Ł D bRhT i
²g

; (3)

EŁ D c

RhT i2 (4)

where R is the gas constant, hT i the average temper-
ature, ² the density, and g the gravity acceleration.
The values of EŁ and V Ł listed in Table 2 have been
computed from appropriate parameters b and c for
Tcmb D 4000 K, g D 10 ms�2 and ² D 4500 kg
m�3. These values can directly be compared with
the estimates from mineral physics [1,8,27–29]. The
laboratory data on olivine suggest that the value of
V Ł in the upper is ¾5 cm3 mol�1 for diffusion creep
and ¾15 cm3 mol�1 for dislocation creep [29]. At
present, there are no data on V Ł for the lower mantle.
A rough estimate of V Ł can be obtained from melt-
ing data by using the Weertman scaling with homol-
ogous temperature [8]. Employing the recent data on
melting temperature by Zerr and co-workers [30] and
estimate of EŁ by Yamazaki et al. [28], one would
expect V Ł ¾ 4–10 cm3 mol�1. The value of activa-
tion energy EŁ estimated for olivine from laboratory
experiments ranges between 240 and 300 kJ mol�1

for diffusion creep, and between 430 and 540 kJ
mol�1 for dislocation creep [27]. In the lower man-
tle, EŁ is expected to be ¾300–340 kJ mol�1 [28].

A remarkable agreement with the above parame-
ters, found for the diffusion creep in olivine under
the upper mantle conditions, have been obtained for
model A. It should be noted that this model also
gives the best fit to the observed geoid among all
the tested models. In the lower mantle, model A
perfectly predicts the laboratory estimate of EŁ but
gives too small value of V Ł. If we admit that the
value of V Ł ¾ 1 found in our inversion for model A
is roughly correct, the melting temperature in most
of the lower mantle has to be below 2000 K which is
significantly less than recently estimated by Zerr and
co-workers [30]. The values of activation parameters
found for model B are similar as for model A in
the lower mantle and about three times smaller in
the upper mantle. The other group of models, repre-
sented by profiles C and D, gives rather small values
of activation parameters in the upper mantle. In the
lower mantle, the value of V Ł approaches the lower

bound of admissible values discussed above, and the
value of EŁ is found close to the laboratory estimate
of Yamazaki et al. [28].

Under the present stage of knowledge in mineral
physics, it is rather difficult to discriminate between
the two groups of models presented in this paper. The
very good fit to the observed geoid and the agree-
ment with the laboratory data in the upper mantle
favor model A, characterized by two low viscos-
ity zones in the upper mantle and relatively small
changes in viscosity with depth (with exception of
the boundary layers). This model fits quite well the
available mineral physics information except for V Ł

in the lower mantle. It is also likely that models A
and B would better fit the observation of postglacial
rebound and sea-level changes than models of the
other groups (C and D) which show a large increase
of viscosity in the deep lower mantle. On the other
hand, models C and D, which give unrealistic values
of activation parameters in the upper mantle, are in a
good agreement with the hypothetical existence of a
broad superadiabatic zone in the lowermost mantle,
recently supported by microphysical investigation
[8] and numerical simulations of mantle convection
[22], and predict reasonable values of V Ł and EŁ in
the lower mantle. The above discussion suggests that
further mineral physics constraints and laboratory
data, especially for the lower mantle, could signif-
icantly help to eliminate the non-uniqueness of the
geoid modelling.

7. Limitations of inversion

Similarly to other dynamical models based on
modelling the dynamical geoid, the results presented
here suffer from a number of limitations due to the
physical and formal simplifications. Certain caution
is thus necessary in interpreting the models and their
further applications in mineral physics and geody-
namics. The uncertainties of the models presented
here can be classified into four groups.

(1) Uncertainties in tomographic models. In this
paper we present the results obtained for an S-wave
tomographic model derived by the Harvard group
[19]. Although the basic features of this model are
in agreement with other tomographic models, certain
differences between various tomographic models, in
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particular between S- and P-wave models, still re-
main and they may be of physical or compositional
origin [31]. Preliminary tests carried out for other
S-wave tomographic models [32,33] suggest, how-
ever, that the results of the inversion do not depend
much on which tomographic model is employed.

(2) Translation of seismic anomalies to densities.
We have assumed that the density anomalies gener-
ating the flow in the mantle are proportional to the
seismic anomalies imaged by seismic tomography.
This may not be correct in a large portion of the
upper mantle where the seismic anomaly pattern is
probably strongly influenced by petrological hetero-
geneities [34]. The role of petrological changes in the
lower mantle may also be important, especially close
to the core–mantle boundary [35,36]. Even if the role
of thermal anomalies is dominant in the whole man-
tle and, thus, δ² ¾ δv as assumed in this paper, the
velocity-to-density scaling factor .@ ln²=@ ln v/ will
probably vary with depth, in contrast to the present
paper in which a constant value of .@ ln²=@ ln v/ is
assumed. As already mentioned above, further in-
crease of the number of free parameters would lead
to a strong non-uniqueness of the inverse problem
and, thus, a radially dependent .@ ln²=@ ln v/ can
hardly be included in the set of unknowns. On the
other hand, several studies have demonstrated that
weak changes of .@ ln²=@ ln v/ with depth, which
may be indeed the case of the real mantle [20], do
not much influence the resultant viscosity profiles
[12,18].

(3) Boundary conditions at the top boundary and
at the interface between upper and lower mantle. We
have assumed that the physical conditions at the sur-
face can be approximated by free slip and we have
neglected the surface forces which may result from
the mineral changes at the boundary between the up-
per and lower mantle. Čadek and Fleitout [37] have
recently demonstrated that the free slip may not be
appropriate for the top mantle boundary and that the
non-uniqueness of the inversion can be significantly
reduced if the observed plate velocities are imposed
at the base of the lithosphere. The long-wavelength
forces acting at the 660-km discontinuity and ham-
pering the mass exchange between the upper and
lower mantle have been discussed by several authors
[38,39]. It is obvious that further studies of this
type will have to link the increase in temperature at

the upper=lower mantle interface with a force which
restrains the vertical flux across the boundary.

(4) Simplifications in rheology. We have assumed
a temperature dependent viscosity (Eqs. 1 and 2)
but we have neglected the variations in viscosity
associated with lateral changes of temperature. This
apparent inconsistency has been justified by rela-
tively small effects of the lateral variations in vis-
cosity on the prediction of the dynamical geoid [23].
Only a linear (Newtonian) approximation has been
considered here. This is motivated both by practical
considerations because of the large computational
costs of a non-Newtonian rheology [23,40] and by
evidence for predominantly Newtonian flow in large
parts of the mantle [41].

The above drawbacks and pitfalls are common
to most of the published models of the dynamical
geoid. The agreement with the mineral physics data
reached here, however, indicates that the effects of
the above simplifications may not be too important
and some features of the derived models, namely the
thermal increase at a depth of about 660 km, may be
robust.

8. Concluding remarks

The success of any inversion of the geophysical
data depends on a suitable choice of the model pa-
rameters. In this paper, the geoid is used to constrain
the depth changes of viscosity which is parameter-
ized in terms of temperature and pressure. A com-
parison of the resultant temperature and viscosity
profiles (Figs. 2 and 4) indicates that the results ob-
tained for temperature show smaller dispersion than
the viscosity models. This suggests that the temper-
ature, which is directly linked to the energy driving
the flow in the mantle, may be a suitable quantity
for this type of inverse modelling. The microphysical
analysis together with the mineral physics experi-
ments and the results of numerical simulations of
thermal convection may provide further constraints
which can be used to eliminate the non-uniqueness
of the inversion. The preliminary results presented
here can be understood as an attempt to contribute to
the formation of a general model of the Earth which
would be consistent with the thermal processes gov-
erning its evolution (cf. [26,42]).
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[40] O. Čadek, Y. Ricard, Z. Martinec, C. Matyska, Comparison
between Newtonian and non-Newtonian flow driven by
internal loads, Geophys. J. Int. 112 (1992) 103–114.

[41] S. Karato, S. Zhang, H.R. Wenk, Superplasticity in Earth’s
lower mantle: Evidence from seismic anisotropy and rock
physics, Science 270 (1995) 458–461.

[42] H.-P. Bunge, M.A. Richards, C. Lithgow-Bertelloni, J.R.
Baumgardner, S.P. Grant, B.A. Romanowicz, Time scales
and heterogeneity structure in geodynamics earth models,
Science (1998) in press.


