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The Effects of Variable Thermal Conductivity on
Mantle Heat-Transfer

Arie P. van den Berg,1 David A. Yuen, 2 Volker Steinbach1

Abstract. We have examined the styles of steady-state
convective heat transfer for two kinds of mantle thermal
conductivity models in an aspect-ratio one box. We have
employed the phonon portion of the thermal conductivity
model of Hofmeister (1999) and varied the radiative compo-
nent in this model. We have also considered a second model
which emphasizes radiative heat transfer and has a high con-
tribution in the lower mantle. We have conducted constant
viscosity calculations out to a surface Ra of 1010. Vari-
able conductivity enhances in most cases the surface heat
flow. The smallest deviation from the constant conductivity
model comes from the phonon model with the parameters
associated with oxides. Larger heat flow is obtained with sil-
icates and increasing radiative contributions associated with
the values of Shankland et al. (1979). The highest heat flow
values are obtained for the radiatively dominated model,
where the thermal conductivity in the deep mantle can be
a factor of 50 greater than the surface conductivity value.

Introduction

Recently a new model of mantle thermal conductiviy has
been introduced by Hofmeister (1999) based on thermody-
namics, lattice dynamics and infra-red spectroscopy. This
model of thermal conductivity has both temperature and
pressure dependence and has stimulated several studies in
mantle convection and geodynamics (Dubuffet et al., 1999;
Dubuffet and Yuen, 2000; Starin et al.,2000; Hauck et el.,
1999; Branlund et al., 2000). Temperatures are found to be
higher (Dubuffet et al., 1999; Hauck et al., 1999) and the
planforms of plumes are more focussed (Dubuffet and Yuen,
2000).
However, the important issue of convective heat-transfer

with variable conductivity still has not been examined, al-
though both the conductive solutions of Starin et al. (2000)
and Hauck et al. (1999) show some non-negligible increase
in the temperature of sedimentary basins and slabs. Here we
will illustrate the effects of variable k on global heat-transfer
in high Rayleigh number convection and delineate the rela-
tive importance between the phonon and photon contribu-
tions to temperature- and pressure-dependent conductivity
k(T, P ).
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Technical Description

The thermal conductivity k employed comes from a
semi-empirical model calculated from thermodynamic prop-
erties and vibrational spectroscopy at ambient conditions
(Hofmeister, 1999) and supported by a physical model based
on spectrocopy at high temperature T and pressure P con-
ditions. It takes the form

k(T, P ) = k0(298/T )
aexp[−(4γ + 1/3)α(T − 298)]

(1 +
K0

′
P

K0
) +

3∑

i=0

biT
i (1)

where k0 = 4.7WK
−1m−1, temperature T is in Kelvin,

the Grueneisen parameter, γ = 1.2, thermal expansivity
α = 2.0 × 10−5K−1, the bulk modulus K0 = 261GPa
and the pressure derivative of the bulk modulus, K0

′
= 5

(Hofmeister, 1999). The fitting parameter a is 0.9 for oxides
and 0.3 to 0.4 for silicates (Hofmeister, 1999). The radiative
contribution is given by the coefficients bi in eqn (1), which
is obtained from a least-square fit to the spectroscopic data
of the overtones. In the first conductivity model we will use
these bi from Hofmeister (1999). The radiative contribution
in this model contributes at most 5 to 7 % to the total con-
ductivity. We will also employ a second conductivity model
with an enhanced radiative contribution by increasing the bi
by a factor of 4.7. This augmentation of the radiative com-
ponent would mimic the radiative contribution proposed by
Shankland et al. (1979), which had a k due to radiation of
around 0.2WK−1m−1 at about 2000C. We will designate
eqn (1) the phonon-dominated conductivity model. The vis-
cosity η varies the same with temperature as k, since both
∂η/∂T and ∂k/∂T are negative. Both η and k will provide
positive feedback with each other, since a lower conductiv-
ity from an increase of T would trap the heat locally, thus
decreasing the local viscosity.
For assessing the effects of a truly radiative conductivity,

we have considered a third conductivity in which ∂k/∂T is
constrained to be positive. This is carried out by changing
the sign of a in eqn (1) and also changing the minus sign
inside the exponential argument in eqn (1) from minus to
plus. The bi come from Hofmeister (1999) model. This third
conductivity model is similar in spirit to the effect of grain-
size variation on mantle viscosity (Solomatov, 1996, Riedel
and Karato, 1997), in which the viscosity could increase with
temperature, or ∂η/∂T > 0.
We have employed a finite element model based on the

primitive variables of u, the velocity, T , the temperature
and p the dynamical pressure (van den Berg et al., 1993).
The vigor of convection is controlled by the surface Rayleigh
number Ras, which appears in the momentum equation.
The energy equation takes on a different character with
k(T, P ). For no internal heating and in the Boussinesq ap-
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Figure 1. Temperature profiles TC(z) at mid-point x = 0.5 for
phonon-dominated conductiviy. Surface Rayleigh numbers are
8× 106, 8× 107, 8× 108 and 8× 109. There is a 3500 degree tem-
perature difference between the surface and the bottom of the
mantle. Grids ranging from 300 × 300 to 500 × 500 points have
been employed. Conductivity parameters values from (Hofmeis-
ter, 1999) with a = 0.3 are used

proximation this takes the form:

DT

Dt
= κ(T, P )∇2T +

∂κ

∂T
(∇T )2 +

∂κ

∂P

∂T

∂z
(2)

where κ(T, P ) is the variable thermal diffusivity and D/Dt
is the substantive derivative. We solve the set of momentum
and energy equations with a conservative formulation in the
steady-state limit in which ∂T/∂t is set to zero. This ap-
proach allows us to explore rapidly a wide parameter space.
We used the Picard-type iterative scheme to solve the sys-
tem of nonlinear equations involving momentum and energy.
We note that the right-hand side of eqn (2) has three non-
linear terms with a strong nonlinearity in T present. As
noted already in Dubuffet et al. ( 1999) many more points
are needed for convection with variable thermal conductiv-
ity than with constant conductivity. We have used up to
500 × 500 grid points consisting of linear temperature and
quadratic velocity elements, in order to go up to a high Ras
of 1010. In this aspect-ratio one case, these steady-states can
be achieved, albeit at the expense of large computer mem-
ory for the direct-solvers of the steady-state finite element
equations, requiring a total of 5 Gbytes of program memory.
We have set a global convergence criterion of 10−2 for both
the T and u fields.

Results and Discussion

We have conducted a series of steady-state calculations
in an aspect-ratio one box for Ras, going up to 8× 109 for
both the phonon-dominated (∂k/∂T < 0) and the photon-
assisted (∂k/∂T > 0) thermal conductivity models. In a
Boussinesq model the interior temperature is nearly con-
stant and we shall focus on the thermal structure at the
boundary layers. We take the temperature profile at the
mid-point of the box, which is nearly the same as the hor-
izontally averaged temperature profile. We have studied
first the effects of a = 0.3 in the phonon model. Figure
1 shows the temperature profiles of Ras going from 8× 10

6

to 8 × 109 for both the top (Fig.1a) and bottom (Fig.1b)
boundary layers. We have shown a constant conductivity
case (Ra = 8 × 106) shown in the dotted curve as a com-

parison. We observe that with variable conductivity the
temperature is a couple of hundred degrees hotter than for
constant conductivity case, as found previously by Dubuffet
et al. (1999) in 3-D geometry. The temperature gradient at
the surface is higher for variable conductivity, indicating a
greater surface heat flow. The top thermal boundary lay-
ers are thinner with variable conductivity, requiring higher
numerical resolution. There is an asymmetry in the ther-
mal boundary structure between the top and bottom with a
thicker bottom thermal boundary layer, related to the higher
averaged conducutivty near the bottom boundary.
Fig.2 shows the corresponding results for a phonon model

whose radiative component has been enhanced by a factor
of 4.7 to make it more like the one proposed by Shankland
et al. (1979). The same range of Ras as in Fig.1 has been
explored. The thermal boundary layers are thinner resulting
in higher temperatures by several hundred degrees in the top
boundary layer mainly at the lower Ras.
The thermal conductivity profiles for both the regular ra-

diative and the enhanced radiative (Shankland et al., 1979)
models are shown in Fig. 3. The conductivity profiles are
embedded within the thermal boundary layers. There are
finer features near the top for the enhanced radiative model.
A narrow zone at high Ras with a width of a km in the en-
hanced radiative case in Fig. 3b illustrates the need for a
high resolution grid in order to resolve the physics. We used
500×500 points and grid refinement in the boundary layers,
with a minimum spacing of 37.5m. Away from the thermal
boundary layers the conductivity profiles increase linearly
with depth due to the pressure dependence. The conductiv-
ity variations at the base of the mantle are less severe than
the variations near the surface. The asymmetry with lower
conductivity values in the top boundary layer is reflected
in the similar asymmetry with higher ∂T/∂z near the top,
shown in Fig.2.
The third thermal conductivity we have considered is

strictly radiative, because ∂k/∂T is positive. There are dra-
matic differences in the thermal conductivity values between
the two phonon models and this photon model, with the
photon thermal conductivity being much greater than the
phonon models. The values of the photon k in the deep
mantle approach values greater than 100 W/Km, close to
gold and platinum. In spite of the averaged Ra being re-
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Figure 2. Temperature profiles at mid-point for radiation en-
hanced conductivity. Radiative conductivity has been enhanced
by a factor f = 4.7 compared to Fig.1.
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duced by two orders in magnitude by the photon conductiv-
ity, the highest surface heatflow takes place for the photon
model. This interesting result is displayed in Fig. 4, where
the surface heat flow is plotted against Ras for the constant
conductivity, the photon model ( a = −1.0 and a positive ex-
ponential argument ), two phonon models with a = 0.3 and
two radiative factors f = 1.0 (Hofmeister, 1999) and f = 4.7
(Shankland et al., 1979), a phonon model with a = 1.0 and
f = 1.0 and a model with an averaged thermal conductivity
taken from a = 0.3 and f = 4.7. We have verified our con-
stant conductivity results with those taken from Christensen
(1989).
The surface heat flow is the smallest for the phonon model

with (a = 0.3, f = 1.0) and the constant conductivity model
with the enhanced radiative models (f = 4.7) (Shankland
et al., 1979) and photon models (a = −1) lying above it.
The effect of a smaller a(a = 0.3) combined with (f = 4.7)
is to increase the heat transfer by a factor of 2 over those
for constant conductivity. This increase is related to a sim-
ilar increase of k in the bottom boundary layer shown in
Fig.3. The great sensitivity of heat -transfer to the sign of
∂K/∂T is revealed by the top line (∂K/∂T > 0, radiatively
dominated) to the other curves with a > 0 and ∂K/∂T < 0.
Our results for heat-transfer scaling with the surface

Rayleigh number have quite a profound impact on parame-
terized thermal history (e.g. Sharpe and Peltier, 1978), as
this shows quite evidently the importance of variable ther-
mal conductivity. It is clearly obvious that photon mode of
conductivity increases the surface heat flow.
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Figure 3. Thermal conductivity profiles at mid-point for the
models shown in Fig.1 and 2. Panels (a) and (c) display the top
and bottom portions of the conductivity model from (Hofmeis-
ter, 1999) while panels (b) and (d) portray the top and bottom
portions of the model with enhanced radiative conductivity.
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Figure 4. Surface heat-flow versus Ras for constant and
variable conductivity models. The heatflow scale value is
5.48mWm−2. a) The solid squares denote constant conductivity
results. b) The dashed line represents the results of the (Hofmeis-
ter, 1999) model and (a = 0.3). c) The plusses show the results
for the model with enhanced radiative conductivity and (a = 0.3).
d) The dotted line shows results for the uniform conductivity case
where values of Ra have been reduced by 1/ < k >, where < k >
is the average conductivity of the corresponding run of case c).
e) The bullets are for a model as in c) but with a = 1.0 and f)
the triangles denote a case as in c) with a = −1 (photon con-
ductivity). Inset shows a zoom-in of the six cases in a range of
geophysical interest.

If the lower mantle thermal conductivity were really
radiative in character (Mac Donald, 1959) (a = −1.0),
there would be much greater heat loss than in the phonon-
dominated model (Hofmeister, 1999). The planet would cool
very fast in this case and some sort of layered convection en-
forced by phase transitions at high Ra (Yuen et al., 1995)
would be required to produce an acceptable cooling rate.
These results also call to question the sole important role
accorded to variable viscosity in mantle convection, since
there will be tradeoff coming from the nonlinear interaction
between variable viscosity and variable conductivity, which
makes the usual argument of Ra proportional to 1/η(T ) not
valid, since the term 1/k(T ) also appears in Ra.
Depending on the spatial distribution of the the dominant

mode of heat conduction, the interaction of variable conduc-
tivity with a grain-size sensitive rheology (Solomatov, 1996)
would also cause very different evolutionary paths in ther-
mal evolution. This is due to the fact that both positive and
negative feedbacks are possible, depending on the signs of
∂k/∂T and ∂η/∂T . Positive feedback would resonate when
both ∂k/∂T and ∂η/∂T have the same sign, while negative
feedback would occur, when ∂k/∂T has an opposite sign to
∂η/∂T .
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